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SOME RESULTS CONCERNING RIESZ BASES AND FRAMES IN
BANACH SPACES

KHOLE TIMOTHY POUMAI U AND S. K. KAUSHIK (?

ABSTRACT. In this paper, we give characterizations of Riesz bases and near Riesz
bases in Banach spaces. The notion of atomic system is defined and a characteriza-
tion of atomic system has been given. Also results exhibiting relationship between
frames, atomic systems and Riesz bases have been proved. Further, we show that
every atomic system is a projection of a Riesz basis in Banach spaces. Finally, we

give some duality results of an atomic system for Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Frames were introduced in 1952 by Duffin and Schaeffer [5]. They infact abstracted
Gabor’s [9] method to define frames for Hilbert space. Let H be a real (or complex)
separable Hilbert space with inner product (.,). A countable sequence {f,} C H is

called a frame ( or Hilbert frame ) for H, if there exist numbers A, B > 0 such that

(1.1) AllfI < ST ) < Bllf |3, for all f € H.
n=1

The scalars A and B are called the lower and upper frame bounds of the frame, re-
spectively. They are not unique. The inequality in (1.1) is called the frame inequality
of the frame. For more details related to frames and Riesz bases in Hilbert spaces,

one may refer to [4, 11]. Feichtinger and Grocheing [7] extended the notion of frames
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to Banach space and defined the notion of atomic decomposition. Grocheing [10]
introduced a more general concept for Banach spaces called Banach frame. Casazza,
Christensen and Stoeva [2] studied E4-frame and E,;-Bessel sequence. Recall that a
BK-space is, by definition, a Banach (scalar) sequence space in which the coordinate

functionals are continuous.

Definition 1.1. [2] Let E be a Banach space and E; be a BK-space, a sequence
{fn}22, C E* is called an E4-frame for E if

(1) {fu(x)} € Ey, for all x € E,
(2) there exist constants A and B with 0 < A < B < oo such that

(1.2) Allz < {fa(®)} |5, < B || # ||, for all z € E.

A and B are called E4-frame bounds. If atleast (1) and the upper bound condition
in (1.2) are satisfied, then {f,} is called an Ey-Bessel sequence for E. If {f,} is an

E4-Bessel sequence for E, then U : E — E4 given by
U(z) = {fu(x)}, forz € E

is a bounded linear operator and U is called the analysis operator associated to Fg4-
Bessel sequence {f,}. If {f,} is an E4-frame and there exists a sequence {z,} C F
such that z = i fo(z)x,, for all x € E. Then, a pair (x,, f,) is called an atomic
decomposition fZ)?E with respect Ey. Further, if {f,} is an E4-frame for E and there
exists a bounded linear operator S : E; — E such that S({f.(z)}) = « for all z €E,
then ({f.},95) is called a Banach frame for E with respect to Ej.

In [15], Stoeva defined and studied Ey4-Riesz basis.

Definition 1.2. [15, 3] For a Banach space F and a BK-space E,4, an Ey4-Riesz basis

for E is a sequence {z,}22, C E, which is complete in E and there exist constants
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0 < A< B < oo such that

(L3)A{ea}oille, < 1) cntalle < Bll{ea}oli g, for every {ea}32, € Eu.

n=1

A number A (resp. B) in (1.3) is called a lower (resp. upper) E4-Riesz basis bound.

We give few results in the form of lemmas which will be used in the subsequent

work.

Lemma 1.1 (Cassaza—Christensen—Stoeva). ([2, Lemma 3.1)) Let E; be a BK-space

for which the canonical unit vectors {e,} form a Schauder basis. Then the space

Yo = {{h(en)} : h € Eg} with norm [{h(en)}yv, = [Ih|

g 15 a BK-space isometrically
isomorphic to E. Also, every continuous linear functional ® on E,; has the form
d{c,} = ilcndn, where {d,} € Yy is uniquely determined by d,, = ®(e,), and
911 = {@(en)Hlve

Lemma 1.2 (Taylor-Lay). ([16, Theorem 12.9, p. 251]) Let X, Y be Banach spaces
and S : X — Y be a bounded linear operator from X into Y. Then the following are

equivalent.

(1) S has a pseudoinverse operator ST.

(2) There exist closed subspaces W, Z of X, Y such that
X=kerSeW, Y=5X)&Z

Lemma 1.3 (Stoeva). ([15, Propositions 3.3 and 3.4]) Let Eq4 be BK-space which
has a sequence of canonical unit vectors as Schauder basis and {x,}:>, C E be a

sequence. Then

(1) every E4-Riesz basis {x,} is a Schauder basis for E.
(2) {x,} is a Riesz basis if and only if the operator T, given by T{c,}>2, =

o
> apxy, is an isomorphism of Eq onto E.
n=1
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Throughout this paper, FE will denote a Banach space over the scalar field K (which
is R or C), E* the conjugate space of E, [z,] the closed linear span of {x,} in
the norm topology of E, [ff\n/] the closed linear span of {f,} C E* in the o(E*, E)-
toplogy. Further, E; denotes a BK-space which has a sequence of canonical unit
vectors {e, }22 | as Schauder basis, £} the conjugate space of E; and Yy = {{h(e,)} :
h € E}} denotes a BK-space which is defined in Lemma 1.1. 7 : B — E*™* is the
natural canonical projection from E onto E**. This paper is devoted to the study of
frames, F4-Riesz bases, near E;-Riesz bases, atomic systems in Banach spaces and
the extremality property of atomic systems. In Section 2, we give the necessary and
sufficient conditions for the existence of frames in Banach spaces. We also study the
relationship between E;-Riesz bases and frames. A necessary and sufficient condition
for a frame to be an E;-Riesz basis is obtained. Also, we give a necessary and sufficient
condition for a frame to be a near E;-Riesz basis. Section 3 is devoted to atomic
systems in Banach spaces. We prove that every atomic system is a frame in Banach
spaces. We also show that E;-Riesz bases and near E;-Riesz bases are atomic systems
in Banach spaces. Also, various properties of atomic systems which are similar to
that of the properties of frames in Hilbert spaces have been given. Further, we show
that atomic systems are compression of E;-Riesz bases in Banach spaces. Finally,
we discuss the extremality property of atomic systems in the conjugate of a Banach

space.

2. FRAMES AND FE;-RIESZ BASES

P. A. Terekhin [17, 18] introduced and studied the notion of frames for Banach

spaces.

Definition 2.1. [17, 18] Let E be a Banach space and E; be a BK-space which has a
sequence of canonical unit vectors {e, } as Schauder basis. A sequence {z,}>2,\{0} C

E is called a frame for E with respect to Ej if
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(1) {f(xz,)} € Yy forall f e £,
(2) there exist constants A and B with 0 < A < B < oo such that

(2.1) Al fllz- < I{f (@) Hiva < Bl fllg-, for all f e E*.

We refer (2.1) as the frame inequalities. If atleast (1) and the upper bound condition

in (2.1) are satisfied, then {x,} is called Bessel sequence for E with respect to Fy.

In the following result, we give the necessary and sufficient conditions for the

existence of frames in Banach spaces.

Theorem 2.1. {x,}22, C E is a frame for E with respect to Eq if and only if there
exists a bounded linear operator T : Eq — E from E4 onto E for which T (e,) = x,,

for alln € IN.

Proof. Let f € E*, B be upper bound of the frame {2, }. By Lemma 1.1, { f(z,,) }={®(e,)}
for some @; € By and [[{/(s:)}ly, = %]
{c,} € E4, then

DY axrlle = sup [ et ()]
k=n

reElifl=1 =

B Let n,m € IN with n < m and

= sup |ch®f(ek)\

reBifl=1 =

m

= sup [Pp() cxex)
feB" I fl=1 ,;
m
< sup 1D enell,
feex|fll=1 k=n
m
= sup [[{f @)l D el
feex|fll=1 k=n
<

m
B| Y cxexlle,
k=n
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Hence, T : E; — E given by T{c,} = > oy, {cn} € Ey is well defined bounded
n=1
linear operator from E, into E. Moreover, 7 (e,) = x,, for all n € IN. By Lemma

1.1 and for f € E* we have

I{f (@) Hlve = ILA(T (ea)) Hiva = KT (F)(en) Hlv, = 1T /]

Eg

and from the frame inequalities we have 7* is one-one and 7*(E*) is closed. Thus
by [13, Theorem 4.15, p. 103], 7 is onto.

Conversely, let 7 : E; — E be well defined bounded linear operator from F,; onto
E with 7 (e,) = x,, for all n € IN. So 7* is one-one and 7*(E*) is closed by [13,
Theorem 4.15, p. 103]. Again, by [6, Lemma 1, p. 487], there exists constant C' > 0
such that || f|| < C||7*(f)| for all f € E*. Let f € E*. Also

{f(@n)} = {f(T(en))} = {T"f(en)} € Ya.

Then, by using Lemma 1.1 and for f € E* we have

1f1

g < C[IT*(f)]

gy = I{T"fen) vy = I{A(T(en)) }Hlva = [ (2n) Hlva

To show the upper inequality,

LS Gen) Hive = IRT f(en) }lva = [177(S)] g, forall f e E*.

gy < [[T/]
Hence, {z,} is a frame for E. O

Note that, {x,} is a Bessel sequence for E if and only if 7 : E; — FE is a well
defined bounded linear operator from Ej into E for which 7 (e,) = x,, for all n € IN.
The operator 7 is called the synthesis operator associated to Bessel sequence {x,}

and bounded linear operator R : E* — Y, given by

R(f) = {f(xn)}, for f e E".
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is called the analysis operator associated to Bessel sequence {x,}. As in Lemma
1.1, Yy is isometrically isomorphic to Ej. So, let J; : Yy — Ej be isometrically

isomorphism from Yy onto Ej. Therefore, 7* = J; 0 R.

Remark 1. Every E4-Riesz basis is a frame for £ with respect to Ey. This is very

clear from Lemma 1.3 and Theorem 2.1.

Next, we give the equivalent conditions for a sequence {x,}5°; C E to be an

FE4-Riesz basis in Banach spaces.

Proposition 2.1. Let {x,}5°, C E. Then, the following conditions are equivalent.

(1) {z,} is an E4-Riesz basis for E.
(2) There exists an isomorphism T from Eq onto E for which T(e,) = x,, for all
n € IN.
(3) {zn} is a Schauder basis for E and >, a,x, converges if and only if {a,} € Ey.
(4) {x,} is complete in E and there exist constants 0 < A < B < oo such that
for every finite sequence of scalars cq,ca, ..., cp, we have
Alertpolle, < 1D evrnlle < Bl{etio e,
k=1
(5) {zn} is a complete Bessel sequence in E and possesses a biorthogonal system

{fn} C E* which is also an Ey4-Bessel sequence and total over E i.e. [f,] = E*.

Proof. (1) < (2) Follows from Lemma 1.3.

(2) = (5) By given hypothesis, {z,} is a frame for E and {z,} is complete. Let {l,,}
be sequence of coordinate functionals on E,; and take f, = (T~')*l,, n € IN. Now
for z € E, we have f,(z) = 1,(T"'(x)), n € N. So, {fn(z)} = T'(z) € E,, for all

x € E. Moreover,

K fa(@) I, = 1T (@)]p, < 1T |2, for all = € E.
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To show biorthogonality, let 7,7 € IN we have
filwy) = LT (@) = L(T™'T(e;) = lie;) = dy;.

Finally, let € E and f,,(z) = 0 for all n € IN. Then, T~!(z) = 0 which implies that
x = 0. Hence, [/]?n/] =B
(5) = (2) Since, {z,} is a complete Bessel sequence and its synthesis operator 7

given by 7 ({a,}) = > a,z, is well defined bounded linear operator from Ej; into

n=1

E. Also {fn.(x)} € Ey, for all x € E. Let x € F and let z = > f.(x)z,. So, for

n=1
any j € IN we have f;(z) = > fu(x)f;j(zn) = f;(z). Therefore f;(z —z) = 0 for all
n=1
j € IN. Since, {f,} is total over E, so = z. Thus,

x = an(x)xn =T ({fn(x)}), forall z € E.

That shows 7 is onto. To show one-one, let 7 ({a,}) = > a,z, = 0. Take any
n=1

j € IN. Then, f;(> ayz,) = 0. From here a; = 0, for all j € IN. Hence, 7 is an
n=1

isomorphism from F,; onto E.

(4) = (3) Take ¢, = 1 and ¢; = 0if j # n. So, 0 < A < |/z,|| which shows
T, is non zero for all n € IN. Take any finite sequence of scalars ¢y, co, ..., c,. Let

N, M € IN with N < M, then

N N M B M
1Y " ewrlle < BN erexlls, < B crerlle, < i > e
k=1 k=1 k=1 k=1

Also, span{z,};>, = E. Thus, {z,} is a Shauder basis for E. It remains to show
that > a,x, converges if and only if {a,} € E;. For this, take N, M € IN with
N<M

M M M
A arerlle, < 1) ararlle < Bl axers,.
k=N k=N k=N
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From here it clearly shows that > a,x, converges if and only if {a,} € Ey.

(3) = (2) By the given conditiozls, Schauder basis {z,} is equivalent to Schauder
basis {e,}. So there exists an isomorphism 7" from E,; onto E such that T'(e,) = xp,
for all n € IN.

(2) = (4) As {T'(e,) = x,} is a Schauder basis for F, so {z,} is complete in E. Let

1, Ca, ..., Cp, be any n scalars. Then

Kexbiollz, = 1T T{ertro)llz, < IT MDY exrulle,

k=1

1> ananlle = IT{ediz)lle < ITHI{erdiz) Nz,
0

In the following theorem, we give the characterization of Riesz bases from frames

in Banach spaces.

Theorem 2.2. Let {x,} be a frame for E with respect to Ey and T be its synthesis

operator. Then, the following conditions are equivalent.

1) {z,} is an E4-Riesz basis for E.
2) T is one-one.
3

4

{z,} is a Schauder basis for E.
{x,} has unique biorthogonal system {f,} C E*.

(
(
(
(
(5) If il dnx, =0 for some {d,}°, € Eq, then d,, =0 for all n € IN.
(

)
)
)
)
)
6) {xn} is minimal, that is x; ¢ Span{x, }nz;.

Proof. (1) < (2) Obvious.
(2) = (3) Since, {e,} is a Schauder basis for E; and 7 is an isomorphism from Ey
onto E. So, {x,} = {7 (e,)} is a Schauder basis for F.
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(2) = (4) Let {l,} € E} be sequence of coordinate functionals on E,. Take f,, =
(T-Y*1, € E*, for n € IN. So that

fol@y) = (Tl (ay) = 10T H2) = 1, T T (e)) = ln(ej) = 0nj.

(4) = (3) Let {fn}>2, C E* be a sequence which is unique biorthogonal system to
{z,}. But for any x € E, z = i ATy, {an} € Eq. Therefore, f,(z) = a,, for all
n € IN. Thus, {z,} is a Schaudgr:llaasis for E.

(3) = (4) Obvious.

(2) < (5) Obvious.

(4) < (6). Follows from [11, Lemma 5.4, p. 155]. O

Definition 2.2. A frame {z,} C FE is called a near E4-Riesz basis for E if there

exists a finite subset o of IN for which {,} cIN\, 1S an E4-Riesz basis for E.

Next, we give the following characterization of near E4-Riesz bases in Banach
spaces. This result generalizes the result due to Holub [12, Theorem 2.4}, let {x,,}5°,
be a frame in Hilbert space H and @ : [> — H be the associated preframe operator.

Then, ker@ is finite dimensional < {x,}>°, is a near-Riesz basis for H.

Theorem 2.3. Let {x,} be a frame for E with respect to E4 and T be the associated
synthesis operator. Then, kerT s finite dimensional if and only if {x,} is a near

E4-Riesz basis for E.

Proof. Let kerT be finite dimensional subspace of E;. So, there exists a complemented

subspace M of Ey such that E; = M @ ker7. And let Q be projection from Ej; onto

M and Ig, — @ is a projection from E; onto ker7. Define I' : Ey — E @ kerT as
INa) = (T (o), (Ig, — Q)(®)), for a € Ej.

Then, I' is an isomorphism from FE, onto E & ker7 by [18, Theorem 2|. Let {e,}

be sequence of canonical unit vectors as Schauder basis of E, and take y, = I'(e,),
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for all n € IN. Then, {y,} is a Schauder basis of E @ ker7. Let P be projec-
tion from F @ ker7 onto E. By the construction of I', we have 7 = PI'. Thus
xn, = T(e,) = P(I'(en)) = P(yn), n € IN. Let dim(ker7 )=N, by [1, Theorem 2]
there exists a finite subset o = {k1, ko, k3, ..., kn} of IN, where k; # k; at i # j for
which {P(yn)}ne]N\a is a Schauder basis for £. Thus, by Theorem 2.2, {x"}nelN\U
is a E4-Riesz basis for E. Hence, {x,}5°, is near E;-Riesz basis for E.

For the converse, let us assume that Ker7 is infinitely dimensional subspace of Fy
and let {u, }22 , be the basis of ker7. By given hypothesis, there exists a finite subset
o of IN such that {xn}ne]N\a is a Riesz basis. So, by Theorem 2.2, 7| ], N is an iso-
morphism from [e"]nelN\U onto [:En]nE]N\U = E. But Codim([en]ne]N\U):card(o):k<
oo. By [14, Lemma 4.1, p. 268], there exists a non zero element u € [en]ne]N\a N

[u, Bt But, [u, )it C kerT. Thus, T |, (u) = T (u) = 0. That gives us u = 0,
ne

n=1

]N\U
which is a contradiction. Hence, ker7 is finite dimensional subspace of Ej. O

Corollary 2.1. Let {x,} be a frame for E with respect to Ey4 for which {x”}neﬂ\[\a
is an Eg4-Riesz basis for some finite subset o of IN and T be the synthesis operator of

{x,}. Then, card(o)=dim(kerT).

Proof. From Theorem 2.3, {y,} is a Schauder basis of E @ ker7 and {x”}ne]:N\a
is a Schauder basis for E. Thus, [y,] = [x”]nem\a @ kerT. Therefore, card(o) =
dim(kerT). O

Remark 2. Let {x,,} be near E4-Riesz basis and 7 be its associated synthesis operator,
then 7 is a Fredholm operator. By Theorem 2.3, ker7 is finitely dimensional. But,
kerR = kerT* and from frame inequalities kerT* = {0}. Also 7 is bounded linear

operator from Fy; onto E. Hence, 7 is Fredholm operator.
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3. ATOMIC SYSTEMS

The notion of a family of local atoms for a closed subspace Hy of a Hilbert space 'H
is introduced in [8]. We generalize this notion and define atomic system for Banach

spaces.

Definition 3.1. Let E be a Banach Space and E; be a BK-space which has a sequence
of canonical unit vectors {e, } as Schauder basis. A Bessel sequence {z,}2>,\{0} C E
for E with respect to Ejy is called an atomic system for E with respect to Fy if there
exists an E4-Bessel sequence {f,} C E* for E such that for every z € E, we have
xr = §1 fn(x)z,. We shall call {f,} as the associated E4-Bessel sequence for atomic

system {z,}.

Remark 3. An atomic system for F with respect to a BK-space Ej is a frame for E
with respect to Fy. By definition, there exists an E4-Bessel sequence {f,} C E* with
bound D and satisfying © = »_ f.(x)z,, for all x € E. So, for f € E* we have

n=1

1/1

peo= sw (Y fal@)w)l < sup Dllzlgll{f (@)} v,

zeB,[|lz||=1 €B,||z]l=1

= DI{f(@n)ilve-
Thus, {z,} is a frame for F with respect to Ey.
Remark 4. It is observed that every frame {z,} for Hilbert space H is an atomic

system. However, every frame for Banach need not be atomic system, that we will

show later.

In the following, we shall show that every E4-Riesz basis for E is an atomic system

for E.
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Theorem 3.1. Every E4-Riesz basis {x,} for E is an atomic system.

Proof. Let A, B be bounds of an E;-Riesz basis {x,}. Obviously, {z,} is a frame
and its synthesis operator 7 is an isomorphism from E,; onto E. Take f, = (7 1)*l,,

n € IN and {/,,}°2; be sequence of coordinate functionals on Ey. For x € E we have
fou(z) = (TH* L (z) = 1,(TY(z)), for all n € IN.
So, {fu(x)} = T Y(z) € Ey, for all z € E. Moreover,
{fu(@) e, = 1T @), < 1T Hz]e < A7 lz]lp, forall 2 € E.

Also, 2 =TT Y z)=T{fn(2)}) = io:l fn(x)x,, for all x € E. O

Next, we give the following characterization of atomic systems.

Theorem 3.2. Let {x,} be frame for E with respect to Eq and T be its associated

synthesis operator, then the following are equivalent.

(1) {z,} is an atomic system.

(2) 7 has pseudoinverse T1.

(3) kerT is complemented subspace of Eq.

(4) T*(E*) is complemented subspace of E.

(5) R(E™*) is complemented subspace of Yy

(6) T* has pseudoinverse T*1.

(7) There ezists a complemented subspace M of Eq with TQ(E) = E, where @

s a projection from Eq onto M and positive constants 0 < A < B < 0o such

that

Al{an} e, < |l Zanxn||E < Bl{aw}lg,, for all {on} € M.
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Proof. (1) = (2) By given hypothesis, there exists an F;-Bessel sequence {f,} C E*
such that

T = Z folz)zy, for all x € E.
n=1

Let U : E — E, be the associated analysis operator of E4-Bessel sequence {f,,} given
by U(x) = {fu(z)}, x € E. Then, TU = Ig and TUT = 7. Hence, 7 has pseudoin-

verse.

(2) = (1) 77" is a projection from E onto 7(E;) = E. So T7'" = Ip. Take
fn = (TH*(l,), n € IN, where {l,} C E% is a sequence of coordinate functionals on

Ey. So, for x € E, we have
fal@) = (T") (la(2)) = 1(T" (2)).
This gives {f.(z)} = T'(z) € Ey, for all z € E. Further
{fa(@)}H e, < IT'lz]l g, for all z € E.
Thus, {f,} is an E4-Bessel sequence for E. Also, for x € E, we have

v =TT (x) = T({fula an

Hence, {x,} is an atomic system for E.

(2) < (6) Straight forward.

(4) < (5) Straight forward.

(2) < (3) Since T (E,;) = E, by Lemma 1.2, the equivalence follows.

(4) < (6) Since ker7* = {0}, by Lemma 1.2, the equivalence follows.

(3) = (7) By given hypothesis we have E; = M @kerT, where M is a closed subspace
of Eg. Let T} : M — E is restriction of 7 to M. By [16, Theorem 6.3, p. 29], T} is
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an isomorphism from M onto E. So, for {a,} € M we have

HawH e, = 1T Ti{an e, < T T el = 1T catall -

Also,

| Zo‘nanE = [[Ti({en D)z < [T1ll[{en}|E,, for all {an} € M.

(7) = (2) Let T7 : M — FE as restriction of 7 to M. Then, T\ ({a,}) = > apzy, for
{a,} € M. From the given condition, 77 is invertible and 7 = T1Q. Thus,

TT7'T (o) = TIQT, ' T1Q(a) = T1Q*(a) = T (a), for all a € E,.
Hence, 7 has pseudoinverse. 0
Remark 5. A near E4-Riesz basis for a Banach space F is an atomic system.

A Banach space X is said to be primary if each of its infinite-dimensional comple-

mented subspace is isomorphic to X.

Theorem 3.3. Let E; be primary BK-space. Let E be not isomorphic to E4. Then,

none of the frames {x,} for E with respect to E4 is an atomic system.

Proof. On the contrary, let {z,} be an atomic system. So by Theorem 3.2, E; =
kerT & M, where M is a closed subspace of E4. Moreover, from the proof of Theorem
3.2, the restriction of 7 on M, 7 : M — FE is an isomorphism from M onto E. But
M is isomorphic to Ey. Thus, E is isomorphic to E; which is a contradiction. Hence,

{z,,} is not an atomic system. O

Now, we will show that a frame need not be an atomic system. We give the

following example.
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Example 3.1. Let E = L[0,1] be the Lebesgue space. We extend each function
¢ € L0, 1] beyond the unit interval by zero. Define

bn(t) = ¢jn(t) = 27¢(2t — k), n € IN,

where j=0,1,2,... and k =0,1,...,27 — 1 are such that n = 29 +k. In [18, Example 1],
it is shown that system of functions {¢,(t) : t € [0,1]} is a frame for E with respect to
E4=1y. Butly is a primary Banach space which is not isomorphic to L[0,1]. Hence,
by Theorem 3.3, this system of functions {¢,(t) : t € [0,1]} is not an atomic system
for E with respect to ly.

In the following, we shall show that an atomic system for F is a projection of an

E4-Riesz basis of an ambient Banach space containing F.

Theorem 3.4. Let {x,}5°; C E. Then {x,} is an atomic system for E with respect
to Ey if and only if there exist a Banach space Z with E as its complemented subspace
and Riesz basis {y,} for Z such that P(y,) = x, for alln € IN, where P is a projection
from Z onto E.

Proof. Let {x,} be an atomic system for E and 7 be its synthesis operator. By
Theorem 3.2, ker7 is a complemented subspace of Ey. So, Eq = M & kerT, where
M is a closed subspace of Fy; and let () be a projection from Ey; onto M. Take
Z = E & kerT. From Theorem 2.3, amap I' : E; — E @ ker7 defined by I'(a) =
(7T (a), (Ig, — Q)(a)) for @ € E, is an isomorphism from E, onto Z. Take y,, = I'(e,,),
for n € IN. So, {y,} is a Schauder basis of Z and span{y,}:>, = Z. Let a = {a,,} €

FE,; and we have

ez, = 07" T (@)l 5, < ITHHIT@z = T anyallz-
n=1
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Also,
1> antallz = [T(@)]|z < Tl allg,, for all a € E,.
n=1

Thus, {y,} is a E4-Riesz basis for E. Let P be projection from Z onto E. We know
that 7 (e,) = x,, for all n € IN. From the definition of I', we have T" = PI'. Hence,
x, =T (e,) = PI'(e,) = P(yn), for all n € IN.

Conversely, let Z = E @ W, where W is a closed subspace of Z. Let {y,} be
Eg-Riesz basis for Z with bounds A, B and P(y,) = x,, for all n € IN. Then, by
Proposition 2.1 there is an isomorphism I' : E; — Z from E; onto Z such that
['(e,) = yn, for all n € IN. Define T': E; — E as T = PI'. So, T is surjective and
T(e,) = PI'(en) = P(y,) = x,, for all n € IN. By Theorem 2.1, {z,} is a frame for
E and T is the synthesis operator. Let S : £ — E,; be the restriction of 't to E.
Then,

TST = PIT'PT = PT = Pl =T.
Thus, S is the pseudoinverse of 7. By Theorem 3.2, {x,} is an atomic system. [

Next, we discuss dual atomic system of a given atomic system {z,} analogue to
that of the dual frame in Hilbert spaces. That is, if {x,} is an atomic system for £
with {f,} as its associated E4-Bessel sequence and £} has a sequence of canonical
unit vectors {e’} as Schauder basis. Then, {f,} is an atomic system for E* with
respect to Yy and (f,, m(x,)) is an atomic decomposition for E* with respect to Yj.

In the following, we give duality results of a given atomic system {z,}.

Theorem 3.5. Let E} has a sequence of canonical unit vectors {e}} as Schauder
basis and {x,} C E. Then,

(1) if {x,} is an atomic system for E with respect to Eq and {f,} C E* be its

associated Eq-Bessel sequence, then {f,} is an atomic system for E* with

respect to Yy.
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(2) {z,} be an atomic system for E with respect to Ey if and only if there exists
an Eg4-Bessel sequence {f,} C E* such that (f,,n(x,)) is an atomic decom-

position for E* with respect to Yy.

Proof. (1) By given hypotheses, {z,} is a Bessel sequence for F with respect to E,

and
= Z fn(x)x,, for all x € E.
n=1

Let 7 be the associated synthesis operator of {x,,} and U be the associated analysis
operator of {f,}. Then, I = TU. So I* = U*T* and f = U*T*(f), for all f € E*.
Therefore, U* : Ej — E* is surjective. Define V : Y; — E* as V = U*J,. Obviously,

{J7 (X))}, is basis of Yy and V is also sujective. Also, for n € IN we have

Ure(z) = €,(U(x)) = e,({fu(2)}) = fu(2), for allz € E.

Thus, f, = U%e; and V(Jd_le;) = fn, for all n € IN. Since V' is surjective, so for any
f € E* there exists o = {a,,} € Yy such that f = V(«) and

3.1) f=V(a Zozn ZanU*JdJ Zanfn

By Theorem 2.1, {f,} is a frame for E* with V as its synthesis operator. Moreover,
VIITV = U ) T U Ty =UJy =V

Thus, V has pseudoinverse VT and by Theorem 3.2, {f,} is an atomic system for E*
with respect to Y.

(2) Since, {x,} is an atomic system, so {x,} is a frame for E. Let {f,} be its
associated E4-Bessel sequence with bound C. As in Proof (1), we have [} = U*T* =

U*J4R and {J;'(e?)} is a basis of Y. Now, for any f € E* we have

o0

f=U"T(f) =U"JaR(f) = U Ja({ f (xn)} Zf 2 U™ Jad g (€3).
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Hence,

(3.2) f= if(xn)fn, for all f € E*.
n=1

Conversely, since (f,, m(x,)) is an atomic decomposition of E* with respect to Yy, so

there exist constants 0 < A < B < 0 such that

Al £

g < [[{f (@n)}lya < B/

g+, for all f € E*,

and
f= if(xn)fn, for all f € E*.
n=1

Also, {fu(z)} € E4, forall z € E. Let € E and N € IN. Then

o0

”x—ka(@kaE = sup | Z fi(@) f ()]

FeESIfI=T kN1

< Bl Y ful@)erlp, — 0as N — oo
k=N+1

Hence, z = > fu(x)x,, for all x € E. O

n=1

In [18], P. A. Terekhin discussed an analogue of the extremality property of frame
expansion in F. We shall discuss such similar property in the conjugate space E*
from a given atomic system. A closed subspace F' in a Banach space E is said to
be 1-complemented or constrained, if F' is the range of a norm one projection on E.
In the following result, we characterize 1-complemented subspace of Y, in term of an

atomic system for E.

Theorem 3.6. Let E} has a sequence of canonical unit vectors {e}} as Schauder

basis. Let {x,} be frame for E. Then, the following conditions are equivalent.

(1) R(E*) is 1-complemented subspace of Vg.
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(2) {zn} is an atomic system for E such that among all {a,} € Yy for which the
representation (3.1) holds, the sequence {f(x,)} of the coefficients of expan-

sion (3.2) has minimum Yq norm,

(3.3) I (@n) Hiva < Han} v,

Proof. (2) = (1) By Theorem 3.2, R(E*) is a complemented subspace of Y. Let

{fn} be its associated E4-Bessel sequence. As proved in Theorem 3.5, we have
Ip- =UT  =U"JyJ]'T* = VR

So, V. =VRV and R = RVR. Indeed, @ = RV is a projection from Y, onto R(E*)
and Yy = R(E*) @ kerRV. 1t is obvious that kerV C kerRV. Let a € kerRV, then
RV (a) =0. So, VRV () =0 and V(a) = 0. Thus, Yy = kerV&R(E*). Let a € Yy,
then o = g + Q(«), where o € kerV and Q(«) € R(E*). Moreover, Q(«a) = R(f)

for some f € E* and
f=VR(f) =VQ(a) = V(x—ag) = V()

which satisfies (3.1). Thus, ||Q(a)|ly, = IR(f)lly, < |lally,- Therefore, |Q] = 1.
Hence R(E*) is 1-complemented subspace of Y.

(1) = (2) By Theorem 3.2, {z,,} is an atomic system for E. Also, there exists a
projection @ from Y, onto R(E*) and [|@Q] = 1. Take an arbitrary element o =
{a,} € Yy which satisfies the representation (3.1). Then, f = V(«a), for f € E*.
As shown above that E} = kerV @ R(E*). Let a = oy + Q(«v), for ag € kerV and
Q(a) € R(E*). Then, Q(a) = f*, for some f! € E*. Also, as shown above

fL=VR() =V(Qa) =V(a) = f.
Thus, Q(a) = R(f). Finally, we have

L (@)} lva = IRy, = QI < QUM = Nl
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