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A SHARP MIXED TYPE INTEGRAL INEQUALITY
ZHENG LIU

ABSTRACT. We give a sharp mixed type integral inequality which may provide
simplification and improvement of several recent results. Some special cases are

discussed with applications in numerical integration and special means.

1. INTRODUCTION

In [1], Alomari and Dragomir proved the following mixed type inequalities for
mappings of bounded variation, Lipschitzian, and absolutely continuous mappings
whose first derivatives belong to Ly[a,b](1 < p < oco) which have provided unified

treatments of error estimates for various kinds of well-known quadrature rules.

Theorem 1.1. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

we have the inequality

|t laf (a) + BF(x) + 20y = ) F(%52) + Bf(a+ b — ) + af(b)] = [ £(t) ]
< gz max{20(z — a) — a(b — a), (b — a), (Oz—l-ﬁ)(b—a)—%(x—a),

(6 —a—p)b—a)}Valf)
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for all W <z < (2570‘7@?(&%%, where, \/"(f) denotes the total variation

of f over [a,b], and a, 3,7,0 are positive constants such that o + 3 + v = 2§ with
v>6>0.

Theorem 1.2. Let f : [a,b] — R be an L-Lipschitzian mapping on [a,b]. Then we

have the inequality

b2(af(a) + B () +2(y = ) f(442) + Bf(a+b—x) + af(b)] — [, f(¢) dt|
a)

b—a)? a i(rx—a
SL[( 16) +(x_3T+b)2+2( a(b— 25( ))2
20—a—3)a+(« b a
R R T
«a a+(20—a—[3)b a a
+(( +8) +;5 B) —%”—%(%’)—x))z],
for all W <z< (25_0‘_6%‘;+(0‘+ﬁ)b, where, o, 3,7,0 are positive constants such

that o + B+ v = 20 with v > § > 0.

Theorem 1.3. Let f: I C R — R be an absolutely continuous mapping on 1°, the
interior of the interval I, where a,b € I with a <b. If f' € L,[a,b],p > 1. Then we

have the inequality

balaf(a) + Bf () + 20y — 8) F(%2) + Bf(a+b— ) +af(®b)] — [7 f(t)dt]

26—a)a+ab a(b—a o—a b—a
< ()1l — gyttt o (St 4 (%W

((25—a—5%§+(04+ﬁ)b _ $)Q+1]1/q|’f/|’p,

for all M < g < Fmaz 5%‘;+(°‘+ﬁ)b, where, o, 3,7,0 are positive constants such

that o + 4+ v =26 with725>0and5—|—%:1,p>1.

In this work, we will give a new mixed type integral inequality which provide unified
treatment on various error estimations of the following quadrature rules:

(i) Midpoint rule
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b a
[ s 0- a0
(ii) Trapezoid rule
[t - f OO

(iii) Simpson’s rule

[ #2044 + )

(iv) Corrected Simpson like rule

a+b

/ Ftyde~ =) + 165 (P20 7).

30
(v) Averaged midpoint-trapezoid rule

| rwaes 2 @) 200 + 0

(vi) Maclaurin’s rule

a+ 5b

/f e~ D) 1 ap(e ) 4 3p(UER)

(vii) Newton’s 3/8-rule

| s~ 2@ + 35 4 37 4 o)

(viii) Milne’s rule (see e.g. [9], page 127)

a+3b)
4

[ 7fa) + 3270 12 () (R o)

(ix) Companion of Ostrowski type quadrature rule (see e.g. [2] or [4])
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2

Our results simplify and improve Theorem 1.2. Some applications in numerical

[y - o2 Harbon)

integration and to special means are also given.

2. MAIN RESULT

We first derive a mixed type inequality for functions of Lipschitzian type. Recall
that a function f : [a,b] — R is said to be L-Lipschitzian on [a, b] if

|f(z) = f(y)| < Llz —y|
for all z,y € [a,b], where L > 0 is given, and, it is said to be (I, L)-Lipschitzian on
[a,b] (see e.g. [6]), if

Wzy —21) < fl22) = fla1) < Ly — 1)
for all @ < 27 < x9 < b, where [, L € R with [ < L (the condition has also been
considered in [4] and [5] independently).
Clearly, an L-Lipschitzian function is a (—L, L)-Lipschitzian function.
It is well known (see e.g. [3]) that if h,g : [a,b] — R are such that h is Riemann
integrable on [a,b] and ¢ is L-Lipschitzian on [a, b], then f: h(t) dg(t) exists and

(2.1) y/ ) dg(x y<L/ \h(x)] da.

Theorem 2.1. Let f : [a,b] — R be (I, L)-Lipschitzian on [a,b]. Then for any
a€[0,1] and § € [0,1] with a + f < 1 we have the inequality

| f) F(t)dt = (b— a)[o @0 4 IO 4 (1 — o — ) f(24h)

(2.2)
< LT{Za +52+2(a+6 1)2 (b . CL) + 2[1, . (4 200— ﬂ)z+(2a+ﬁ)b] }

)
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where 0 < a+ <1 andz € [a—l—%(b—a),aqL#(b—a)].

Proof. For brevity, we first set a = 0, b = 1, and then we need to prove

[ () dt — [0 gI@HAZ0) (o — gy (L]

202 242(a 1 [}
SLT[ +ﬁ+8( +8-1)2 _}_Q(ZE_QZFﬁ)]’

(2.3)

where 0 < o+ 4 < 1 and = € (¢, 22].

Integration by parts for Riemann-Stieltjes integral, we get

IV K (o, 8,2 1) df (¢)

(2.4)
QO | glEefl=a 4 (1 o gy p(L)— [°f(1)
where
(
-2, 0<t<u,
-7, T<t<y,
(2.5) K(a, B, x;t) =

Observe that

and so by (2.4) we have

Jo Ko, B, ) d[f () — B

(2.6)
_ af(O);f(l) + ﬁf(x)Jr;‘(l*x) +(l-—a- % f f(t)

Moreover, for any z € [§, #], we get
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Jo 1K (o, 8,31)| dt
(g —tydt+ [t — %) at

a+p 1
2 2

Jor (= tydt+ [2,( - 50) dt

1_Q_J2rﬂ « 1-=z a
Ji T Q=P —tdt+ [Tt - (1 - %P dt

17& o 1 [
Jizg =5 =t)dt+ [[_o[t = (1= 5)]dt
2a2+(a+ﬁ)i+(a+ﬁfl)2 — (2a + B)z + 22

2024 3242(a+-1)* 204032
CAPIAOAGTT 4 o — 22HB)2,

o
3
+ o+ o+

Then notice that f(z) — %2z is - -Lipschitzian on [a,b] and by using (2.1), the
inequality (2.3) follows from (2.6) and (2.7).

The statement for [a,b] is then derived in a routine way by applying to F(t) =
fla+ (b—a)t].

Remark 1. It is not difficult to find that the inequality (2.3) is sharp in the sense

that we can choose f to attain the equality in (2.3). In fact, we may construct the

function f(t) = fatj(s) ds with

\
which satisfies the condition of Theorem 2.1.

Remark 2. It is clear that the best inequality in (2.2) is obtained for x =

(472a7ﬁ)i+(2a+ﬁ)b cla+5(b—a),a+ #(b — a)] and we get a sharp inequality




A SHARP MIXED TYPE INTEGRAL INEQUALITY 119

(4—2a—5)z+(2a+ﬁ)b Y+ £( (2a+ﬁ)a+514—2a—6)b)

| [P f(t)dt — (b — a)[a O Pl ;

(1 a = B)f(]] < B ()~ a))

where 0 <a+ <1
Remark 3. Some special cases of the inequality (2.2) in Theorem 2.1 will be
listed and discussed as follows:

(i) If we take @« = 1 and § = 0, then z = “T*b and we get a sharp trapezoid type

inequality
b
fla)+f), _L—1
(2.8 A e Ut
(i) If we take @« = 0 and [ = 0, then z = a and we get a sharp midpoint type
inequality
b
b L—1
(2.9 R e T

(iii) If we take o = % and § =0, then x = 5‘LT“’ and we get a sharp Simpson type

inequality

210) | [ s s s < 2o -

(iv) If we take o = % and § = 0, then z = 23‘;—376’ and we get a sharp corrected

Simpson like type inequality

b
b—a a+b 113(L — 1) ,
2.11 - — 1 < —2(b— .
2 | [ rwd- "t @ 107D o) < e o
(v) If we take @ = § and 8 = 0, then z = B‘LT“’ and we get a sharp averaged

midpoint-trapezoid type inequality



120 ZHENG LIU

@1 | [ e T ) + 2 + )] < S b - )

16

(vi) If we take o = 0 and 8 = 1, then x € [a, %] and we get a sharp company of
Ostrowski type inequality

219) | [ 50— -T2 (EELR0F 30ty

It is clear that the best inequality in (2.13) is obtained for x = 3“be and giving a
sharp trapezoid type inequality

b Batb at3b _
(2.14) \/ f(t)dt—(b—a)f( 4 );rf( - )\§L16l(b—a)2.

(vii) If we take a = 0 and (§ = %, then x € [a, E’C‘T*‘%] and we get a sharp inequality

(2.15)

A e O R ]

If we further take x = 5a+b , then we get a sharp Maclaurin’s type inequality

210) | [ f0a-"5 0wt (0 3 < 2D g

576
However, the best inequality in (2.15) is obtained for z = wﬁ—g% and we get a sharp

inequality
(2.17)

13 3b b 3 13b 11(L — 1
|/f - (P gy gy 2 By LT D

(viii) If we take v = § and § =

% then x € [7“; Tath a;rb] and we get a sharp inequality
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(2.18)

'/ £ a2 @3 s o)) < T OOy, Tk

2_
7 [T ey

)’

If we further take x = Q‘LH’ , then we get a sharp Newton’s 3/8 type inequality

219) | [ 10 a-"2 2 apar LR pe) < 22D pay,

However, the best inequality in (2.18) is obtained for z = “ﬁ—gf’b and we get a sharp
inequality
(2.20)
11a+5b 5a—|—11b 11(L —1)
[ s s s g < M D0
(ix) If we take o = & and § = 22, then z € [33¢t7 Sat3P] 4nd we get a sharp
inequality

|2 f(t)dt — ey 32f () + 12f(%£2) + 32f (a + b — ) + 7f(b)]]

a) +
199(b—a)? a
LT[ 2(700) +2(z — 6797%2%)2]'

(2.21)

I/\A

3a+b o . .
=, then we get a sharp Milne’s type inequality

If we further take x =

222

Sa—l—b a—l—b a—|—3b 239(L — 1)

(a2 2 (s () < 22D

67a+23b

However, the best inequality in (2.21) is obtained for » = >4

and we get a sharp

inequality
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(2.23) [ f, F(0)dt = bR (7f (a) + 32 (ST45020) 4 12 £(45) + 32 (22455070 4 7£ (D))
< B b —a)

(x) If we take o + 3 = 1, then we get a sharp integral inequality

2 8y dt = (b = @)l 80 1 (1 — ) Lltifett=)

< LT{2a2+(81—a)2 (b B a>2 + 2[1’ o (3—a)a1—(1+o¢)b]2}

(2.24)

where 0 < a < 1 and z € [a+ 2(b — a), “$?]. However, the best inequality in (2.24)

(3— a)a+(1+a

is obtained for z = and we get a sharp inequality

) f( (37a)a1(1+a)b)+f( (1+a)a1»(37a)l7)
2

| [P F(t)dt— (b— a)[ol2HO (1 —q

(2.25)
< 55207 + (1 —a)](b - a)?,

where 0 < o < 1. Clearly, the inequality (2.25) recaptures the inequality (2.14) for
a=0.

3. APPLICATIONS

We first consider the application in numerical integration and restrict it to the

Milne’s quadrature rule.

Theorem 3.1. Let m ={zg=a <z < - - < x, = b} be a given subdivision of the
interval [a,b] such that h; = x;1 —x; = h = b*T“ and let the assumptions of Theorem

2.1 hold. Then we have

(3.1)

| [ F(8) dt = 3 STUZG[Tf () + 32 (BEEEL) 4 12 f (B ) 4 32 f(SE500) 4 7 (a4 )|

239(L—1)(b—a)?
< 6480n
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Proof. From the inequality (2.22) in Remark 3 we obtain

(3.2)

| [ ) dt — B[Tf () + B32f (BEEEEL) 4 12 (BT ) 4 30 f(EEBIEL) 4 7 f (g, )]

239(L—1) 2
< Toiso (Lit1 — Ti)
239(L—1)(b—a)?
S T oason?

By summing (3.2) over i from 0 to n — 1, we get

(3.3)

Sio LS () dt — ST () + 32f (FEEEEL) 4 12 f (R 4 32 f (R ) 4 7 f (30|

239(L—1)(b—a)?
< 6480n

Consequently, the inequality (3.1) follows from (3.3). Thus the theorem is proved.
Now we turn to applications of the Milne’s type inequality (2.22) to the following
special means:

(1) The arithmetic mean:

b
A(a,b) = %,a,b > 0.

(2) The Geometric mean:

G(a,b) := Vab,a,b > 0.

(3) The harmonic mean:
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(5) The identric mean:

I(a,b) 1(bb)f1 #£ba,b>0
a,b) .= —(—)ta,a a :
) e aa ) Y )
(6) The p-logarithmic mean:

pt — gt

L,(a,b) =] ]%,a#b,a,b>0,p§£—1,0.

(p+1)(b—a)
Proposition 1. Let a,b € R, 0 <a <bandn € N, n > 3. Then we have

1 3a b 3b 239n(b — a)b™ !
|5 7A@ b)+16A (S, 5)+16A" (5, T)+64" (@, b))~ Li(a,b)] < il

3240 ’

Proof. The assertion follows from applied the inequality (2.22) to the mapping
f(x) = 2",z € [a,b] and n € N which implies that |f'(z)| = nz""! <nb"! on [a, b
and so f is nb"!-Lipschitzian on [a, b].

Proposition 2. Let a,b € R, 0 < a < b. Then we have

[7TH Y(a, b)+16A1(3—2a, g)+16A1(g, %b)—i—GAl(a, b)]—L (a,b)| <

1
45

239(b — a)
3240a%

Proof. The assertion follows from applied the inequality (2.22) to the mapping
f(x) = %,z € [a,b] which implies that |f'(z)] = & < = on [a,b] and so f is Z-
Lipschitzian on |a, b].

Proposition 3. Let a,b € R, 0 < a < b. Then we have

239(b — a)

3a b a 3b
3a b a 9by, <
[7InG(a, b) +6lnA(a, b) +16InA(S, 2) +16InA(5, 5)] —Ind (a,b)] < ==,

| 1
45
Proof. The assertion follows from applied the inequality (2.22) to the mapping

f(zr) = Inz,x € [a,b] which implies that [f'(x)] = ; < ¢, on [a,0] and so f is
%_Lipschitzian on [a, b].
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