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MODIFIED GERAGHTY CONTRACTION INVOLVING FIXED
POINT THEOREMS

AFTAB HUSSAIN

ABSTRACT. In this paper, we introduced a a — p)—Geraghty contraction and es-
tablished fixed point results for a—admissible mappings with respect to n in com-
plete metric spaces. In the comparison of Geraghty contraction our new modified
a — Y— Geraghty contraction is more stronger. The example is given to show the
validity of our results. Our results generalize/improve several results existing in the

literature.

1. INTRODUCTION AND PRELIMINARIES

The study of fixed point problems in nonlinear analysis has emerged as a powerful
and very important tools in the last 60 years. Particularly, the techniques of fixed
point have been applicable to the many diverse fields of sciences such as Economics,
Engineering, Chemistry, Biology, Physics and Game Theory. Fixed point theorems
are the major mathematical tools for solving fixed point problems. Over the years,
fixed point theory has been generlized in multi-directions by several mathematicians
(see [1-36]).

In 1973, Geraghty [14] studied different contractive conditions and proved some

useful fixed point theorems.
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Recently Samet et al. [33], introduced a concept of a—1)- contractive type mappings
and established various fixed point theorems for mappings in complete metric spaces.
Afterwards Karapinar and Samet [10], refined the notions and obtain various fixed
point results. Subsequently Karapinar et al. [11, 12] established various results in
different aspect. Nawab et al. [18], enlarge the concept of a-admissible mappings
and proved fixed point theorems. Subsequently Abdeljawad [4] introduced pairs of
a—admissible mappings satisfying new sufficient contractive conditions different from
[18, 33], and obtained fixed point and common fixed point theorems. Lately, Salimi
et al. [32], modified the concept of a@ — 1)— contractive mappings and established
fixed point results.

We define ) the family of nondecreasing functions ¢ : [0,4+00) — [0, 400) which
satisfy the following conditions:

(i) ¢ is nondecreasing;

(ii) % is continuous;

(iii) ¢ is subadditive, that is ¥(s +t) < ¥(s) + ¥ (t);

(iii) ¥ (0) =0 <t =0.

Here we introduce F is the class of all functions 5 : [0, +00) — [0, 1] such that, for

any bounded sequence {t¢,} of positive reals, 5(¢,) — 1 implies ¢, — 0.

Theorem 1.1. [14] Let (X, d) be a metric space and S be an operator. Suppose that
there exist 3 : [0, +00) — [0, 1] satisfying condition for any bounded sequence {t,} of

positive reals

B(t,) — 1 implies t,, — 0

If S satisfying the following inequality
d(Sz, Sy) < (B(d(z,y)) d(z,y)), for any z,y € X,

then S has a unique fized point.
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Definition 1.1. Let (X, d) be a metric space and S : X — X be a given mapping.
We say that S is a Geraghty contraction mapping if there exists 5 € F such that

d(Sz, Sy) < B(d(x,y))d(z,y)

for all z,y € X.

Definition 1.2. [33] Let (X,d) be a metric space and T : X — X be a given
mapping. We say that T is an a—1— contractive mapping if there exist two functions

a: X x X —[0,400) and ¢ € € such that

afx,y)d(Tz, Ty) < (d(z,y)),

for all z,y € X.

Definition 1.3. [11] Let (X,d) be a metric space and T : X — X be a given
mapping. We say that 7" is a ©»—Geraghty contraction mapping if there exists 5 € F
such that

e (d(Tx, Ty)) < B(Y(d(x, y)))Y(d(z,y)),

for all =,y € X. Note that since 8 € F, we have
U (d(Tx,Ty)) < B (d(x,y)))(d(z,y)) < (d(z,y)) for any ,y with z # y.

Definition 1.4. [33] Let 7 : X — X and a : X x X — [0, +00). We say that 7" is
a-admissible if z,y € X, a(x,y) > 1 = a(Tz,Ty) > 1.

Definition 1.5. [4] Let 7,5 : X — X and a: X x X — [0,400). A pair (S,T) are
a-admissible if z,y € X, a(x,y) > 1 = a(Sz,Ty) > 1 and o(Tz, Sy) > 1.

Example 1.1. Consider X = (0,00). Define S: X — X and a: X x X — [0,00)
by Sz = 2z, and
¢ oy,

a(z,y) =
0 if T <uy.
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Then S is a—admissible.

Definition 1.6. [32] Let 7 : X — X and let a,n : X x X — [0,400) be two
functions. We say that T is a-admissible mapping with respect to n if z,y € X,
a(z,y) > n(z,y) = a(Tz,Ty) > n(Tx,Ty). Note that if we take n(x,y) = 1, then
this definition is reduces to definition [33]. Also if we take a(x,y) = 1, then we says

that T is an n-subadmissible mapping.

2. MAIN RESULTS

In this section, we prove a fixed point thorem for a—admissible mappings for

modified a — 1—Geraghty contraction in a complete metric space.

Theorem 2.1. Let (X,d) be a complete metric space and let S be an a—admissible

mappings with respect to n and § € F, such that
(2.1) (¢ (d(Sz, Sy)) + 1)*@5DWS) < (5 ((d(w, y)) Y (d(x,y)) + 1)1

where ¥ € Q, 1 > 1, for all x,y € X and suppose that one of the following holds:

(i) S is continuous;
(i) if {z,,} is a sequence in X such that a(x,, ,11) > n(x,, £,41) for all n € NU{0}

and z, — p € X as n — 400, then

a(p, Sp) > n(p, Sp).
If there exists 2o € X such that a(zg, Szo) > n(xo, Szo), then S has a fixed point.

Proof. Let xp € X and define
(2.2) Tpi1 = Sz, for all n > 0.

We shall assume that x,, # 2,41 for each n. Otherwise, there exists an n such that

Ty = Tpy1. Then x,, = Sz, and x,, is a fixed point of S. Since a(zg, x1) = a(zg, Sxo) >
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n(zo, Sxo) = n(xo, 1) and S is a—admissible mapping with respect to 7, we have
a(xy, x2) = a(Sxg, Sx1) > n(Swo, Sx1) = n(x1, 22).

By continuing in this way, we have

(2.3) a(xp, Tpg1) > N(Tp, Tntr)

for all n € NU{0}. From (2.3), we have

(24) Oj(l’n_l, xn)oz(xn, xn—&—l) Z n(xn—la l‘n)n(l‘na xn-‘,—l)-
Thus applying the inequality (2.1), with x = 241 and y = x}, we obtain
(Y (d(zg, Tpyr)) + Z)n(xk—lysﬁk—l)n(xkasxk)
= (¢ (d(Sxp_1,Szy)) + l)n(xkflvsmkfl)n(xkvsxk)
< (Y (d(Szp_1,Sz1)) + l)a(wkq,Szkfl)a(ﬂ:k,Sa:k)

< (B (d(@por, 1)) Y(d(@por, x3)) + )71 Son)

which implies that

(2.5) Y (d(wg, vy1)) < B (Y (d(wp—1, 71))) Y(d(Th-1, 21)) < P(d(TRo1, 7))

Since v is non decreasing, so we get

(2.6) b (d(zg, 2ri1)) < Y(d(Tg-1, 71))-

It is clear that {¢ (d(xg_1,7x))} is a decreasing sequence. Therefore, there exists
some positive number g such that lim, . ¥ (d(xx, 2x11)) = 0. Now we shall prove
that o = 0. From (2.6), we have

Y (d(xk, Tri1))
Y (d(g-1, 1))

(2.7) < B (d(wrr,20)) < 1.
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Now by taking limit £k — oo, we have

_d Ty ¢ (d(g, Th41))
L= 0T T ¥ @y, zg)) PO AT ) <

(2.8) lim B(¢ (d(ap_1,x1))) = 1.

k—o0

By using property of  function, we have limy_, 9 (d(xg_1, %)) = 0. Thus

k—oo

Now we prove that {z,} is a Cauchy sequence. Suppose on contrary that {x,} is not
a Cauchy sequence. Then there exists € > 0 and sequences {my} and {n;} such that,

for all positive integers k, we have ng > my > k,

(2.10) Y (d(Tmy s Tny ) > €
and
(2.11) U (AT, Ty ) < €.

By the triangle inequality, we have

e < ?ﬁ (d(xmmwnk))
S r(/} (d(xmm xnk71)) + w (d<xnk717 x”k))

(2.1) < e+ (d(mnkfl,xnk)) ,

for all £ € N. Now taking limit as k — +o00 in (2.12) and using (2.9), we have

(2.13) lim ¢ (d(xp,, xn,)) = €.

k—oo

Again using triangle inequality, we have

Y (d(Tmy s Tny,)) <O (d(%nk? $mk+1)) + (d(zmk+1’ xnk+1)) + (d(znk+17$nk))
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and

(0 (d(xmk+l7xnk+1)) < (d(xmk+17$mk)) + (d(xmm xm)) + (d<xnkv xnm—l)) .

Taking limit as k — +oo and using (2.9) and (2.13), we obtain

(2.14) lm o (d(Tmy, s Tngyy)) = €

k——+o0

By using (2.1), (2.13) and (2.14), we have
(6 (d(@ s Tny)) + 1) ST S
< (W (d(@mgyy s Tiyy,y)) A 1)@ ST 0y S0y)
< (Y (d(Szm,, Stn,)) + )o@ STmy )a(@ny, Sany )
< B(d(zmy,, Tny )Y (A( X4y xnk>)n(xmk,5xmk)n(znk S,

which implies that

(2'15) (0 (d(xmk+1>xnk+1)) < B(¢ (d(xmmxnk)))l/}(d(xmm xnk))

Since 1 is non decreasing, so we get

(216) ¥ (d(@myys Tniy)) < B (A(@mgs )Y (AT Tn ) < P (d(@m, Ta)) -

Therfore, we have

¢ (d(xmk+1 » Tngpq ))
U (d(@my; Ty )

Now taking limit as kK — +oc in (2.17), we get

(2.17) < Bd(zpm,, x,,)) < 1.

(2.18) lim (¢ (d(@m,, xn,))) = 1.

n—oo
Hence limy_o0 ¥ (d(2pm,,, 5, )) = 0 < €, which is a contradiction. Hence {z,} is a
Cauchy sequence. Since X is complete so there exists p € X such that x, — p. Now

we prove that p = Sp. Suppose (i) holds that is, S is continuous, so we get

(2.19) Sp=2_S lim z, = lim Sx, = lim z,,1 =p
n—oo

n—o0 n—oo
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thus p = Sp. Now we suppose that (ii) holds. Since

(T, Tpg1) > (T, Togr)

for all n € NU {0}. By the hypotheses of (ii), we have

(2.20) a(p, Sp)a(xy, Szg) > n(p, Sp)n(x, S).
Using the triangle inequality and (2.1), we have
(1 (d(Sp, s)) + 1St S
= (¢ (d(Sp, Szp)) + l)n(p,SP)W(xkvsxk)
< (¢ (d(Sp, Szy)) + 1) @SPlalzr.Sei)

< (B (dlp, m)) o(d(p. xy)) + 1SS0

which implies that

(2.21) U (d(Sp, Tr41)) < B (d(p, zx)))(d(p, 1))

Letting £ — oo and using the fact that ¢)(0) = 0, we have d(p, Sp) = 0. Thus p = Sp.
To ensure the uniqueness of the fixed point in Theorem, let there exists ¢ be another

fixed point of S and T, g € X |, s.t ¢ = Sq="1Tq.

Y (d(p,q)) +1 < ¢ (d(Sp,Sq)) +1
< (¥ (d(Sp,Sq)) + l)n(p,Sp)n(%Tq)
< (d(Sp,Sq) + l>a(p75p)a(q7TC1)

< B (dp,9)))¢(d(p,q) + 1.

So,

(2.22) Y (d(p,q)) < B(vd(p,q))y(d(p, q)).
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By the property of § function, we have d(p,q) = 0, implies p = ¢. Hence S has a
unique fixed point. O

If n(z,y) =1 in the Theorem 2.1, we get the following corollary.

Corollary 2.1. Let (X,d) be a complete metric space and let S be an a—admissible
mappings and B € F, such that

(2.23) (¢ (d(Sz, Sy)) + 1)* @59 < (g ((d(z, y)) Y(d(z,y)) + 1)
where ¥ € Q, 1 > 1, for all x,y € X then suppose that one of the following holds:
(i) S is continuous;

i) 1 n nyn+l) — ny 4n
(i) if {z,,} is a sequence in X such that a(x,, x,11) > n(x,, £,41) for all n € NU{0}

and x, — p € X as n — +o00, and

o(p, Sp) = n(p, Sp).

If there exists o € X such that a(xg, Sz¢) > n(xo, Sp), then S has a fixed point.

Taking 1 (t) =t in Theorem 2.1, we get the following Corollary.

Corollary 2.2. Let (X,d) be a complete metric space and let S be an a—admissible
mappings with respect to n and § € F, such that

(224)  (d(Sw, Sy) + )OS0 < (5 (d(x,y)) d(r, ) + 1)1ESI0S

for all z,y € X where l > 1. Suppose that either

(i) S is continuous, or
(i) if {z,,} is a sequence in X such that a(x,, x,11) > n(x,, £,41) for all n € NU{0}

and x, — p € X as n — +o0, then

o(p, Sp) = n(p, Sp).

If there exists o € X such that a(xg, Sz¢) > n(xo, Sxp), then S has a fixed point.
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Taking n(z,y) = 1, in Theorem 2.1, we get the following Corollary.

Corollary 2.3. Let (X,d) be a complete metric space and let S be an a—admissible
mapping and B € F , such that

(2.25) (¢ (d(Sx, Sy)) + ) SD2WS) < g (¢ (d(x,y))) (d(z, y)) +1
for all xz,y € X, where ¢» € Q0,1 > 1. Suppose that either

(i) S is continuous, or
(i) if {z,} is a sequence in X such that a(z,,z,,1) > 1 for all n € NU {0} and

xn, = p € X as n — 400, then

o(p,Sp) > 1.

If there exists o € X such that a(xg, Szg) > 1, then S has a fixed point.

Taking ¢ (t) =t and n(x,y) = 1 in Theorem 2.1, we get the following Corollary.

Corollary 2.4. [18] Let (X, d) be a complete metric space and let S be an a— admissible
mapping and B € F , such that

(2.26) (d(Sw, Sy) + )=S0 < 5 (d(x,y)) d(x,y) +1
for all x,y € X, where | > 1. Suppose that either

(i) S is continuous, or
(i) if {z,} is a sequence in X such that a(z,,z,,1) > 1 for all n € NU {0} and

T, — p € X as n — 400, then

a(p,Sp) > 1.

If there exists ¢y € X such that a(xg, Szg) > 1, then S has a fixed point.
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Example 2.1. Let X = [0,00) with usual metric d(z,y) = |v —y| for all z,y € X
and S: X =5 X, a: X x X = [0,400) and (3 : [0,+00) — [0,1] for all z,y € X be

defined by
o { 0ifze0,1] }
Vi ifx € (1,5]

a(z,y) = {1 Z:fx>y7}
0 if v <.
plt) = %,5(0)6[0, 1] and () = =

Let z,y € X, clearly Sx <z and Sy <y, then S of a—admissible mapping o(z,y) >
1, and oz, Sz) > 1, a(y, Sy) > 1 and oz, Sz)a(y, Sy) > 1 implies that
d(Sz, Sy) + 1)*@SewS) = Gp — Sy + 1=z —Jy+1<
(d(Sz, Sy) +1) x— Sy Vo= y+i< \/—+ \/—
2 (x —
2O = i e ) ) +1
3v/5 (@ —y)

IA

If oz, Sz)aly, Sy) = 0, then we have
(¢ (d(Sx, Sy)) + )*@W) =1 < B( (d(w, y)))e(d(w, y)) + L.
Let =5 and y = 2 then
Y (d(S5, 52)) ") — 05479 < By (d(5,3)))0(d(5,3)) = B(¥ (2))¥(2) = 8660.

Theorem 2.2. Let (X,d) be a complete metric space and let S be an a—admissible

mappings and B € F, such that

(2.27) alz, Sr)aly, Sy)p (d(Sz, Sy)) < B (¢ (d(x, ) ¥ (d(x,y)),

where ¥ € ), for all z,y € X and suppose that one of the following holds:



106 AFTAB HUSSAIN

(i) S is continuous;
(ii) if {x,} is a sequence in X such that a(z,,z,11) > 1 for all n € NU {0} and

T, = p € X as n — 400, then

a(p, Sp) = 1.
If there exists 2o € X such that «(zg, Szg) > 1, then S has a fixed point.

Proof. Let ¢y € X and define
(2.28) Tpy1 = Sxy, for all n > 0.

We shall assume that x,, # x,,; for each n. Otherwise, there exists an n such that
Ty = ZTpy1. Then z, = Sz, and z,, is a fixed point of S. Since oz, x1) = (g, Sxo) >

1 and S is a—admissible mapping, we have
axy, z2) = a(Sxg, Sx1) > 1.
By continuing in this way, we have
Ty, Tpy1) > 1
for all n € NU {0}. From (2.29), we have
(2.29) a(Tp_1, Tp)o(Ty, Tpyr) > 1
Thus applying the inequality (2.27), with z = x;_; and y = x}, we obtain

o(Tp—1, Stp_1)a(xr, Sap) (Y (d(2k, Tri1))

< (B (d(wg-1, 7)) Y(d(Th-1,78))

then

(2.30) Y (d(Tort1, Targ2)) < B (Y (d(@ar, Torg1))) V(d(Tok, Tops1)).-
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It yields that {1 (d(xok+1, Tok12))} is a decreasing sequence. From (2.30), there exists
0 € R* such that lim,, . ¢ (d(x,, 2ny1)) = 0. Now we shall prove that ¢ = 0. From
(2.30), we have

(0 (d($2k+1, $2k+2))
¢(d($2k, 372k+1))

Now takes limit n — oo, we have

< B () (d(wo, Tors1))) < 1.

lim 3 (¢ (d(@2k, v2r41))) = 1.

k—o0

By using property of g function, we have

(2.31) lim ¢ (d(zok+1, T2x+2)) = 0.

k—o0
Now we will prove that sequence {x,} is Cauchy. Suppose on contrary, then there
exists € > 0 and {mg}, {nx} be two sequences such that, for all positive integer k, we

have

(2.32) N > Mg > k’, ¢ (d(l’nk, $mk)) > €, 1/} (d(xnk_u xmk)) <€

Follows the similar lines in the proof of Theorem 9, we have

(2.32) lim ¢ (d(n,, Tm,)) = €.
k—o00

and

(2.33) im0 (AT Tm,)) = €

By using (2.27),(2.32) and (2.33), we have

¢(d(xnk+17$mk+1)) < @y STy )Ty, T, JU (ST, STy, ))
< Bd(@nys )P (AT s Ty ))-

Therfore,

¢ (d(xnk-u ) xmk+1 ))
(d(@n; Ty ))

(2.34) < B (d(wny, Tm,))) < 1.
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Now taking limit as kK — +oo in (2.34), we get

(2.35) lim B0 (4, 7)) = 1.

n—oo

Then limy_ ¥ (d(Tm,, Tn,)) = ¥(0) = 0 < ¢, which is a contradiction. Hence {z,}

is a Cauchy sequence. Since S is continuous

Sp = lim Sz, = lim z,, = p.
n—oo n—oo

So p is a fixed point of S. By the hypotheses of (ii), we have
a(p, Sp)a(xg, Sty) > 1.
Using the triangle inequality and (2.27), we have

CY(p, Sp)CY(.Tk, Smk)(w (d(sp7 xk-}—l)))

< (B(¥ (d(p, zx)))(d(p, xx))

which implies that

U (d(Sp, wr11)) < B (d(p, )Y (d(p, 2k))

Letting k£ — oo and using the fact that ¢)(0) = 0, we have d(p, Sp) = 0. Thus p = Sp.

Uniqueness: Let ¢ be another fixed point of S. Then

Y (d(p,q)) < oalp,Sp)alq, Sq)y (d(Sp, Sq))

< B (d(p,q))v(d(p,q)).

So,

Y (d(p,q)) < B (d(p,q)))¥(d(p,q))-

By the property of § function, we have d(p,q) = 0, implies p = ¢. Hence S has a

unique fixed point. 0
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Corollary 2.5. Let (X, d) be a complete metric space and let S be an a—admissible
mapping and B € F, such that

(2.38) (alz, Sz)a(y, Sy)¥ (d(Sz, Sy)) < B (d(z,y)) Y (d(z,y)),
where Y € Q, 1 > 1, for all x,y € X and suppose that one of the following holds:

(i) S is continuous;

(i) if {z,,} is a sequence in X such that a(x,, x,11) > n(x,, £,41) for all n € NU{0}
and z,, - p € X as n — +oo, then a(z,,p) > n(z,,p), for all n € NU{0}.
If there exists o € X such that a(xg, Szo) > n(xg, Sxp), then S has a unique fixed
point.

If ¢(t) = t in Theorem 2.2. we obtain the following corollary.

Corollary 2.6. [18] Let (X, d) be a complete metric space and let S be an a— admissible
mapping and [ € F, then

(2.39) a(z, Sr)aly, Sy)d(Sz, Sy) < B (d(z,y)) d(z,y),
where I > 1, for all x,y € X and suppose that one of the following holds:

(ii) S is continuous;

(iii) if {x,} is a sequence in X such that a(x,,z,1) > 1 for all n € NU {0} and
x, = p € X as n — 400, then a(x,,p) > 1, for all n € NU {0}.
If there exists g € X such that a(xg, Szg) > n(xg, Sxp), then S has a unique fixed

point.

Remark 1. By combining the technique of Samet et al. [33], Hussain et al [18], Salimi
et al. [32], and Erdal Karapimar [11] we obtain Theorem 2.1 and Theorem 2.2.

3. CONCLUSION

Our resuls are more general than [16, 18, 32, 33] and improve several results existing

in the literature.
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