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A HORMANDER TYPE MULTIPLIER THEOREM ON
FRACTIONAL FOURIER MULTIPLIER OPERATORS

DAN LI

ABSTRACT. In this article, we consider the bilinear and biparameter fractional
Fourier multiplier operators T;,, whose symbol m satisfies a certain Hormander
type multiplier condition. We prove the boundedness of T}, on Lebesgue spaces.
More precisely, we show that T}, is bounded from LP*(R?") x LP2(R?") to L(R*")
for appropriate indices p1, p2 and ¢g. This is a bilinear-biparameter extension of the

classical Hormander type multiplier theorem.

1. INTRODUCTION

For Schwartz function f on R? we define the Fourier transform by

fie) = [ et

and the inverse Fourier transform by

. 1
F@) = g [ e rede
Let U € S(RY) be such that
supp¥ C {€ e R":1/2 < [¢] <2},

D w(g/2h) =1for & eRN{0}.

kEZ

(1.1)
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For s € R, the Sobolev space H*(R") consists of all f € §’'(R™) such that
1Fllrs = NI(1 = A2 fl 12 < oo,

where (1= A)/2f = 71 [(1+ |g1) 2 7(g)].

The multilinear Calderén-Zygmund theory is originated in several works by Coif-
man and Meyer[16,17] and [18]. After Lacey and Thiele’s work [13,14] on the bilinear
Hilbert transform, multilinear operators in harmonic analysis have been well stud-
ied by many authors. In this paper, we consider the boundedness of bilinear and
biparameter fractional Fourier multiplier.

We first recall the linear case. The Mihlin multiplier theorem says that if m €
CIAT1(R™\ {0}) satisfies

(1.2) [9*m(€)] < Calé|™

for all |a] < [n/2] + 1, then m(D) is bounded on LP(R™) for all 1 < p < oo (see [5,
Corollary 8.11]), where [n/2] is the integer part of n/2 and m(D)f = F~1[mf].

The Hormander multiplier theorem [11] states that if m € L°°(R™) satisfies

(1.3) sup [|m(27-) ¥|
JEZ

Hs(Rr) < OO

with s > n/2, then m(D) is bounded on LP(R"™) for all 1 < p < oo (see also [5,
Theorem 8.10]), where H*(R™) is the Sobolev space and WV is as in (1.1) with d = n.
We note that (1.3) is weaker than (1.2).

We next consider the bilinear case. For m € L*(R?"), the bilinear fractional

Fourier multiplier operator T}, is defined by

~

(14) Tlf.0)(@) = g [ e (e Fle atmded

for f,g € S(R™).
Coifman and Meyer [16,19] and [20] first proved that if m € CL(R?**\{0}) satisfies

(1.5) 020%m(E,m)| < Capl|€] + p]) (1118
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for all |a|+|5| < L, where L is a sufficiently large natural number, then 7}, is bounded
from LP(R™) x LY(R™) to L"(R™) for all 1 < p,q,r < oo with 1/p+1/q = 1/r. Results
in [16,19] and [20] have been extended to multilinear Calderén-Zygmund operators by
Kenig and Stein[1], Grafakos and Kalton [8] , Grafakos and Torres [9,10] to include
0<r<L1.

Tomita [15] proved that if m € L>(R*") satisfies
(1.6) sup ||| gs r2ny < 00,
keZ

where my,(&,m) = m(2%¢, 2k )W (&, n), (&,n) € R" x R", k € Z, ¥ is as in (1.1) with
d = 2n, then T, is bounded from LP(R™) x L4(R™) to L"(R™) for all 1 < p,q,r < o0
with 1/p+1/q=1/r.

Next, we discuss the L" estimates for multilinear and multiparameter Fourier mul-

tiplier operators. In the bilinear and biparameter case, Muscalu, Pipher, Tao and

Thiele [2] proved if m € L (R*") satisfies

106 0z Ot Dz mAEx, €21, )| < Coyansiga (60] + [ ]) 1D (] 4 o)~ (et

then T, is bounded from LP(R?*") x L(R*") to L"(R?*"), where T, is defined by

1 ) )
Tm(f, g) (1'1’ .%'2) — W / ezm-(§1+771)+zx2-(€2+772)m(§1’ 52’ ™, 772)
(1.7) Rin

~

X f(&1,&2)g(ne, m2)dErdEadnydny.

This theorem was extended to the case of multilinear and multiparameter setting in

3].
Next we introduce the biparameter Sobolev spaces. For s;, sy € R, the biparameter

Sobolev space H*'*2(R*") consists of all f € S'(R*") such that

1 fllrease = [|(Z = &)/ f]| 12 < o0,



172 DAN LI

where
(I — A)Sl/z’”ﬁf =F 1 [(1 + \51\2 + |771\2)$1/2 (1 + \52\2 + |772\2)82/2 J/C\(fla 2,11, 12)

with 517 527 N, 72 e R".
Recently, Chen and Lu [4] proved if m € L*°(R*") satisfies

sup ||mj7k||Hsl,52(R4n) < 00,
jkEZ

where

(1.8) m (&, oy iy M) = m(27&1, 2560, 271, 28m2) Wy (&1, 1) Wa(Ea, 1m2),

and Wy, Uy are the same as (1.1) with d = 2n, then T), is bounded from LP(R?*") x
Li(R?") to L"(R?") for all 1 < p,q < 00, 0 <1 < oo with 1/p+1/q=1/r.

The purpose of this paper is to proved a Hormander type multiplier theorem for
bilinear and biparameter fractional Fourier multiplier operators. The main result of

this paper is as follows.

Theorem 1.1. Let ¥ € S(R*"),

supp U C {£ e R™ :1/2 < [¢] < 2},

D w(g/2h) = 1,6 e R*™\{0},

keZ

(1~9) mj,k,a(fla &2, 7117772) = 2ja2kam(2jfly 2k§27 2j711> 2k7)2)‘111(§17771)‘1’2(§2,772)7

1

Tn(f,9) (w1, m2) = 2y

/ eixl'(§1+n1)+i$2'(§2+n2)m(§1, ST 7]2)
R4n

~

X f(&1,€2)9(m, n2)d&1d€admdny,
m € L®(R*™), s1,8, > n, s = min{sy, s}, 1/qg = 1/q1 +1/q2, 1/q1 = 1/p1 — a1 /n,
1/qga = 1/ps —ag/n, o = a3 + o, 0 < ¢ < 00, 1 < p1,pa < 00, q1 > 2n/(s + a),
G2 > 2n/(s + a),
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If

SUP [|12) 5, 0| o102 rany < 00,
J,kEL

then T, is bounded from LP'(R*") x LP*(R*") to L(R*").

2. MT

The biparameter fractional maximal operator M, for a function f on R?" is defined

by

1 1
/ [, 0)|dudo,

where R = {(u,v) € R*" : |u — x| < r1,|v —y| < ro} and f is a locally integral

Mo f(x,y) = sup

r1,r2>0 T'1

function on R?".

Lemma 2.1. Let 1,65 > 0, 0 < a < n. Then there a constant C' > 0 such that

sup (/R Tln_aT'Qn_a‘f(u?v)‘ dUd'U) S CMaf(l',y>

r1,r2>0 2n (1 + 7“1|x — u‘)TLfClH*Gl(l + T2‘y _ ,U‘)nfaJreg

Proof. Since
/ 1 T2 |f(u,v)| dud'U
ren (14 11|x — u|)m=ota (1 4 ryly — v])n—ate
- - n—7;2-i-5 |f(u’ U)| n—oa+te dUdU
{(u,v)ER2™:|u—z|<1/r1,|Jv—y|<l/r2} (1 + 7’1‘.%’ - U’) 1(1 + TQ‘y - U’) 2
""" f(u, v))|
W) ER2 fu—a| 1/ o—y|>1/ra} (1 F 712 — uf)P 70T (1 4 roly — v])n-ote
"0 f (u, v)|

(
{(u,v)ER2™:|u—z|<1/r1,lv—y|>1/r2} (1 + 7’1|33' - u‘)n_a—’_q(l + 7’2‘3/ - fUDn_OH_Q
(

+ dudv

dudv

_|_

J
J

1" f(u, v)|

+ / dudv
() ER2 Ju—z|>1 /ry [o—y|<1/ra} (L 71T —ul)r=oFer (1 4 roly — v])note

=Ji+ Jo+ I3+ Jy,

we can get

1" r" | f(u, v)

J = / dudv
{(uw)ER2™:|u—z|<1/r1,|v—y|<1/r2} (1 + 7’1‘.% - u’)n_a+61(1 + TQ‘y - UDn_aJ’_EQ
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< Tln_amn_a/ | f(u,v)|dudv
{(uw)eR?™:lu—z|<1/r1,|v—y|<1/ra2}

" f(u, v)|

Jy = / dudv
{(uw)ER?™:|lu—z|>1/r1,|lv—y|>1/r2} (1 + 7’1‘.1' - aniaJrel(l + 7“2‘3/ - UDniaJreQ

oo oo

k=0 j=0 /{w)eﬂwﬂk/n<|u—m|s2k+1/n,2f/r2<|v—y|s2f+1/r2}

" f(u, v))|

X
(T rile ==+ L+ raly — o]

"0 f(u, v)|
< Z / , - )9 (n—atez) dudv

k +
=0 20 )Rl <2 ey oyl <2t ) 2VTOFE

1
<C) 27Fay aTie
Z Z 2k+1/7’1)” Oé(2j+1/r2) -«

dudv

x / £, 0)|dudy
{(u,w)eR?™:|u—z|<2k+1 /7y Ju—y|<2tT /ro}

< CM,f(z,y).

Next we estimate Js,

1" r" T f(u, v)

J3 = / dudv
{(uw)eR?™:|lu—z|<1/r1,|lv—y|>1/r2} (1 + 7’1‘.1' - an_OH_El(l + 7“2‘3/ - UDTL—OH_EQ

[e.9]

=0 A(u,v)ERQ":|u—a:|<1/7‘1,27/r2§|v—y|<2j+1/7‘2}

" f(u, v))|

X dudv
(il — a1 + raly = o)

[e.9]

= r1"arzna2/ 7|f(u,v)| dudv
=0 “A(

) ) n—a-+e
u,0)ER?:|Ju—x|<1 /71,27 [ra<|v—y| <291 /ra} 2/ 2

S |/ (u, v)]

< g MmQ n—a
81 ) ) 2j(n—a+e2)

dudv

=0 /{<u,v>eR2n:u—z<1/n,v—y|<2f+1/r2

1
<C g€
Z ]_/7"1 n O‘(2j+1/’l“2)
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X / | f (u,v)|dudv
{(u,v)ER2™:|lu—z|<1/r1,|lv—y|<29t] /ra}

< CM,f(z,y).

The estimation of J; is similar to J3, so we omit the details here, we can get J; <

CM,f(z,y), so we finished the proof of this Lemma. O

Lemma 2.2. 1 <p,q,r < o0, 1/qg=1/p— a/n. Then there exists a constant C > 0
such that

1/r 1/r
{Z(Mafk)’"} <C {Z|fk|r}

kEZ La kEZ Ip

Proof. Let I, be the fractional integral operator defined by

I f(x) = /R f(y)

n o —yln—e

and I, f(x,y) be the biparameter fractional integral operator defined by

I.f(x,y) = /R% | f(u,v) dudv.

& = ur=ely = o=

Let
I(l)f _ f(u,v) du,
“ e |7 —ufre
](2)f _ f(u7 U)
“ e |y — v
then

[af(xay) = (Io(zl) © Izgz)f) (x,y).

Since Lgl), 1&2) is bounded from LP to L? with

I fllpa < Clf]lzes

128 flla < ClIf|ls,
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So we can get

||]Oéf(x7y)||Lq(R2")

- G o 125) @)

L (R™) L1(R")

<C|[ELf) ()

Lz (R™) LI(R™)

< C|1I2F) @ )] g e

< C I )l e ey

LZ(R™)

LZ(R™)

= 17 @ W)l o gony »

Since I, f(x,y) is a positive operator, the above inequality has a vector-valued exten-

sion (see[6, Proposition 4.5.10]):

1/r 1/r
{Z(Ia|fk|)’"} <C {Z|fk|r}

kEZ keZ

L4 Lp
since
Ll fl(z,y)
= / |fEu, o) —dudv
r2n | T — u|" |y — v|n
{(u,v):lu—z|<ri,|v—y|<ra} ™ ()
> M. f(x,y),
We get

1/r 1/r
{Z(Mam’"} <C {Zw}

kEZ La kEZ Ip
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Lemma 2.3. [7] Let 2 < g < oo, 7 > 0 and s > 0. Then there exists a constant
C > 0 such that

N N 1/q
e = ([ 1T+ 227204 oy
R n

< C|/f]

Hs/q,s/q(RQnXRQn).
for f € H*/®3/1(R?™ x R?™) with supp f C {/|z]? + |y|2 < r}.

Lemma 2.4. [4] Let 1 < p < oo and ¥, € S(R"), Uy € S(R™) be such that
supp Uy C {€ : 1/a < |¢] < a} for some a > 1, supp ¥y C {5 : 1/b < |n] < b}
for some b > 1. Then for f € LP(R®") | there exists a constant C > 0 such that

< Ol fllee-

Lp

Moreover, if S" W;(&/27) =1 for all & # 0, i = 1,2. Then for f € LP(R*") |

JEL

where [U1(Dy/20)f] (€1, &) = F [W1(/2)F ()] (61.&), [02(D/2)f] (61, &) =
FHw(/29700)] (6.8

1/2
{Z }\111(D1/2j)‘112(Dz/2’“)f}2}

J,kEZ

1/2
{Z 1 (D1/2) (D2 24)f !2} ~ 11l

J,kEZ

Lp

Let ¢; be a C*-function on [0, c0) satisfying supp ¢; C [0,1/4] and ¢1(t) = 1 on
[0,1/8]. we set ¢a(t) = 1 — ¢1(t), and set for £, n € R",

(2.1) 1) (&, m) = ¢1(I€]/Inl),

(2.2) Do) (&, m) = ¢2(Inl/I€]),

(2.3) D3)(&,m) = (1= da([€l/1n])) (1 = d2(Inl/[€])-
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Lemma 2.5. [12] Let ¢y, ®(3), and P(3) be defined as above. Then

(i) @0)(§;m) + Py (€,m) + P3)(§,m) =1 for (§,n) € R x R™\ {(0,0)};
(i) |02 0 (i (€, m)| < Cap(l€] + In|)~Ue+IBD for all 1 < i < 3, , 3 € Z" and

(&,m) € R" x R™"\ {(0,0)};
(iii) supp @1y C {[€] < |n[/2}, supp P(z) C {|n] < [£]/2} and supp B C {[€]/8 <

n| < 8J¢l}-

Lemma 2.6. [4] Let s;,s9 € R, ¥, U, € S(R*™) be such that supp ¥y, supp ¥
are compact and none of them contains the origin. Assume that ® € C(R*\{0} x

R*\{0}) satisfies
0102208 0201, 2,11, 0) | < Conapings (€] + [ ]) =19 H1BD (5] 4 [rpo)~Uol152D

for all oy, g, By, B2 € Z7. Then there exists a constant C' > 0 such that

sup ||m(t&1, s&a, tnr, sn2) P (&1, s&a, tnr, sm2) W1 (&1, 1) Wa(Ea, 1m2)|

t,s>0

H51:52

H51:52 .

< C sup ||[mj
JkEZ

for all m € L= (R*™) satisfies

sup (|72 1 | o122 (many < 00,

J,kEL

where m; . is defined by (1.8).

Proof of Theorem 1.1

Let s1,85 > n, and m € L>®(R*) satisfies Sup [|m; kol revsegany < oo, where

3,k€EL

M, k.o is defined by (1.9). Since H*1:52(R*") — Hmin{stso}min{sisa}(R47) 50 we should

consider H**(R'), where s = min{s;, sy} > n. We decompose m as follows:

3 3
m(&, 2., 72) = M1 S2, 11, 12) (Z 0 (flﬂh)) (Z q’(j)(f%%))
i=1 j=1
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3
Z m(fla §2, M1, 772)@(2‘) (fla 771>(I)(j)(€27 772)
i,j=1

3
Z mi,j(fb &2, 7)17772)7
ij=1

where @@y, @;)(1 < i, < 3) are the same as in (2.1), (2.2) and (2.3). By Lemma
2.5, we divide these m,;; into four groups. Since the Fourier multiplier operator
corresponding to every symbol m;; in the group can be estimated in the same way,
we just choose one to prove in each group.

The first group :

mi, where supp my; © {&1] < |ml/2, 6] < Inal/2}

Mz, where supp maz C {Iml < [&11/2, Ins| < |62l/2}.

The second group :

my3, where supp mas C {|&] < |ml/2, |n2|/8 < [&a| < 8[nal}

M3, where supp mas C {[m| < |&[/2, |n2]/8 < |&of < 8[n2l}

mg,1, where supp ma1 C {[m[/8 < [&1] < 8|ml, |&] < |mal/2}

M3, where supp maa C {[m[/8 < [&1] < 8|m, ma| < [&]/2}-

The third group :

M2, where supp mi» C {|&] < |ml/2, |n2| < [&[/2}

ma,1, where supp ma,1 C {[m| < [&]/2, 6] < [n2]/2}.

The fourth group :

ms,3, where supp mas C {|m|/8 < [&1] < 8|ml, [n2]/8 < |&2f < 8|m}.

Estimates for the first group .

First, we consider mg 2, we denote it as m! instead of Mmoo

Let f,g € S(R*™), since Y. ¥;(§) =1 for all £ € R"\{0}, we have
JEZ
Lij = U(D1/2)¥(Dy /2" T (f, 9) (21, 22)
1 ~

= 74”/ mt (€1, Eg, My, mp) e ST RACIMI (£ ) (€, E)
(271')( ) R4n
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X W (& + 12)g(n1, m2)d& 1 dEadn dny

1 i T ~
N W /Rz;n m' (&1, &,y mp) e ETIOT 2(§2+772)\I/j(§1 +m)W;(&)

-~

X f(Er, €2)Uk(Ea + 1) U (E2)G (11, 1) dEr dEadip dipo

2j(2n—oz) 2k(2n—oz)
R4n

X (F M) (27 (21 — 1), 25 (w0 — y2), 27 (21 — 21), 2% (22 — 22))

X (‘T’j(Dl)‘T’k(Dﬁf) (y17y2)g(217 Zz)dylddeZ’ld@,

where W, (&) = W(£/2%) and U(&;) € S(R*™) such that U(&)W (& +m1) = W(& +m1),
on the suppm!, since |&; + 1| ~ |&]. The same is true for U(&,).

Mo = 2925 mN(2761, 256, 27m1, 2500) W (& 4 1) W (&2 + 12).

Take 1 < ¢ < 2 with 2n/(s + «) < t < min{2, ¢1, ¢2, 2n/a}. By the Holder inequality,

Lemma 2.3 and Lemma 2.1, we have

| I < 2200 HRI=URa /4 (14 2|21 — | + 2[ar — =)
Rin
X (14 28|y — ol + 2%y — 2|)°
X (]—le]l-’k@) (27 (21 — 1), 2% (2 — 12), 27 (21 — 21), 2%(22 — 20))
X (14 27|z — g + 27|z — 21) (1 + 28| — | + 25[2 — 22])7°

<\Ijj(D1)\T’k(D2)f> (Y1, y2)9(21, 22)dy1 dyadz dzy

X
- </ L bl o1 el +
R n
1/¢
X }(fﬁlm;,k@) (y1a3/2721722)’t d@/ldy2d21d2’2>

X ( / QI =GR (] 4 9|2y — g | + 2|2y — 2]) 7"
R4"
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X (1 + 2k|ZL'2 — y2| + 2k|ZL'2 — 22|)_t8
. 1/t
X )(‘I’j(Dl)‘I’k(Dﬂf) (y1>y2)9(2’1722)) dy1dy2d21d22>

< CHm},k,aHLt/(wsyt/) </}R2 2jn+kn—((j+k)at)/2|g(zl’ 2)[F(1 + 28 |2y — 22|)—st/2

1/t
% (1 + 2j|l'1 . Zl‘)St/2d21dZ2> (/ 2jn+kn*((j+k)at)/2
RQn

1/t
~ ~ t .
X )(‘I’j(Dl)‘I’k(Dﬂf) (yl>y2)‘ (1 + 27|z — 3 )72 (1 + 2¥| 2y — yz|)_8t/2dy1dy2>

1

" " " 1/t
< Cllml B O)BDa] (0122) ) (Mol 22))

Hs»s (Mat/Q

Then by the Holder inequality, Lemma 2.2 and Lemma 2.4, we have

1T (f, 9) 1o

1/2
< {Z V(D12 (Da/2) T g>!2}

J ke Lo

N N N\ 2/ , 1/2
/t
. {}j(Mat/Q B0 ) (s ol }
J,kEZL

< Csup ||mj o
7,kEZ

La

~ i ARG
Hes»s {Z (Mat/Q “I’j(Dl)‘I’k(D2)f ) }
jkezZ

< Csup [mjy,q
jkez

L1
2/t\ 1/2
| ((Maagolol)")
L2
TR 1/t
= sup [Imj ol e {Z (Mat/z Uj(D1) k(Do) f ) }
J,kEL 4, kEZL La/t

1/t

X ( (Mazs2]gl*) M) v

La2/t
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<C Sup 172} 1
7,k€Z

1/2
e {Z\@jwl)@kwgvf} 91l

J.kEZ 151

< C sup [Imjy o lmee [ zos gl 2o
J,kEZL

Since supp m! C {1/a < /&2 +|m]?2 < a,1/b < /|&]2 + |n2]2 < b} for some

a,b > 1, by Lemma 2.6 we have

sSup ||mjka| Hes < C Sup ||mj7k70é| Hs»#

J,kEZL J,kEZL

So

| Tt || o1 xczve—pa < C sup [[myig o ms.s
3,kEZ

Changing the roles of &1, 7, and &5, 12, we can prove

| Tt || o1 xczve—pa < C sup [[myg o s.s
3,kEZ

where m! = my, .

Estimates for the second group :

IN

We write m? instead of mgy3 . Since supp maoz C {|m] < |&1]/2, |n2]/8 < |&|
8|m2|}, then there exists Ul € S(R™), such that U(&)W(n) = V(&) on {|na|/8

IA

|€2] < 8|m2|}, where W is the function which is the same as case 1.

Hence,

‘I’(Dl/2j)Tm2(f7 g)(x1, T2)

1 A A
= 7(2@(4”) in m2(§1, &2, M1, 772)ew1(£1+m)+w2(§2+n2)qjj(& +m)
f(

X f(&1,&)g(n, n2)dErdEadmdny

1
iy (§1+m)+i2(E2+02) \Jy
271')(4" Z in m Sla 52, m, 772) (51 + 771)
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X W5 (60) W (&) F(Er, &)W (112)G (m1, 12) dEr dEadiny dipo

- 1 2 iw1 (&4 ) +Hize (S2+12)
= W ; R4nm (€1, &2, m,m2)e W& +m)

X U5 (60) W (6) U3(&) F (€1, &) WL (1)G(m, 12) s dodim o
— 2j(2n—a)2k(2n—a)
>/,
X (F7'mi ) (27 (21 — w1), 2"(20 — yo), 2 (21 — 21), 2% (22 — 22))

X “I’j(Dl)‘I’z(Dﬁf) (Y1, 12) (\I]llc(D2)g)(ZlazQ)dyldQdeleQ

where U is the same as the first group and W(&,)W2(&,) = U(&,).
M o = 27025m? (2761, 251, 7€, 202) U (&1 + 1) U (&),

Take 1 < t < 2 satisfying 2n/(s+a) < t <min{2, ¢1, g2, 2n/a}. Arguing in the same

way as in the first group, we can prove

11| < Cllm3 .|

N . 1/t
Hes (Mat/Q \I/j(Dl)\Ij%(D2)f’ ($1,!E2))

. . 1/t
% (Maasz [0L(D2)g" (w1,22))

By the Holder inequality, Lemma 2.2 and Lemma 2.4, we can obtain

[T (£ 9) (1, %2) | Lo

1/2
< {Z ’W(D1/2j)Tm2(f7 Q)F}

JEZ La

\le(Dl)\I/i(Dﬁf’t) B

Hs:s

(5o

< Csup [[m] o
jkez b=

1/2
, A2/t
X <Mat/2 }‘I’k(Dz)g’ )

La
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< Csup [[m}, o
jkez

B . Q/t 1/2
Hos {Z (Mat/2 “I’j(Dl)‘I’ﬁ(Dz)f ) }
7,k€Z

L1
» 1/2
X {Z (Mat/z }@;(DQ)g!t) }
keZ La2
~ £\ 2/t /2|t
= sup [l |4 3 (M [ D0) 020015 )
J,k€EZ jkez
’ Lai/t
, N2/t
<3S <Mat/2 WL(Dy)g| )
keZ L2/t
,) 2 1/2
o 2
< C sup [|m3 g o[ res {Z "I’j(Dl)‘I’i(Dﬂf’ } {Z | Wi(Ds)g| }
JkeL j.k€EZ o keZ po
S C Sup Hm?,k,a} HSs»s f”Lpl Hg”Ll’z )
7,kEZ

Since supp m! C {1/a < /&P +mP? < a,1/b < /]&)? + |m2|? < b} for some

a,b > 1, by Lemma 2.6 we have

2
j,k,a|

sup ||m Hes
k€7

fes < Csup |[|m; k.l
j,k€e j

J,kEL

So

|’Tm2”Lp1><Lp24,Lq S C sup Hmm,aHHs,s
J,kEZ

By interchanging the roles of &1, 7 and &;, 15, we can prove other situations in the
second group.
Estimates for the third group:

We write m? instead of mq 2, the proof is similar to case 1.

I11;; = V(D /2)U(Dq/2")T s (f, g)(21, 72)

1 ~

— - / m3(§1’ §2’ . 772)6i$1(§1+T]1)+i$2(§2+772)\Ijj(é’l + 771) (Sla §2)
(27T>( ) R4n
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X ‘Ifk(§2 + 12)g(m, n2)d&1dEadmidny
2] (4n / 3(€1, &, my, mp ) e EFm)Fima(Satm) gy (& +771)‘1’ (m)
X f(&1, &) Ur(&a + 1) Ur(€2)G(m . 1) d&r dEadiyy dipy
275(% / $(Es oy ) EFMITERETINY (6 4 1) U ()
f(

1 &)W (& + 70) T ()G (1, ) dEr dEadm dipo

2j(2n—a) 2k(2n—a)
R4n

(f m; im) (Qj(ifl — Y1), 2k(¢¢2 — Ya), 2j(9€1 —21), Qk(xz - 22))

X <{Iv’k(D2)f> (Y1, 12) <‘T’j(D1)g) (21, 22)dyrdyadz1dzy,

where W, U are defined the same way in the first group and
m? o = 2925 mP (2761, 256, 27my, 250 W (&L 4 1) W (&2 + 12).
As we did in the first group, we can prove

1] < C ||m V;(D1)g

~ t 1/t t 1/75
\I]k(DZ)f’ (371,952)) (Mat/Z (9017332)) )

Hs»s (Mat/Z

Jka’

where max{1,2n/(s +a)} <t < 2.

In the similar way of case 1, we can obtain
| T || L1 2 —pa < C sup "m.?’k’aHHs,s < C sup ||[mjg.all mes.
k€L k€L

By interchanging the roles of &;,7; and &, 19, we can prove the same conclusion
for my; in the third group.

Estimates for the fourth group:

We write m* instead of ms3, the proof is similar to case 2, we omit the details

here.
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First, we can obtain

T (f; 9) (1, 22))|

1/2

‘I’j(Dl)E’k(Dz)f

. 2/t
o)

1/2

. 2/t
) (.%'1,.%'2)) )

Mg = 27925 mH (2761, 251, 2765, 2% ) W (& + ) (€)W (& + 1) T ().

Hs.s Z <Mat/2 (

J,kEZL

< Csup ||mjy |
3,kEZ

‘I’j(Dl)E’k(DQ)g

{5 e

7,k€Z

where max{1,2n/(s +a)} <t < 2.

Since q1/t,q2/t,2/t > 1, by the Holder inequality, Lemma 2.2 and Lemma 2.4, we

can obtain

[T (f; 9) (1, 22)| o

N N N2 2
. ~ ~
< Csup ||m], .| s Z Motjo |Vi(D1) V(Do) f
ke k€L
Lo
N N N2y 2
|8 > (Mat/2 U;(D1)¥k(D2)g )
7,kEZ
L‘IQ
£\ 2/t 12| M*
. 4 = =
= sup (Mgl o [[§ D | Motz |W5(D1)Wk(Ds) f
Jkez jkez
Lai/t
_ _ . 2/t t/2 1/t
DD (Mat/2 U (D1)W(D2)g )
7,kEZ ,
L2/t

Jkal E’j(Dl)E’k(Dz)f

2}1/2

>

J,kEZL

< C sup Hm
J,kEZ

LP1
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B _ 5y 1/2
X Z U;(D1)Vi(Da)g
7,kEZ P2
<C sup HmjkaHH Flizon gl oo -
kEZ

Since supp m! C {1/a < /|&2+ |ml2 < a,1/b < /|&]? + |n2|? < b} for some

a,b > 1, by Lemma 2.6 we have

[Tl o xzre—pa < C sup [my olles < C sup [[mypallmes.
7,kEZ 7,kEZ

Therefore, we have finished the proof of Theorem 1.1. O
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