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SOFT VECTOR SPACES AND SOFT TOPOLOGICAL VECTOR
SPACES

SANJAY ROY (U, DHANANJOY MANDAL (2 AND T. K. SAMANTA ©)

ABSTRACT. Molodtsov introduced the concept of soft set theory, which can be
used as a generic mathematical tool for dealing with uncertainty. In fact, it is free
from the difficulties that have troubled the usual theoretical approaches. Roy and
Samanta [13, 14, 15] defined several basic notions on soft set and studied many
properties. In continuation of [13, 14, 15], here we have introduced soft topological
vector space and studied few basic properties related to soft topological vector
spaces. For introduction of soft topological vector space, there is need to define
soft, vector space and soft product topological space, which has been encountered

in this paper.

1. INTRODUCTION

In 1999, Molodstov [9] initiated a novel concept known as soft set as a new mathe-
matical tool for dealing with uncertainties. He pointed out that the important exist-
ing theories viz. probability theory, fuzzy set theory, intuitionistic fuzzy set theory,
rough set theory etc. which can be considered as mathematical tools for dealing with
uncertainties, have their own difficulties. These theories cannot be successfully used
to solve complicated problems in the fields of engineering, social science, economics,

medical science etc. He further pointed out that the reason for these difficulties is,
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possibly, the inadequacy of the parameterization tool of the theory. The soft set the-
ory introduced by Molodstov is free of the difficulties present in these theories. The
absence of any restrictions on the approximate description in soft set theory makes
this theory very convenient and easily applicable.

Subsequently, many works on fuzzy soft rings and fuzzy soft ideals [5], Soft group
6], soft topological spaces [8, 10], fuzzy soft topological spaces [11], fuzzy soft open
and closed sets [12], vector sum and scalar multiplication of soft sets [13], balanced
and absorbing soft sets [14] have been done in this field. In 2007, H. Aktas et al.
[2] worked on some mathematical aspects of soft sets and soft groups. In 2010, U.
Acar et al. [1] introduced the concept of soft rings. In 2010, N. Cagman et al. [3]
applied this concepts to solve a few decision making problems. In 2015, M. Chiney
et al. [4] introduced the notion of vector soft topology. They assumed the universal
set as a usual vector space. But in this paper, only the parameter set is assumed to
be a usual vector space. The concept of fuzzy vector space was given for the first
time in [7] by A. K. Katsaras et.al. in 1977 and also the notion of fuzzy topological
vector space was given in that paper. In the present time, researchers are trying to
explore these concepts on soft sets. In this paper, we have introduced the notion
of soft topological vector space, which is a continuation of the works of [13, 14, 15].
That’s why, for organizing this paper, in Section 2, some definitions and results from
the papers [3, 10, 13, 14, 15] are highlighted. In Section 3, few properties of vector
sum and scalar multiplications on soft sets are being developed for the introduction
of soft vector space which is described in the Section 4. In Section 5, there is a
notion of soft product topological spaces and in the last section, that is, Section 6,
soft topological vector space is introduced taking help of soft vector space and soft

product topological space.
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2. PRELIMINARIES

In this paper, U refers to an initial universe, E is the set of parameters, P(U)

is the power set of U and A C E.

Definition 2.1. [3] A soft set 4 on the universe U is defined to be a set of ordered
pairs Fy = {(e, Fa(e)) : e € E,Fu(e) € P(U)} where Fy : E — P(U) such that
Fy(e) = 0 if e is not an element of A. The set of all soft sets over (U, E) is denoted
by S(U).

Definition 2.2. [3] Let Fy € S(U). If Fu(e) =0, for all e € E then F}, is called a
empty soft set, denoted by ®. F4(e) = () means that there is no element in U related

to the parameter e € F.

Definition 2.3. [3] Let Flu, Gp € S(U). We say that Fy is a soft subsets of Gz and

we write Fiy C Gp if and only if Fy(e) C Gg(e) for all e € E.

Definition 2.4. [3] Let Fi4,Gg € S(U). Then F4 and G are said to be soft equal,
denoted by Fy = Gp if Fa(e) = Gp(e) for all e € E.

Definition 2.5. [3] Let Fiu, Gp € S(U). Then the soft union of F4 and G is also a
soft set FalUGp = Haup € S(U), defined by Hap(e) = (FaUGR)(e) = Fa(e)UGp(e)
forall e € E.

Let Fa, € S(U), i € I, an indexed set. The arbitrary soft union of the soft sets
{Fy, : i € I} is asoft set U;je; Fa, € S(U), defined by U;er Fa,(e) = Ujer Fa,(e) for all
ec€ k.

Definition 2.6. [3] Let F4,Gp € S(U). Then the soft intersection of Fy and Gp
is also a soft set a1 Gp = Hanp € S(U), defined by Hanp(e) = (FaM Gg)(e) =
Fale)NGpgl(e) forall e € E.
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Definition 2.7. [14] Let U be an initial universe and f : X — Y be a mapping,
where X and Y are sets of parameters. If Fy is a soft set over (U, X) then f(F4), a
soft set over (U,Y), is defined by

UseprFalz) if f7Hy) #0

0  otherwise.

f(Fa)(y) =

Definition 2.8. [14] Let U be an initial universe and f : X — Y be a mapping,
where X and Y are set of parameters. If G is a soft set over (U,Y) then f~!(Gp),
a soft set over (U, X), is defined by f~1(Gp)(z) = Gp(f(x)).

Definition 2.9. [10] A soft topology 7 on soft set F4 is a family of soft subsets of
F 4 satisfying the following properties
(1) D, Fy €T
(1) If G, Ho € 7 then Gg M Hez €7
(13i) If Fa, € 7 for all @« € A, an index set then L,ep Fa, € 7.
If 7 is a soft topology on a soft set F'y, the pair (Fy4, 7 ) is called the soft topological

space and the member of 7 is called soft open set in (Fy4, 7).

Definition 2.10. Let (F4, 7) be a soft topological space. A soft subset Gp of F4
is said to be a soft closed set in (Fa, 7) if F4 — Gp € 7, where (F4 — Gg)(e) =
Fu(e)\ Gp(e) for all e € E.

Definition 2.11. [10] A collection 2 of some members of a soft topology 7 is said to
be soft subbase for 7 if and only if the collection of all finite intersections of members

of € is a soft base for 7.

Theorem 2.1. [10] A collection 2 of some soft subsets of F4 is a soft subbase for a
suitable soft topology T on Fa if and only if

(1) ® € Q or ® is the intersection of a finite number of members of .

(i1) Fa = LS.
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Definition 2.12. [13] Let U be a universal set and E be a usual vector space over R or
Cand Fly,, Fa,, -, Fa, besoft sets over (U, E') and f : E" — E be a function defined
by f(e1, e, ,e,) =e; +ea+---+e,. Then the vector sum Fy, + Fu, + -+ Fy,
is defined by

(Fay + Fay + -+ Fa,)(€) = Uy e, emrer—1(e)1 Fas (€1) N Fay(ea) M- N Fy, (en)}-

Definition 2.13. [13] If U is a universal set, E is a usual vector space over R or
C, t is a scalar and ¢ : F — E is a mapping defined by g(e) = te then the scalar
multiplication tF4 of a soft set Fy is defined by tF4 = g(F4). That is, for e € E,

tFA(e) = 9(Fa)(€) = Uy Fa(e).

Proposition 2.1. [13] Let U be a universal set, E be a usual vector space over R or

C, t be a scalar and Fu be a soft set over (U, E). Then

Fa(t™te) if t+#0,
tEa(e) =< 0 if t=0 and e#0,
UgerFa(x) if t=0 and e=0.

Proposition 2.2. [13] Suppose E; and E, are linear spaces over the same field R
or C and f : Ey — FEy s linear mapping. Then for any soft sets Fx and Gg over
(U, Ey) and for the scalar t,

(1) f(Fa+ Gp) = f(Fa) + f(GB).

(¢1) f(tFa) =tf(Fa).

Proposition 2.3. [13] If S is an ordinary subset of a linear space E over R or C,
Fy is a soft set over (U, E) and x € E then
(i) (x+ Fa)(e) = Fa(e —x) for all e € E where x + F4 means 1, + F4 and

U if e=x

0 if e#uw.
(17) x+ Fy = T,(Fa) for the translation mapping T, : E — E defined by T,(e) = z+e

1.(e) =
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foralle € E.
(’LZ’Z) S+ Fy= Llaes(a—F FA).

Proposition 2.4. [13] If Fa, Fa,, Fa,, -, Fa, are soft sets over (U, E), where E is
a linear space. Then for the scalars ti,ts, -+ ,t,, the following are equivalent:

(1) trFa, +toF gy + -+ 1,Fa, E Fy

(17) for all er,e9,--- e, € E, Fy(tier +taea + -+ -+ the,) D NI Fa,(e;)

Proposition 2.5. [15] If F4 is a soft set over (U, E) and o € K then aFy+ 0F4 =
aFy, where E is a vector space over the field K(=R or C).

The Definitions 2.12, 2.13 and the Propositions 2.1, 2.2, 2.3, 2.4, 2.5 could also be
true if we consider E as a vector space over any field K instead of considering K as

the field of real numbers R or the field of complex numbers C.

3. A FEW PROPERTIES OF VECTOR SUM AND SCALAR MULTIPLICATION OF SOFT

SETS

In this section, we assume that the parameter set E is a usual vector space over

the field K and U, universal set.

Proposition 3.1. If Fy and Fg are two soft sets over (U, E) then a(Fa + Fg) =
aF 4+ aFpg for any scalar a € K.
Proof. Casel : Ifa # 0 then fore € F,
a(Fy + Fp)(e)
— (Fa+ Fp)(ae)
= Ug—te=c, tes 1 Fa(er) N Fp(e2)}
— Urcersaes {Fa(e2) 1 Fi(e2)}
= Ueeaiy{ Fa(a™2) N Fp(a'y)} where aey =z and aey =y
— Urmary{aFa(a) N aFip(y)}
= (aF4 + aFg)(e).
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Case2 : Ifa = 0 then we show that 0(Fa+ Fg)(e) = (0F4a+0Fg)(e) for anye € E.
If e # 0 then it is easy to see that 0(Fa+ Fg)(e) = (0F4+0Fg)(e) = (). So we assume
that e = 0. Then
0(Fa + F5)(0)
= Ueer(Fa + Fg)(e)
= Ueep|Ue=zry{ Fa(z) N Fp(y)}]
= Uz, yer{Fa(z) N Fp(y)}
= {UseFa(2)} N{UyepFs(y)}
= 0F4(0) N 0Fp(0)
= (0F4 + 0Fp)(0).

Proposition 3.2. If Fs and Fg are two soft sets over (U, E') then Fa+Fp = Fp+FJy.

Proposition 3.3. If Fa, F and Fo are soft sets over (U, E) then (Fa+ Fg)+ Fo =
Fy+ (Fp + F¢).

Proof. Lete € E. Then
{(Fa+ Fp) + Fc}(e)
= Ue=erte. {(Fa + Fg)(e1) N Fo(ez)}
= Ue=e; e {Uer=aty(Fa() N Fp(y))} N Fo(es)]
= Ue=e; tes[Uer=aty 1 Fa(®) N Fp(y) N Fo(ez)}]
= Ue—zytes { Fa(@) N Fip(y) N Fo(ez)}
= Uemgt2[Usmyre, { Fa(2) N Fp(y) N Fo(eo)}]
= Uemr2[Fa(z) N {U.zype, (F(Y) N Fo(e2))}]
= Ue—a+2[Fa(z) N (Fp + Fc)(2)}]
={Fa+ (Fp+ Fc)}(e)
Hence (Fa+ Fp) + Fo = Fa+ (Fp + Fg).

Proposition 3.4. If Fy is a soft set over (U, E) then a(bF) = b(aFa) for any

scalars a, b € K.
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Proof. Case 1: Ifa=0b=0 then it is trivial.
Case 2 : If one of a and b is zero, say a = 0 then we show that 0(bF 4)(e) = b(0F4)(e)
foralle € E.
Subcase 1 : If e # 0 then
0(bFa)(e) =0 and b(0F4)(e) = 0Fa(b~'e) = 0. Thus 0(bF4) = b(0F,).
Subcase 2 : If e =0 then
0(bFa)(0)
= UeerbFa(e)
= UeepFa(b'e)
= UpepFa(x) asb™'E=F
=0F4(0)
= b(0F4)(0).
Case 3 : Ifa, b # 0 then we show that a(bF4)(e) = b(aF4)(e) for alle € E.
Subcase 1 : If e =0 then
a(bF4)(0) = F4(0) = b(aF4)(0).
Subcase 2 : If e # 0 then
a(bFa)(e) = Fa(b~'a te) = Fa(a~tv7te) = b(aFa)(e). This completes the proof.

4. SOFT VECTOR SPACES

In this section, we assume that the parameter set E is a usual vector space over

the field K and U, a universal set.

Definition 4.1. A soft set Fy over (U, E) is called a soft vector space or soft linear
space if the following conditions are hold:
i) Fa+ FyC Fy

i1) tFy T F4 for every scalar t € K.

Example 4.1. Let E be a vector space over the field K and U be a universal set and

A be a finite dimensional sub-vector space of E. Also let {ay,aq, -+, an} be a basis
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of A and {Uy,Us, -+ ,U,} be the collection of n subsets of U. Let us define a soft set
Fa over (U, E) as follows:
U ift=0,

Fa(toy) = fori=1,2,--- n.
Ui if t(#0)e K

and for any e € A with e = tyou, + taay, + -+ + tag,, for some non-zero scalars
ti,to, -+t € K and {ki, ko, -+ Jkm} C{1,2,--- n},
Fale) =Ux, NUx, N---NUy,, and fore € E— A, Fa(e) = 0.
We now show that Fa is a soft vector space.
Let e € E and e = e1 + ey. Then two cases arise:
(1) one or both of ey, ey belongs in E — A, (ii) e1,e3 € A.
(i) If e1 or eo € E — A then Fa(e1) N Fa(ez) =0 C Fale) .
(1) If e1,eo € A then let e = tyoy, +taag, +- - -+, , €1 = C1Qp, +Calp, 4+ - -+ Crayp,
and es = dyog, +daig,+- - ~+dsoy, for some non-zero scalarsty, ta, -+ ,tm,C1,C2, ¢
and dy,ds, -+ ,ds € K. Here it 1s easy to see that
{hy, ey, -+ s, b C {ap,, pyy vy gy gy -+ 0 . S0, Faler) N Fa(es) C
Fa(e).

Therefore, if e € E — A then by (i) we get (Fa + Fa)(e) = 0 C Fa(e) and if
e € A then by (i) and (ii), we get (Fa 4+ Fa)(€) = Ueee,ren{Faler) N Fa(e)} C
Ueme,teniFale)} = Fa(e). So, Fa + Foa T Fy. Thus the first assumption of soft
vector space holds.
For the second assumption, lete € E andt € K.
Case 1 : Ife € E— A thene # 0 and t™'e € E — A for all t(# 0) € K. So,
tFs(e) =0 C Fa(e) forallt € K.
Case 2 : If e € A then either e =0 or e # 0.
If e =0 then tF4(0) C U = F4(0).
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Fale) if t(£0).
So, tF4(e) C Fa(e) for all e € A.

If e #0 then tFa(e) =

Thus, tFy T Fu for allt € K. Hence Fy is a soft vector space over (U, E).

Proposition 4.1. If Fy is a soft set over (U, E) then the followings are equivalent
i) Fa is a soft vector space.
i1) aFy +bFs C Fy for all scalars a, b € K.
iii) Fa(az +by) O Fa(x) N Fa(y) for alla, b € K and for all x, y € E.
Proof. (i) = (i1)
Suppose F4 is a soft vector space. Then for any e € E,
(aFy + bF4)(e)
— Uy {aFa (@) NbEA(y)}
C Uy {Fal@) 0 Fa(y))
= (Fa+ Fa)(e)
C Fale).
This proves (ii).
(ii) = (1)
Let us assume that aF'y + bFy & Fy for all scalars a, b € K.
Taking a =b =1 then Fx+ F4 C Fjy.
Taking b = 0 then by Proposition 2.5, we have aFy = aFq+ 0Fy E Fjy.
Again by Proposition 2.4, (it) and (iii) are equivalent. This completes the proof of

the proposition.

Proposition 4.2. If Fy is a soft vector space over (U, E) then Fs(x) C Fa(0) for
allx € I.



SOFT VECTOR SPACES AND SOFT TOPOLOGICAL VECTOR SPACES 153

Proof. By the Definition 4.1, we have tF, T Fy for everyt € K. So, 0F4 C Fy,
that is, 0F4(0) C Fa(0) which implies that UyepFa(x) C F4(0). Hence Fa(x) C
F4(0) forallx € E.

Theorem 4.1. Fy4 is a soft vector space over (U, E) if and only if (i) Fa(x +y) 2
Fa(x) N Fa(y) and (it) Fa(ax) 2 Fa(zx) for all z,y € E and a € K.

Proof.  Let Fy be a soft vector space over (U, E). Then from Proposition 4.1, we
have Fy(ax 4+ by) 2 Fa(x) N Fa(y) for all a, b € K and for all x, y € E.
Taking a =b=1 then Fa(x +y) 2 Fa(x) N Fa(y).
Taking y = 0 then Fy(ax) 2 Fa(x) N Fa(0) = Fa(x) by Proposition 4.2.
Conversely, we assume that the conditions (i) and (ii) are hold. Then F(x)NF4(y) C
Fa(azx) N Fa(by) C Fa(ax + by) for all a,b € K. Therefore by Proposition 4.1, F4 is

a soft vector space over (U, F).

Theorem 4.2. If Fy and Fp are soft vector spaces over (U, E) then Fq + Fp and
tFs are soft vector spaces over (U, E) for any scalar t € K.
Proof. Let a,b e K. Then
a(Fa+ Fg) + b(F + Fp)
= (aFs + aFg)+ (bFa + bFg) by Proposition 3.1
= (aFa +bF4) + (aFp + bFg) by Propositions 3.2, 3.3
CFy+ Fp.
Thus by the Proposition 4.1, Fy + Fp is a soft vector space over (U, E).
Again a(tFy) + b(tFy)
= t(aF4) + t(bF4) by Proposition 3./
= t(aFs + bF4) by Proposition 3.1

C tFy, as Fy is a soft vector space.
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Theorem 4.3. If X andY are two linear spaces over the same field K and f : X —Y
is a linear mapping then Fy4 is a soft vector space over (U, X) implies that f(Fy) is
a soft vector space over (U,Y).

Proof. By Proposition 2.2, we have f(Fa)+ f(Fa) = f(Fa+ Fa) C f(F4), as
Fa+ Fy C Fy.
Again, by Proposition 2.2, we have tf(Fa) = f(tFa) C f(Fa) for allt € K. Hence

f(Fa) is also a soft vector space over (U,Y).

Theorem 4.4. Let X and Y be two linear spaces over the same field K and f : X —
Y be a linear mapping. If Gg is a soft vector space over (U,Y) then f~'(Gp) is a
soft vector space over (U, X).
Proof. Let Gp be a soft vector space over (U,Y) and x € X. Then
(f1(Gp) + fH(GB))(x)
= Us—a 0o {/ T (G)(21) N fH(Gp)(72)}
= Us—ay 2o {G(f(21)) N GB(f(22))}
= Us@)=fen)+ 1@ 1GB(f (1)) N G(f(22))}
= (Gp+Gp)(f(2))
C Gp(f(2))
= f7HGB)(x).
Thus, f~1(Gp)+ [~(Gp) C [(GB).
Neat lett € K and v € X. We now show that tf~"(Gp)(z) C f~H(Gg)(x).
Case 1: Ift #0 then
tf(G)(x) = UGt ) = Ga(f(t'2) = Gt f(z) = tGp(f(x)) C
Gp(f(x)) = fH(GB)(@).
Case 2: Ift =0 and z # 0 then it is trivial.
Case 3: Ift =0 and = = 0 then

0f7H(GB)(0) = Upex [ 1 (GB)(2) = UsexGa(f(2)) € UyeyGr(y) = 0GB(0) C
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Gp(0) = Gp(f(0)) = 1 (G5)(0).
Hence f~Y(Gpg) is a soft vector space over (U, X).

5. SorT PrRODUCT TOPOLOGY

Definition 5.1. Let {F4, : i € I} be an indexed family of soft sets over (U, E'). Then

the soft product of these family of soft sets is denoted by [] Fa, and is defined by
il

NierFa,(zi) if v € [T A,
[ Fa,(z)= i€l
el 0 otherwise,
where x; is the i-th component of x.

Definition 5.2. Let {Fy, : i € I} be an indexed family of soft sets and F)y = H Fy,.
A box in F is a subset G'g of Iy of the form H G, where G, C Fy,, for allleile I.
For j € I, G, is called the j—th side of the bzoexl Gp.

A box Gp is said to be large box if all except finitely many of its sides are equal to

the respective sets Fy,’s.

Definition 5.3. Let f : £} — E5 be a mapping and F4 be a soft sets over (U, E).
Then by the Definition 2.7, the mapping f : E; — FEs can be extended to the soft
mapping f : F4 — Fp where Fp is a soft set over (U, Ey) containing f(F4). The
extended soft mapping f : Iy — Fp is said to be a soft mapping induced by the

mapping f : By — Ej.

Definition 5.4. Let {Fy4, : i € I} be an indexed family of soft sets. A wall Gg C

[] Fa, corresponding to the soft set G B; C Fa, for some j € I is a set of the form
icl
1 Fs, where Fp, = Fy, for i # j and Fp, = Gp,.
i€l
The wall corresponding to the soft set G'p; is denoted by wall(Gp;).

Definition 5.5. Let {F4, : i € I} and {Fp, : i € I} be two indexed family of soft
sets. Then the soft union of [[ Fa, and [] F'g, is defined by the soft set [ F¢,, where

el el icl

FCZ' :FAil—lFBi forall 7 € I.
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The soft intersection of [[ Fa, and [] Fp, is defined by the soft set || F¢,, where
i€l icl i€l

Feo, = Fa,MFp, foralli e I.

Theorem 5.1. Let {(Fa,,7;) : i € I} be an indexed collection of soft topological
spaces. Then the family of all wall corresponding to the soft sets Gp, € 1;,1 € I
forms a soft subbase for some topology T on H Fy,.

Proof.  Let S = {wall(Gp,) : Gp, € Ti,zile I}. So, it is now enough to show
that S forms a soft subbase for some topology 7. Since the empty soft set ®; €
7; for each i € I, wall(®;) € S and obviously, for each i € I, wall(®;) forms a
empty soft subset of H Fy,. So, S contains the empty soft subset of H Fy,. Again
wall(Gp,) U wall(GBZke)I: [1 Fa; for j # k. So, Uiewall(Gp,) = HZ;I’AZ.. Hence S
forms a soft subbase for SOZ;LI(E topology T. “

Definition 5.6. Let {(Fa,,7;) : i € I} be an indexed collection of soft topological
spaces. The soft topology generated by S = {wall(Gp,) : Gp, € 7,1 € I} as a

subbase is called the soft product topology on HIF A, -

i€
Theorem 5.2. Let {(Fa,,7;) : i € I} be an indexed collection of soft topological
spaces and T be the soft product topology on the soft set H Fy,. Then the family of
all large boxes with all its sides are soft open in their res;fe[ctive spaces is a soft base
for the soft product topology T on H Fy,.

Proof.  Since the set S = {wallle(IGBi) : Gp, € 1y, 1 € I} forms a soft subbase for
soft product topology T on H F4,, the collection of all finite intersection of members
of S forms a soft base. NZOGUI} wall(Gpg,) = H Fp,, where Fp, = Fy, for j # i and
Fg, = Gp,. So, wall(Gp,) forms a large bé?whose all sides are soft open in their

respective spaces and also all sides are equal to the respective spaces except i—th side.
That is, any finite intersection of members of S forms a large box whose all sides are
soft open.

We now show that any large box whose all sides are soft open in their respective spaces
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s a finite intersection of members of S.

Let Gp = [[ GB, be a large box with G, € 1; for all i € I and Gp, = Fa, except
i€l

for i =iy, ig, -+ ,i,. Then Gp = I_Izzlwall(GBik). This completes the proof of the

theorem.

Definition 5.7. Let F4 be a soft set over (U, E'), where E is a usual vector space

over the field K and P C K. Then we define the soft set P x F4 over (U, K X E) as

follows:
U ifeeP
P x FA = 1p X FA where 1p(€) =
0 ifeé¢P.
FA(G) if t € P,
So, (P x Fa)(t,e) = (1p x Fy)(t,e) =
0 ift¢ P,

where (¢, e) € K x E.

Example 5.1. Let the universal set U = 7Z be the set of all integers , the parameter
set E = R be a euclidean vector space and A = 7. Also let F, be a soft set over
(U, E) defined by

[n] if ne€Z,

0 ifn¢?z,

where [n] denotes the set of all integers which are congruent with n modulo 5.

FA(TL) =

Let P be the set of all natural numbers. Then the soft set P x Fy over (U,R x E) is

(P x Fy)(t,n) = [n] if (t,n) € P xXZ,

0  otherwise.

Theorem 5.3. If (Fa, 7) is soft topological space over (U, E), where E is a usual
vector space over the field K and o is a topology on K then the collection {P x Gp :
P € 0, Gp € T} forms a soft product topology on K X Fa, where 1p belongs to the
soft topology on 1 iff P € o.
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6. SOFT TOPOLOGICAL VECTOR SPACES

In this section, we assume that the parameter sets £, F; and Ey are usual vector

spaces over the field K and U, a universal set.

Definition 6.1. If F is a soft set over (U, E) then a point (z,u) € E x U is said
to be a soft point of Fy if u € Fu(x). If (x,u) is a soft point of F4 then we write

(x,u) € F4. Here E is not necessarily a vector space.

Definition 6.2. If F is a soft set over (U, E), where E is a vector space over the
field K and t € K, (x,u) € F, then (¢, (z,u)) is said to be a soft point of K x Fs

and we write (¢, (x,u)) € K X Fjy.

Proposition 6.1. If f : Fy — Fg is a soft mapping induced by the mapping f :
Ey — E5 then the image of a soft point (xz,u) of Fa is a soft point (f(x),u) of Fp
where Fu, Fg are two soft sets over (U, Ey) and (U, Ey) respectively.
Proof. Let (x,u) be a soft point of F. This soft point is equivalent to a soft set
{u} ife=x
0 if e # x.

P where Pl(e) =

{u} if e=f(z)

0 ife# f(z).
So, f(PY) = (f(x),u). Hence the image of a soft point (z,u) of Fa is a soft point

(f(2),u) of Fp.

Therefore f(x,u)(e) = f(Py)(e) = Ue,cp1()Pre1) =

Proposition 6.2. If f : K x Fy — Fpg is a soft mapping induced by the mapping
f: K xE — E, defined by f(t,z) = tx then the image of a soft point (t,(z,u)) of
K X Fy is a soft point (f(t,x),u) of Fp where Fa, Fp are two soft sets over (U, E).
Proof.  Let (t, (z,u)) be a soft point of K x Fa. The soft point (x,u) is equivalent
{u} ife=x
0 if e#uw.

to a soft set P where P¥(e) =

T
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Ift #0 then f(t, (z,u))(e) = f(t, Py)(e)
{u} Z.f € = f(t,:L‘)
0 if e# f(t,x).
So, f(ta (:r;,u)) = (f(tux)vu)'

Again ift = 0 then f(0, (x,u))(e) = f(0, P¥)(e) = 0P(e) =

= Ugenef-1(ePrler) =

{u} ife=0

0 if e # 0.
So, f(0,(xz,u)) = (0,u) = (f(0,z),u). Hence the image of a soft point (t,(z,u)) of

F4 is a soft point (f(t,x),u) of Fp.

Definition 6.3. If (F4,7) is a soft topological space and Ho C F)4 then He is said
to be a soft neighbourhood of a soft point (x,u) of Fy if there exists Gp € T such

that (z,u) € Gg C He.

Definition 6.4. Let f : F4 — Fp be a soft mapping induced by the mapping
f: Ey — E5 where (Fa,71), (Fp,T2) be two soft topological spaces over (U, E) and
(U, E3) respectively. Then the soft mapping f is said to be soft continuous on F)y if

for any Gp, € 7o, f1(Gp,) € 7.

Definition 6.5. Let f : F4 — Fp be a soft mapping induced by the mapping
f: Ey — E5 where (Fa,71), (Fp,T2) be two soft topological spaces over (U, E;) and
(U, E5) respectively. Then the soft mapping f is said to be soft continuous at a soft
point (z,u) of Fy if for any Gp € 1 with (f(z),u) € Gp, there exists G¢o € 71 with
(x,u) € G¢ such that f(G¢) E Gp

Theorem 6.1. If f : Fy — Fpg is a soft mapping induced by the mapping f : £y —
Ey where (Fa, 1), (Fp,T) are two soft topological spaces over (U, Ey) and (U, E»)
respectively then f is soft continuous at every soft point of Fa if and only if f is soft
continuous on Fy.

Proof. At first we assume that [ is soft continuous at every soft point of Fa

and Gp, € 1. Let the soft point (z,u) € f~Y(Gpg,). Then f(z,u) = (f(z),u) €
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Gp,. Since f is soft continuous, there exvists G gu € T with (x,u) € G au such that

f(Gau) € Gp,, that is Gau T f~'(Gp,). Therefore || Gaw = [YGp,).
(zu)ef~1(Gpy)
since each G au € 71, || Gav € 7. Hence f~*(Gp,) € 1.
(zu)ef~1(Gp,)
Conversely, let f be soft continuous on Fa and (z,u) € Fa. We now show that f

is soft continuous at the soft point (x,u). Let (f(x),u) € Go € 1. Since f is soft
continuous, f~(Ge) € 1. Now (f(x),u) € Ge implies that (x,u) € f~1(Ge). So
(f(z),u) € Ge implies that there exists f~1(Gc) € 71 with (z,u) € f~(G¢) such that
f(fY(Ge)) C Ge. Thus f is soft continuous at (z,u). Since (z,u) is an arbitrary

soft point of Fya, f is soft continuous at every soft point of F4.

Definition 6.6. Let (F4, 1) be a soft topological space over (U, E) and f : ExX E —
E be a mapping defined by f(x,y) = x+y. Then the soft mapping f : Fax F4 — Fp,
induced by the mapping f where (Fp, ) is a soft topological space over (U, E), is
said to be soft continuous with respect to the first variable separately if for any soft
point (z,u) € Fy and for any Gp € 7 with (f(z,y),u) € Gp, there exists G¢ € 7y
with (z,u) € G¢ such that f(Ge,y) =y + Ge E Gp, where y is an arbitrary but a
fixed element of E. Similarly, we can defined the soft continuous with respect to the

second variable separately.

Definition 6.7. Let (F4, ) and (Fp, 72) be two soft topological spaces over (U, E)
and (U, Es) respectively. Also let (K, o) be a topological space and f : K x Fy; — Es
be a mapping defined by f(¢,z) = tx. Then the soft mapping f : K x F4y — Fp,
induced by the mapping f is said to be soft continuous at a soft point (¢, (z,u)) €
K x Fy if for any Gp € 7 with (f(¢,2),u) € Gp, there exist P € ¢ containing ¢ and
G¢ € 1y with (z,u) € G such that f(P x G¢) C Gp.

Thus following the Theorem 6.1, we have : If f is soft continuous at every point of

K x F4 then f is said to be a soft continuous on K x Fj4.
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Definition 6.8. Let (F4,71) and (Fp, 72) be two soft topological spaces over (U, E)
and (U, Ey) respectively. Then the soft mapping f : F4 — Fp, induced by the

mapping f : Fy — FEs is said to be soft open or open if for any G¢ € 71, f(G¢) € 7.

Suppose F is a soft vector space over (U, E') and
g: E x E — FE defined by g(z, y) =z +y and
h: K x E — E defined by h(t, ) = tx. Then the image g(Fa X Fy4) of the product
soft set F)y x F'4 is a soft set where
9(Fa x Fy)(x)
= Uw)eg 1@ 1Fa(y) N Fa(2)}
C Uy, »)eg-1(x)Faly + 2), [ by the Theorem 4.1 |
= Fu(x) for all z € E.
Hence g(Fa x Fa) C Fjy.
Again to find the image h(K x Fj) of the product soft set K x Fj, we shall prove

the following result:

Result 6.1. Let Fy be a soft set over (U, E), where E is a vector space over the field
K and h: K x E — E defined by h(t, x) = tx. Then h(P X F4)(x) = UeptFa(z)
forallz € E and P C K.
Proof.  We shall prove the result by the following cases:
Case 1: If 0 ¢ P, then
h(P x Fa)(x) = U, yen—1(a),tep(P X Fa)(t, y) = U, yen-1@), terFa(y)
= Ut,y)eh—1(x), tePtEa(ty)
= UeptFa(z).
Case 2: If 0 € P,
Subcase 1: x # 0, then
h(P x Fa)(x) = U, yen-1(), 1z0ep (P X Fa)(t, y) = U, yen-1 @), tz00ep Fay)

= Ut,y)eh-1(z), t(0)e PLEA(tY)
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= UszojeptFa(z)
= UseptFa(z) as 0F4(z) =0 for x # 0.
Subcase 2: x =0, then
h(P x Fa)(0) = U, yyen-10),eep(P X Fa)(t, y) = U, yyen-1(0), terFay)
= UyenFa(y)
= 0F4(0) = Ugept F4(0)
Hence h(P x Fp)(x) = UieptFa(x) for all z € E.

So, from the result 6.1, we have h(K X Fy)(x) = UegtFa(z) C Uieg Fa(z) = Fa(x)
for all z € E. Hence h(K X Fy) C Fa.
Therefore the induced mappings g : Fia X Fy — Fq and h : K x Fy — Fj4 are well
defined.

Definition 6.9. A soft vector space F4 over (U, E) with a soft topology 7 is said to
be a soft topological vector space if

i) the soft mapping g : Fi4 X Fy — Fjy, induced by the mapping g : £ X F — E
where g(z,y) = x + y is soft continuous in each variable separately and

i1) the soft mapping h : K x Fy — Fj,, induced by the mapping h : K x E — E
where h(t, x) = tx is soft continuous when K has a topology and K x F)4 has given

the soft product topology.

Example 6.1. Let E be a vector space over the field K, A be a sub-vector space of E

and (A, T4) be a topological vector space. Let V- C U and F4 be a soft set over (U, E)

V ifeeA,
defined by Fa(e) =
0 otherwise.

Then it is easy to see that Fx is a soft vector space. For each B € T4, let us define a

F [ e€ B,
soft set Gp as Gg(e) = ale) if e

1] otherwise.

Let v = {Gg : B € Ta}. Then v is a soft topology on Fy. So, it is enough to
show that the mappings (i) g, defined in the Definition 6.9 is soft continuous from
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Fa x Fy to Fy in each variable separately, (ii) h, defined in the Definition 6.9 is soft
continuous from K x Fy to Fx where K has a topology o.

Let a € E, (x,u) € Fa and (a+ z,u) € G € v. So, u € Gg(a+ x). Obviously,
a+x € B and B € 14. Since (A,7a) is topological sub-vector space, there exist
C,D € 74 such that a € C, x € D and C + D C B, that is, a + D C B. Since
x € D, (x,u) € Gp. It is easy to see that a + Gp C Gp. Thus, the mapping g is
soft continuous from Fy x Fy to Fy w.r.t the second variable separately. Similarly it
can be prove that the mapping g is soft continuous from Fa X Fy to Fa w.r.t the first
variable separately.

Let t € K, (x,u) € Fa and (tx,u) € Gg € v then u € Gg(tz). Obviously,
tx € B and B € T4. Since (A, Ta) is topological sub-vector space, there exist P € o
containing t and C' € T4 containing x such that PC C B. Since C' € 174, Go € v
and (z,u) € Go. Now it is easy to see that PGo T Gp. Thus, the mapping h is soft

continuous. Hence (Fa,v) is a soft topological vector space.

Definition 6.10. Let f : F4 — Fp be a soft mapping induced by the mapping
f: By — E3 where (F4,7) and (Fp,72) be two soft topological spaces over (U, E)
and (U, Es) respectively. Then the soft mapping f is said to be a soft homeomorphism
if

i. f: By — E is bijective.

ii. The soft mapping f : Fx — Fp is both soft open and soft continuous.

Theorem 6.2. If (Fa, 7) is a soft topological vector space over (U, E) and a € E
then the soft mapping T, : Fa — Fa, induced by the translation T, : E — E where
Tou(x) = o+ a is a soft homeomorphism.

Proof. It is clear that T, is bijective.
Since (Fa, T) is a soft topological vector space over (U, E), T, is soft continuous.

Again, the inverse of T, being T—, defined by T_,(x) = v — a. By similar argument
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T, is also soft continuous on Fy. Let Gg € 1. Since the mapping T, is soft
continuous, T-}(Gpg) € T.

Now T-}(Gp)(x) = Gp(T_o(7)) = Gg(x —a) = (a + Gp)(z) for all z € E (using
Proposition 2.3). So, a + Gpg € 1. Therefore the mapping T, is soft open. Hence T,

s a soft homeomorphism on Fu.

Theorem 6.3. If (Fa, T) is a soft topological vector space over (U, E) and t(# 0) € K
then the soft mapping M, : Fx — Fa, induced by the mapping M; : E — E where
M, (z) =tz is a soft homeomorphism.

Proof. It is clear that My is bijective.
We now show that M, is soft continuous on Fa. Let (z,u) € Fa and (My(x),u) =
(tz,u) € Gp € 7. Since the soft mapping h on F4 given in the Definition 6.9 is soft
continuous, there exists P € o containing t and G¢ € T containing (x,u) such that
h(P x G¢) E Gp, that is,
h(P x Go)(e) € Gpl(e) foralle € E,,
or, UpeppGe(e) € Gple) for all e € E, by Result 6.1
or, tGo(e) C Gple) for all e € E, ast € P. Therefore, tGe T Gp, that is,
M(G¢) E Gp. Thus the soft mapping M, is a soft continuous on Fy.
Again, the inverse of My being M, defined by M, (z) = t~'x. By similar argument
M-+ 1s also soft continuous on Fa. Let Gg € 1. Since the mapping M,—1 is soft
continuous, M\ (Gg) € T by Definition 6.4.
Now M1 (Gp)(e) = Gp(My-1(e)) = Gp(t™le) = Uyep-1(oGrly) = Mi(Gp)(e) for
all e € E. So, My(Gg) € 7. Therefore the mapping M, is open. Hence M, is a soft

homeomorphism on F4.

Corollary 6.1. In a soft topological vector space, every translation of a soft open set
1s a soft open set and any multiplication of a soft open set by a nmon-zero scalar is

also a soft open set.
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Proposition 6.3. If (Fa,7) is a soft topological vector spaces over (U, E) then
Fa(x) = Fa(y) forall x,y € E.

Proof. From the Theorem 6.2, it is clear that for any x € E and Gg € T,
r+ Gp € 7. Now since Fy € 7, x + F4 € 7 for all x € E. Also it is obvious
that x + Fy © Fy for allx € E. Let x,y € E. Then (y — x) + Fa T F4. So,
((y —x) + Fa)(y) C Faly), that is, Fa(x) C Fa(y). Similarly, it can be shown that
Fa(y) C Fa(x). Thus, if (Fa,T) is a soft topological vector spaces over (U, E) then
Fa(x) = Fa(y) for all x,y € E.

Corollary 6.2. If (Fa,7) is a soft topological vector space over (U, E) and a € E
then for any soft closed set Gp, a4+ Gp is also soft closed sets.

Proof. At first, let us consider the soft homeomorphism T, : Fx — Fa, induced
by T, : E — E where T,(z) = x + a. Since Gg is closed, Fax — Gpg is open. So,
To(Fa — Gp) is open. Now for z € E,

Tu(Fa— G5)(@) = Uyeryio)(Fa — G)() = Upers (o {Fay) ~ G(y)} = Falo—a) -
Gp(r —a) = Fa(z) — (a+ Gp)(z) = (Fa — (a + Gp))(2).
So, Fa — (a+ Gp) is open. That is, a + G is soft closed set.

Corollary 6.3. If (Fa, ) is a soft topological vector space over (U, E) and t(# 0) € K
then for any soft closed set Gg, tGp is also soft closed sets.

Proof. At first, let us consider the soft homeomorphism M; : Fa — F4 induced
by M, : E — E where My(z) = tx. Since Gp is soft closed set, Fy — Gp is soft open
set. So, My(Fx — Gp) is soft open. Now for x € E,

Mi(Fa=G)(x) = Uperr (o) (Fa—G)(y) = Upers 1 {Fa(y)—Ca(y)} = Fa(t"'a)—
Gp(t™'z) = Fu(z) — tGp(z) = (Fa — tGp)(x).
So, Fy —tGp is soft open. That is, tGp is soft closed set.

Conclusion: During last few year, several researchers are trying to incorporate

soft set theory in crisp mathematical analysis and as a result different notions are
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being grown up which are sometimes very much useful for making decision in different

expert systems. In this paper, it is seen that soft open and closed sets remain invariant

through translations and scalar multiplications which are also soft homomorphisms.

In future it would help to establish several results of crisp topological vector space in

soft topological vector space.

Acknowledgement

We would like to thank to the editor and referees for their valuable suggestions

which have improved the presentation of the paper.

1]

S

(8]

[9]

[10]

REFERENCES

U. Acar, F. Koyuncu, B. Tanay, Soft sets and soft rings, Computers and Mathematics with
applications 59 (2010) 3458-3463.

H. Aktas, N. Cagman, Soft sets and soft groups, Information Science 177 (2007) 2726-2735.
N. Cagman, S. Enginoglu, Soft set theory and uni-int decision making, Furopean Journal of
Operational Research, 207(2) (2010) 848-855.

M. Chiney, S. K. Samanta, Vector soft topology, Annals of Fuzzy Mathematics and Informatics,
10(1) (2015) 45-64.

J. Ghosh, B. Dinda, T. K. Samanta, Fuzzy soft rings and fuzzy soft ideals, Int. J. Pure Appl.
Sci. Technol., 2(2) (2011) 66-74.

J. Ghosh, D. Mandal and T. K. Samanta, Soft group based on soft element, Jordan Journal of
Mathematics and Statistics, 9(2) (2016) 141-159.

A. K. Katsaras, D.B. Liu, Fuzzy vector spaces and fuzzy topological vector spaces, Journal of
Mathematical Analysis and Applications, 58 (1977) 135-146.

W. K. Min, A note on soft topological spaces, Computers and Mathematics with Applications
62 (2011) 3524-3528.

D. Molodtsov, Soft set theory-First results, Computers and Mathematics with Applications
37(4-5) (1999) 19-31.

S. Roy, T.K. Samanta, A note on a Soft Topological Space, Punjab University Journal of
Mathematics 46(1) (2014) 19-24.



SOFT VECTOR SPACES AND SOFT TOPOLOGICAL VECTOR SPACES 167

[11] S. Roy, T.K. Samanta, A note on fuzzy soft topological space, Annals of Fuzzy Mathematics
and Informatics 3(2) (2012) 305-311.

[12] S. Roy, T.K. Samanta, An introduction of open and closed sets on fuzzy soft topological spaces,
Annals of Fuzzy Mathematics and Informatics 6(2) (2013) 425-431.

[13] S. Roy, T.K. Samanta, Some Properties of Vector Sum and Scalar Multiplication of Soft Sets
Over a Linear Space, Annals of Fuzzy Mathematics and Informatics 12(3) (2016) 351-3509.

[14] S. Roy, T.K. Samanta, Balanced and Absorbing Soft Sets, Journal of New Results in Science
8 (2015) 36-46.

[15] S. Roy, T.K. Samanta, Convex Soft Set, Pure and Applied Mathematics Letters (2016) 1-7.

(1) DEPARTMENT OF MATHEMATICS, ULUBERIA COLLEGE,
ULUBERIA, HOWRAH, WEST BENGAL, INDIA

E-mail address:  sanjaypuremath@gmail.com

(2) DEPARTMENT OF PURE MATHEMATICS, UNIVERSITY OF CALCUTTA,
35 BALLYGUNGE CIRCULAR ROAD, KOLKATA-700019, INDIA

E-mail address:  dmandal.cu@gmail.com

(3) DEPARTMENT OF MATHEMATICS, ULUBERIA COLLEGE,
ULUBERIA, HOWRAH, WEST BENGAL, INDIA

E-mail address:  mumpu_tapas5@yahoo.co.in



