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UNIQUENESS RESULTS RELATED TO POLYNOMIAL AND
DIFFERENTIAL POLYNOMIAL

HARINA P. WAGHAMORE ) AND HUSNA V. @

ABSTRACT. In this paper we study the problem of uniqueness of meromorphic
functions concerning polynomial and differential polynomial with finite weight. Our
result generalizes the results proved by Q. Zhang in 2005 and also results obtained

by Harina P. Waghamore and Husna V. in 2016.

1. INTRODUCTION AND DEFINITIONS

In this paper, by meromorphic functions we will always mean meromoprphic func-
tions in complex plane. Let k be a positive integer or infinity and a € C U {oo}. Set
E(a, f) ={z: f(2)—a = 0}, where a zero point with multiplicity k is counted & times
in the set. If these zeros points are only counted once, then we denote the set by
E(a, f). Let f and g be two nonconstant meromorphic functions. If E(a, f) = E(a, g),
then we say that f and g share the value a CM, if E(a, f) = E(a, g), then we say

that f and ¢ share the value a IM.

1991 Mathematics Subject Classification. 30D35.

Key words and phrases. Meromorphic functions, Small functions, Sharing values, Differential

polynomial, Nevanlinna thoery.
The second author (HV) is grateful to the University Grants Commission(UGC), New Delhi,

India for supporting her research work by providing her with a Maulana Azad National Fellow-
ship(MANF).
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Sept. 15, 2016 Accepted: March 9,2017 .
53



54 HARINA P. WAGHAMORE AND HUSNA V.

Definition 1.1[5]. Let k be a non-negative integer or infinity. For a € C U {00}
we denote by Ej(a; f) the set of all a-points of f, where an a-point of multiplicity m
is counted m times if m < k and k + 1 times if m > k. If Ex(a; f) = Ex(a; g), we say
that f, g share the value a with weight k. We write f, g share (a, k) to mean that f, g
share the value a with weight k. Clearly if f, g share (a, k) then f, g share (a,p) for
any integer p, 0 < p < k. Also we note that f, g share a value a IM or CM if and
only if f, g share (a,0) or (a, c0) respectively.

The notation S(r, f) is defined to be any quantity satisfying S(r, f) = o(T'(r, f)),
as r — oo possibly outside a set r of finite linear measure. A meromorphic function
a is said to be a small function of f, if T'(r,a) = S(r, f) as r — 00. Also it is known

to us that the hyper order of f, denoted by p;(f), is defined by

) loglogT (r,
() = tim sup T T)
T—00 ogr

1

For any constant a, we denote by Ny)(r, Y

) the counting function for zeros of
f — a with multiplicity no more than £, and by Nk) (r, ﬁ) the corresponding one
for which multiplicity is not counted. Let N(r, ﬁ) be the counting function for
zeros of f — a with multiplicity at least k£ and N(k(r, f—ia) be the corresponding one

for which multiplicity is not counted. Set

Ny (r, f—ia) = N(r, #) + No(r, f—ia) + oo+ Ng(r, ﬁ)

We define
N(T, L) N(T’, L)
O(a, f zl—limsupﬂ , oa, f zl—limsupﬂ,
( ) r—00 T(ra f) ( ) T——00 T(?“, f)
We further define
Nk(ra ﬁ)

ou(a, f) =1- lirisup W
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Clearly,

0< 5(&, f) < 61?((17 f) < 5:’?—1(&7 f) < 52(CL, f) < 51((1, f) - ®(a7 f)

Definition 1.2 [4] Let ng;, nj, ..., ng; be nonnegative integers. The expression
M;[f] = (f)mos (fD)ma  (f®)m is called a differential monomial generated by f of

degree d(M;) = S°F  n;; and weight Ly, = ¥ (i + 1)ny;. The sum
t
P[] =) bM;[f],
j=1

is called a differential polynomial generated by f of degree d(P) = maz{d(M;) :
1 < j <t} and weight T, = max{l'y; : 1 < j < t}, where T'(r,b;) = S(r, f) for
j=1,2, ..t
The number d(P) = min{d(M;) : 1 < j < t} and k (the highest order of the
derivative of f in P[f]) are called respectively the lower degree and order of P[f].
P[f] is said to be homogeneous if d(P) = d(P). Moreover, P[f] is called a linear
differential polynomial genetrated by f if d(P) = 1. Otherwise, P[f] is called a non-
linear differential polynomial.
We denote by Q@ = maz{T'y, — d(M;) : 1 < j <t} = maz{ny + 2ng; + ... + kny;
1< <t}

R. Briick [3] first considered the uniqueness problems of an entire function sharing

one value with its derivative and proved the following result.

Theorem 1.1. [3] Let f be an entire function which is not constant. If f and f’

share the value 1 CM and if N(r, %) = S(r, f), then };:11 = ¢ for some constant

ce C\ {0}.
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R. Briick [3] further posed the following conjecture.
Conjecture A. Let f be a entire function which is not constant, pi(f) be the first

iterated order of f. If p1(f) < 400 and p1(f) is not a positive integer and if f and

f' share one value a CM, then ’;/__s = ¢ for some constant ¢ € C\ {0}.
Yang [8] proved that the conjecture is true if f is an entire function of finite order.
Zhang [12] extended Theorem 1.1 meromorphic functions. Yu [11] recently considered

the problem of an entire or meromorphic function sharing one small function with its

derivative and proved the following two theorems.

Theorem 1.2. [11] Let f be a non-constant entire function and a = a(z) be a mero-
morphic function such that a # 0,00 and T'(r,a) = o(T(r, f))asr — oo. If f —a and

f*) —a share the value 0 CM and §(0, f) > %, then f = f®).

Theorem 1.3. [11] Let f be a non-constant, non-entire meromorphic function and
a = a(z) be a meromorphic function such that a # 0,00 and T'(r,a) = o(T(r, f)) as
r — 4oo. If

(i) f and a have no common poles,

(ii) f —a and f* — a share the value 0 CM,

(111) 46(0, f) +20(oc0, f) > 19 + 2k,

then f = f%) where k is a positive integer.

Nowadays, the idea of weighted sharing is being used immensely for further inves-
tigation of the Bruck’s result(see[6],[11])[12]). Lahiri [6] obtained the following result

which is an improvement of Theorem 1.3.
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Theorem 1.4. [6] Let f be a non-constant meromorphic function and k be a positive

integer. Also let a = a(z)(#£ 0,00) be a meromorphic function such that T'(r,a) =
S(r, f). 1f

(i) a has no zero(pole) which is also a zero(pole) of f or f*) with the same multi-
plicity.

(i) f —a and f* — a share (0,2) CM,

(1it) 20041(0, f) + (4 4+ k)O(o0, f) > 5+ K,
then f = f*),

In 2005, Zhang [13] improved the above result and proved the following theorem.

Theorem 1.5. [13] Let f be a non-constant meromorphic function and k(> 1),1(> 0)
be integers. Also let a = a(z)(# 0,00) be a meromorphic function such that T'(r,a) =

S(r, f). Suppose that f —a and f* —a share (0,1). If1 > 2 and
(3+ k)O(o0, f) + 2024%(0, f) > k + 4,
orl=1 and
(44 k)O(00, f) + 3024£(0, f) > k +6,
orl=0, e, f—aand f*® —a share the value 0 IM and
(6 4 2k)O (00, f) + 5d24£(0, f) > 2k + 10,
then f = f®).

Recently Harina P.W. and Husna V.[7] extend the result of Q. Zhang[13] and proved

the following results.
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Theorem 1.6. [7] Let f be a non-constant meromorphic function, k(> 1), n(>
1), m(> 2), I(> 0) be integers. Also let a = a(z)(# 0,00) be a meromorphic small
function. Suppose that f* —a and (f*)™ — a share (0,1). If

[ >2 and
(2k +3)©(c0, f) + 02(0, f) + 26144(0, f) > 2k + 6 — n,
l=1 and
7 1
(2k + 5)0(00, f) + 56(0, f) +02(0, f) +20114(0, ) > 2k + 7 = n,
orl=0 and
(3k 4+ 6)O (00, f) + 20(0, f) + 02(0, f) + 3614%(0, f) > 3k + 12 — n.
Then fm = (f*)m.

Motivated by such uniqueness investigations, it is natural to consider the problem
in a more general setting: Let f be a non-constant meromorphic function, P[f] be a
non-constant differential polynomial of f, p(z) be a polynomial of degree n > 1, and
a(# 0,00) be a meromorphic function satisfying T'(r,a) = o(T'(r, f)) as r — oo. If
p(f) and P][f] share (a,l), ] > 0, then is it true that p(f) = P[f]?

Generally this is not true, but under certain essential conditions, we prove the

following result:

2. MAIN RESULTS

Theorem 2.1. Let f be a non-constant meromorphic function, and a(# 0,00) be a
meromorphic function satisfying T'(r,a) = S(r, f), as r — oo, and p(z) be a polyno-

mial of degree n > 1 with p(0) = 0. Let P[f] be a nonconstant differential polynomial
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of f. Suppose p(f) and P|f] share (a,l), with one of the following conditions :

(i) 1>2 and
(2.1) (2Q +3)6(c0, f) +2n0(0,p(f)) + 2d(p)3(0, f) > 2Q + 3 + 4d(p) — 2d(p) + n,
(i) 1=1 and

(2:2) (2Q +4)0(c0, f) +4nO(0,p(f)) +2d(p)d(0, f) > 2Q + 4 +4d(p) — 2d(p) + 3n,
(iii) 1=0 and

(2.3) (4Q +6)0(c0, f) +6n0(0,p(f)) +4d(p)d(0, f) > 4Q + 6 + 8d(p) — 4d(p) + 5n,
then p(f) = P[f].

Example 2.1. Consider the function f(z) = sinaz+1— -7, where o # 0,41, +i and
p(2) = z. Then p(f) and P[f] = f@) share (1,1), 1 > 0 and none of the inequalities
(2.1) (2.2) and (2.3) is satisfied, and p(f) # P[f]. Thus the conditions in Theorem

2.1 cannot be removed.

Remark 2.1. Theorem 2.1 generalizes Theorem 1.5 and Theorem 1.6.

3. LEMMAS

Lemma 3.1. [4] Let f be a non-constant meromorphic function, k be a positive

integer,then

N, (r, ﬁ) < Nyl ;> KN f) + S(r, ).
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Lemma 3.2. [11] Let f be a non-constant meromorphic function and P[f] be a

differential polynomial of f. Then

3. n (2 < @ - a)m (1. 1) + 0,

33) N (s ) < QNG+ @) = dp) m (7 )+ ﬁ) 50 f),

where Q = maxlgigm{nio —+ N + 2?%'2 + ...+ knzk}

Lemma 3.3. [1]| Let f and g be two non-constant meromorphic functions.

(2) If f and g share (1,0), then

(3.4) N, (r, %) <N (r, %) + N(r, f) + S(r),

where S(r) = o(T(r)) as r — oo with T(r) = mazx{T(r, f); T(r, g)}.

(17) If f and g share (1,1), then

_ 1 — 1 —(2 1 — 1
2N —_— 2N _ N - N _
(2 R ) )

(3.5)

4. Proof of Theorem 2.1

Proof. Let p(z) = 2" + ap_12"' + @, 22"% + ... + a1z, where ay,as, ...,a,_, are

constants, ' = @ and G = Pc[lf | Then

(4.1) Fog_P)—a Plfl—a
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Since p(f) and P][f] share (a,l), it follows that F' and G share (1,[) except at the

zeros and poles of a(z). Also note that
(4.2) N(r,F)=N(r,f)+ S(r,f) and N(r,G)= N(r,f)+S(r, f).
Define
F// 2F/ G// QG/
(43) H:(F_F—J—(@_G—l)'

Case 1. H # 0, From (4.3) it is easy to see that m(r, H) = S(r, f).

Subcase 1.1. [ > 1. From (4.3) we have

_ — 1 — 1 — 1
N(r,H) < N(r, F) + Ny (r, ﬁ) + No(r, f> + Na(r, 5)
(4.4) o
— 1 — 1 — — 1
+ No(?", F) + NO(Ta a) + N(Tv a) + N<7a7 a)a

where Ny(r, 7) denotes the counting function of the zeros of F’ which are not the

zeros of F and F — 1, and Ny(r, %) denotes its reduced form. In the same way, we

can define Ny(r, é) and Ny(r, é) Let zp be a simple zero of F'—1 but a(zy) # 0, co,

then zj is also the simple zero of G — 1. By calculating zj is the zero of H, So

ﬁ) SN(r,i)—I—N(r,a)—FN(T‘,l) < N(r,H) 4+ S(r, f)

4.5 N
(45) NG y )

Noticing that Ny (r, é) = Ny (r, %) +5(r, f).

— 1 — 1 1 — 1 — 1
N(r,——)+N(r,——) = —— _—
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While [ > 2,
N (s ) + Nal(ry o) + N(r, =) < N(r, =) < T(r,G) + O(1)
e e e o1 ="Ve/ =0 ’
S0,
N(r, )+ N(r, ——) < N(r, F) + N(r, =) + No(r, )
(r’ F _ 1) _'_ (r7 G o 1) — (r7 )+ (2(T7 F) + (Q(T, G
— 1 — 1
+ No(r, F) + No(r, a) +T(r,G)+ S(r, f).

By the second fundamental theorem and from (3.3) we have

T(r,F)+T(r,G) §N(r,F)+N(r,G)+N(r7%)+ﬁ(r,é)+N(T,Fl_l)
+W(T’G1—1) _NO(T’%) —No(ﬁé)JrS(r,F)JrS(r,G)

< 3N(r,F) + Ny(r, %) + No(r, é) +T(r,G)+ S(r, f),

s0, T(r, F) < 3N(r, F) + Nalr, 3) + Nolr, ) + S0 ),

ie. T(r, f) < 3N(r, )+ No(r, ﬁ) + No(r, #) + S0, )

By Lemma 3.2, we have

T(r, f) < 3N(r, f) + 2N(r, pl
+S(r, f)
< (2Q + 3){1 — (o0, f)} +2n{1 — ©(0,p(f))} + 2d(P){1 - &(0, /)}T(r, f)

+2(d(P) = d(P))T(r, f) + 5(r, [).
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That is,
nT(r, f) = T(r, F) + S(r, f)
< (2Q +3){1 = ©(c0, f)} + 2n{1 — ©(0,p(f))} + 2d(P){L - 8(0, f)}T(r, f)
+2(d(P) — d(P))T(r, ) + S(r, f)
which yields that
[{(2Q +3)©(c0, f) +2n0(0, p(f)) +2d(P)3(0, )} — {2Q + 3+ n +4d(P) — 2d(P)}T (r, f)
< S(r. f)

That is,

[(2Q +3)O(00, f) + 2n0(0, p(f)) + 2d(P)8(0, f)] < 2Q + 3 + 4d(P) — 2d(P) +n

which contradicts (2.1).

While [ = 1,

) + No(r, %)

) S N(T,F) +N(2(T,F) +N(2(T’,E) —|—N(2(7",

F—-1

No(r, é) +T(r,G)+ S(r, f).

_|_

< W, F) + Nl ) + N0 25) + Nolr, &) + T(r.G) + 5(r. )

el
— — 1 1, — 1
< 2N(r, F) 4+ No(r, 5) + No(r, F) + No(r, a) +T(r,G)+ S(r, f)
By the second fundamental theorem and from (3.3) we have

T(r,F)+T(r,G) <4N(r,F) + 2Ny(r, %) + No(r, é) +T(r,G)+ S(r, f),
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SO

T(r, F) < AN(r, F) + 2N5(0, ) + No(r, ) + S(r, ),

< (2Q + 9){1 = (0o, f)} +4n{1 — 6(0,p(f))} + 2d(P){1 - 6(0, /)}T(r, f)
+2(d(P) = d(P)T(r, f) + S(r, ).

That is

nT(r,f)=T(r,F)+ S(r, f)

nT(r, f) < (2Q +4){1 = O(c0, f)} +4n{1 — ©(0,p(f))} + 2d(P){1 = 6(0, /)}T(r, f)
+2(d(P) = d(P)T(r, f) + S(r, f)

which implies that

{(2Q +4)O(00, f) + 4nO(0, p(f)) + 2d(P)é(0, f)} — {2Q + 4 + 4d(P) — 2d(P)) + 3n}

T(r,f) < S(r,f)

That is,

{(2Q + 4)O(c0, f) + 4n0(0, p(f)) + 2d(P)5(0, f)} < 2Q + 4 + 4d(P) — 2d(P)) + 3n,

this contradicts (2.2).

Subcase 1.2. [ = 0. In this case, F' and G share 1 IM except the zeros and poles
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of a(z). Let zp be the zero of F' — 1 with multiplicity p and the zero of G — 1 with

multiplicity q.

We denote by N 115) (r, %) the counting function of the zeros of F'—1 where p = ¢ = 1; by

N(EQ (r, %) the counting function of the zeros of F' —1 where p = ¢ > 2; by N (r, %) the

counting function of the zeros of F'—1 where p > g > 1, each point in these counting
1

functions is counted only once. In the same way, we can define N ]? (r, é),W(EQ (r, &)

and Np(r,5). It is easy to see that

1) L 1
(2 1 =@ 1
N(r, ) = N ) + 50
B T "
1 —(2 1 — 1
4 ENSY (
— 1
+NL(7’,G_1)+S(7”,f)-
From (4.3) we have now
— — 1 — 1 — 1
N(r,H) < N(r,F) + N@(r, =)+ Na(r, =) + Np(r, )
(4.7) F G F—-1
— 1 — 1 — 1
‘f‘NL(Tam)+N0(T7ﬁ)+N0(r7a)+S(T7f>‘
In this case, (4.5) is replaced by
1
(4.8) NP (r, =) < N(r. H) + S(r, f).

From (4.6),(4.7) and (4.8) and Lemma 3.1 for p = 1, k = 1, noticing

1 — 1 — 1 1
G-1

NE(r, ) < T(r,G) + S(r, f),
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then
— 1 — 1 D 1 —(2 1 — 1 — 1
N(r7F_1)+N(T7G_1)_NE(T7F_1)+NE(T7F_1)+NL(T7F_1)+NL(T7G_1
— 1
+ (T7G—1)
< N(r,F) + N l)+N( l)+2N( )
" e e g LT
_ 1 —(2 1 — 1 — 1
+NL(T,m)+NE(Tam)+NL(T7G_1)+N(TaG_1)

1
) + Wl 25) + 50 )

IN

N(r, F) +2N(r. — =

1)+N(7“ i)—i—T(T G)+ S(r, f)

< AN(r, F) + 2N, ) + No(r, ) + T(r,G) + 5. ).

G

By the second fundamental theorem and from (3.3) we can obtain

1
+ 2N5(

T(r,F)+T(r,G) <6N(r,F) + 3Ny(r, F)

el
SO

T(r,F) < 6N(r, F) + 3Ny(r, l) + 2No(r, é) + S(r, f),

F

n
ZI

(1 )+ 6N(r, ——) + AN(r, ——) + S(r f)

"p(f) P[f]

: N d 1
) QNG )+ @P) — d(P)mr 5 +

n
ZI

(r, f) +6N(r,
+5(r f)

< (4Q +6){1 = O(0o, f)} + 6n{L — ©(0, )} + 4(d(P) — d(P))T(r, f)
+4d(P){1 = 5(0, f)} + S(r, ).

T, 1 +T(r,G)+ S(r, f),

N(r,

1
)
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That is,

nT(r, f)=T(r,F)+ S(r, f)
< (4Q + 6){1 — (o0, f)} + 6n{1 — O(0, p(f))} + 4(d(P) — d(P))T(r, f)
+4d(P)(1 — 80, f)) + S(r, f)

which implies that

{(4Q +6)O(00, f) + 6nO(0, p(f)) +4d(P)8(0, f)} — {4Q + 6 + 8d(P) — 4d(P)) + 5n} < S(r, f)

That is,

(4Q +6)0(c0, f) +6nO(0, p(f)) + 4d(P)d(0, f) < 4Q + 6 + 8d(P) — 4d(P)) + 5n

which contradicts (2.3).
Case 2. Let H =0.

On integration we get from (4.3)

1 C
(4.9) =g +D,

where C, D are constants and C' # 0. Here, the following two cases arise:

Subcase 2.1. Suppose D # 0, —1. Rewriting (4.9) as

G-1_  F-1
C  D+1-DF

we have
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In this case, the second fundamental theorem of Nevanlinna yields

nT(r,f)=T(r, F)+ S(r, f)

1 — 1
F)_'_N(T’F_%)

< N(r,F)+ N(r, +5(r, f)

SNmD+NV%Q¥Mﬁ®+Smﬁ

N(r, )+ N(r, Zﬁ) + S(r, f)

= [2{1 = ©(00, )} + n{1 = ©(0, p(/)}T(r, ) + S(r, f).

IA
)

= 20(00, f) +n0(0,p(f)) < 2,

which contradicts (2.1),(2.2) and (2.3).

Subcase 2.2. When D = 0. Then from (4.9) we have

(4.10) G=CF—(C-1).

Therefore, if C' # 1, then
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By the second fundamental theorem and (3.3) gives

nT(r, f)=T(r,F)+ S(r, f)

That is,

<N(r, f)+ N, ﬁ) LN ﬁ) +5(r. f)

< N(r, f) + N(r,—=) + QN(r, f) + (@(P) — d(P))m(r,

<(Q+1)N(r, f) + N(r,——) + (d(P) — d(P))T(r, f) + d(P)N(r,

+(d(P) =d(P))T(r, f) + S(r, f)-

[{(Q+1)8(c0, £)+nO(0,p(f))+d(P)3(0, f)}—{Q+1+2d(P)—d(P)}]T(r, f) < S(r, f),

which implies that

(Q+1)8(c0, f) +nO(0,p(f)) +d(P)é(0, f) < Q + 1 +2d(P) — d(P),

which contradicts (2.1),(2.2) and (2.3).

Thus, C' =1 and so in this case from (4.10) we obtain F' = G and so

p(f) = P[f].
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