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ON PERTURBATION OF FRAMES IN LOCALLY CONVEX
SPACES

LALIT K. VASHISHT(®, SAAKSHI GARG( AND GEETIKA KHATTAR®

ABSTRACT. We present some Paley-Wiener type perturbation results for frames in

a real (or complex) complete locally convex separable topological vector space.

1. INTRODUCTION AND PRELIMINARIES

Let ‘H be a real (or complex) Hilbert space with inner product (.,.). A countable
sequence { fx}rer C H is called a frame for H if there exist numbers 0 < A < B < o0

such that

AIFIP < DI P < BIIFIIP for all f € M.

kel

The operator S : H — H given by

Sf=> f, f fi

kel
is called the frame operator of the frame { fy}re;. The frame operator S is a positive

and invertible operator on H. This gives the reconstruction formula for all f € 'H:

(1.1) F=85 = (ST fefe =D (87 i) e
kel kel
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The scalars {(f, fx)} are called frame coefficients of the vector f € H. Thus, a frame
for a Hilbert space H allows each element in the space H to be written as a linear
combination of the elements in the frame (not necessarily unique as in case of bases).
Duffin and Schaeffer [11] in 1952, introduced frames for Hilbert spaces in the context
of non-harmonic Fourier series. Daubechies, Grossmann and Meyer revived frames
in [10].

Recently many mathematicians and engineers generalized the frame theory in var-
ious directions, see [2, 3, 6, 7, 8] and references therein. The theory of topologi-
cal algebras itself has undergone considerable development since the appearance of
Gelfand’s paper [14] on normed algebras. Frames which give series representation
of each vector (which is similar to the reconstruction formula in equation (1.1)) in
topological algebras were introduced in [24] and further studied in [13].

The perturbation theory is a very important tool in various areas of both pure
and applied mathematics. The basic of Paley and Wiener was that, a system that is
sufficiently close to an orthonormal system (basis) in a Hilbert space also forms an
orthonormal system (basis). Since then, a number of variations and generalizations of
perturbations to the atomic decompositions, Hilbert frames, and Banach frames have
been studied, see [4, 5,9, 12, 15, 18]. In this paper, we generalize some Paley-Wiener
type perturbation results given in [9, 12, 15, 16, 18, 19] to frames in a sequentially
complete locally convex topological vector space over the real or complex field K.

In the rest part of this section, we recall some basic notations, definitions and
results about frames in topological vector spaces. The pair (A, ) is said to be a
topological vector space if A is a vector space over the complex or the real field K
with a compatible topology 7. A topological vector space with a base of convex

neighbourhoods of the origin is called a locally convex topological vector space.
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Definition 1.1. [24] A countable sequence F = {z,} C A is a 7-frame for (A, 1) if

there exists a sequence {f,} C A’, such that for each z € A
T =7- lim Z fi(x)x; =71- Z fi(x)x;,
i=1 i=1
where the sequence {) ., f;(z)z;} converges in the topology 7 of A.

For fundamental properties regarding convergence of sequences in topological vec-

tor spaces, we refer [20, 22, 25].

Remark 1. The sequence {f,} C A" is called an associated sequence of functionals,
which need not be unique. The associated functionals f, (n € N) need not be

continuous.

Definition 1.2. [24] A 7-frame F = {z,,} for (A, 1) is a 7-Schauder frame for A if

all associated functionals f, (n € N) are T-continuous.

Remark 2. Bonet et al. [1] studied shrinking and boundedly complete Schauder

frames in Fréchet spaces. Frames in Fréchet spaces further studied in [21].

The following example provides existence of a 7-frame in A which is not a Schauder
frame for A. This motivates the study of frames and related properties in locally

convex spaces.

Example 1.1. Let A = {{5]} C C: & =0 except for finitely many j} and let T be
the topology induced by the metric d(x,y) = sup |§ —n;|, v ={&},y = {ni} € A

1<j<00
Then, (A,T) is a locally convex separable topological vector space. Define {x,} C A

by

Xn n >3,

T1 = X1, T2=X2 and $n:X2+;



274 VASHISHT, GARG AND KHATTAR

where {xn} C A is sequence of canonical unit vectors , i.e., Xn = Opm (n,m € N).

Choose {f,} C A" as follows.
fix) =&, fole) =& = j&, falz) =né&, n >3 (z={§} € A).
=3

Then, v = 7-lim, oo Y o, fi(x)z; for all x € A. Hence F = {x,} is a 7-frame for

A. One may observe that F is not a Schauder frame for A.

Lemma 1.1. [23, p. 108] Let X and Y be topological vector spaces, where Y is
Hausdorff. Let f,g : X — Y be continuous maps which agree on a dense subset of

X. Then f =g.

The following key-lemma gives an isomorphism on a sequentially complete locally

convex topological vector space and can be found in [17].

Lemma 1.2. [17, p. 328] Let (A, 7) be a sequentially complete locally convex topo-
logical vector space and S : A — A a linear operator. Let one of the conditions be
satisfied, namely,
(1) for each p € D, there exists Ay, 0 < A\, < 1 such that p(Sx) < A\,p(z) for all
r €A,

or

(2) there exists pg € D, and 6, 0 < 6 < 1 such that po(Sz) < opo(x) for allz € A
and for each p € D, there exists k, > 0 with p(Sx) < kypo(x) for allxz € A .

Then, R =1 — S is a topological isomorphism from (A, T) onto itself, where I is the

identity map of A.

Throughout this paper, (A, 7) denotes a sequentially complete locally convex sep-
arable topological vector space, where the topology 7 of A is considered to be Haus-
dorff. All sequence considered in the paper are countable and indexed by the set of

natural numbers N. D, denotes the family of all semi-norms generating the topology
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7 of A. By A* and A’, we denote the topological dual and the algebraic dual of A,

respectively. For a set Z C A, [Z] shall denote the T-closure of the span of Z in A.

2. THE MAIN RESULTS

We start with one of the Paley-Wiener type perturbation result for a 7-frame for

A.

Theorem 2.1. Let {x,} be a finitely linearly independent 7-frame for (A, 1) and let
{yn} CA. Forpe D, and 0 < X\, <1, if

(2.1) p(i%(% —yz)> < /\pp<i04i$z‘>>
i=1 =1
for all finite sequences {1, ag, ..., an} of scalars, then {y,} is a T-frame for (A, ).
Proof. By (2.1), we have
(2.2) (1- )‘p)p< zm: 0%%) < p< zm: OZz‘?Ji) <(L+ Ap)P( i Oéz‘xi)-
i=1 i=1 i=1
Define a linear operator Ry : span{z,} — [y,] by

Ry < i ﬁixz’) = Z Biyi-
i=1 i=

Then, by using (2.2), we have

=1+ N)p(x), o= Zaixi € span{z;}.
i=1

This gives p(Ro(z)) < (1 + A\p)p(x) for all = € span{z;}. Therefore, Ry is continu-

ous, and by the Hahn-Banach extension theorem (see [22]), Ry can be continuously
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extended as a linear map R : [z,|” = A — [y,]” C A with Rz,, = y,, n > 1. Since

{z,,} is a 7-frame for (A, 7), there exists a sequence {f,} C A’ such that
T =T- nh_)ngo i fi(z)x; for each x € A.
i=1
Let I be the identity map on 4. Then, by using (2.1), we compute
p((I = R)x) = p(z — Rx)

_ p<7'- h_>m i fi(z)x; — 7- li_)m ifz(@R%)
i=1 =1

p(r- lim 3 @)@ — )
i=1
< App(z) for all z € A,

Therefore, by Lemma 1.2, R is a topological isomorphism from (A, 7) onto itself.

Thus for all x € A, we have
Rr = 7- lim Z fi(x)Rx; = 7- lim Z fi(z)y;.
i=1 i=1
Hence {y,} is a 7-frame for T'(A) = A. O

Example 2.1. Let A = {{ﬁj} CcC:Y 2 &l < oo} and T be the topology induced by
the metric d(z,y) = > 72, |&—n;l, © = {&}, vy = {m} € A. Then (A,7) s a separable
complete locally convex space. Define a finitely linearly independent sequence {x,} C

A by
1 =x1 and 2, = (—1)"x1 4+ xn, 1> 2,
where x,, denote the canonical unit vector. Let {f,} C A’ be sequence given by

filr) =6+ & —x3+& =&+ and  fo(z) =&, v={ €A (n>2)
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Then, © = T-lim, oo > iy fi(2)x; for each x € A. Hence F = {x,} is 7-frame for

A. Let {y,} C A be a sequence given by

Y1 = X15 Yn = Xn — Xn+1, n > 2.

It can be easily computed that for all finite sequences {ay, aq, ..., an} of scalars and

for 0 < A <1, we get

p< Z (i — yz)) < /\p< Z aisz‘),
i=1 i=1
where p € D,. Hence by Theorem 2.1, {y,} is a T-frame for A.

The following theorem gives a perturbation result, where the perturbed sequence

is the image of a given frame sequence under a continuous linear operator.

Theorem 2.2. Let {x,} C A be a T-frame for (A, 1) with associated sequence of

functionals { f,} C A". Suppose {y,} C A is a sequence such that
p(T— lim Z filz)(x; — yl)> < Mp(x) for allx € A,
i=1

where M is an element of the scalar field K and p is a member of the family of all
semi-norms generating the topology 7. If there exists a continuous linear operator T’

on A such that Tx, =y, for alln € N, then {y,} is also a T-frame for A.

Proof. Since {x,} C A is a 7-frame for (A,7) with {f,} C A" as an associated

sequence of functionals, we have

x =7- lim Z fi(x)z; for all z € A.

=1

Define an operator L : A — A by

Lx = 7- lim Z fi(x)y;, for all x € A.
i=1
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Then, L is well defined. Indeed, for n > m, we compute

p(fjfxa:)yl-—fjfj(x)yj) —p(Zfz )T - ij Ta;)
o (r(3 ey = 3 f@n,))

— 0 as n,m — oo.

Therefore, 7-lim,, .o Y ., fi(x)y; is a Cauchy sequence in A and hence convergent
for all z € A.
Let I be the identity map on A. Then, for a fixed (but arbitrary) z € A, we have

p((I — L)z) = p(x — Lx)
= m 3 =7 i 3 o)
=p(r- Jﬂf&ozﬁ - )

< Mp().

Therefore, by Lemma 1.2, L is a topological isomorphism from A onto itself. Define
a sequence of functionals {g,} C A’ by ¢g; = f;L ! for all : € N. Then, for all z € A,

we have
7- lim Zgi(x)yi = 7- lim Z(fiL_l)(x)yi
i=1 i=1

=7- lim Z fi(L7 ')y
i=1
= L(L ')

= X.

Hence {y,} is a 7-frame for A. O
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Example 2.2. Let A = {{ﬁj} C C:7-lim¢; = O}, where T is the topology given
in Example 1.1. Then, (A, T) is a separable complete locally convex space. Define a

sequence {x,} C A by
=x1 and Tp = Xn_1, N > 2,
Define a sequence { f,} C A* by
filr) =&, 1=1,2 and fo(x) = &1, z={§;} € A (n>3).

Then, © = T-lim, oo > iy fi(2)x; for each x € A. Hence F = {x,} is 7-frame for

A. Let {y,} C A be a sequence given by

Y1 =T1, Yo =g, Yo = (—1)"2y +2,, n>3.
It can be easily computed that

(7' nhjgoz fi(z Yi ) Mp(x) for all x € A,

where M is an element of the scalar field K. Thus, by Theorem 2.2, the sequence
{yn} is a T-frame for A.

Next result shows that under small perturbation, the perturbed sequence form a

7-frame for A with coefficient functionals of the given 7-frame.

Theorem 2.3. Let {x,} C A be a T-frame for (A, 1) and {f,} C A" be an associated

sequence of functionals. Let p, € D, be arbitrary. Choose § > 0 such that

N
pa(z fk(x)xk> < 0po(x) for all N > 1 and for all x € A.
k=1

Let € € (0,1) and let {y,} C A be a sequence such that for all n < m,

5 nI<m

Z%z(ifk( xk—yk)> < — sup pa<2fk xk) for alln € N and for all x € A.
k=n

Then, {y,} is a T frame for A with associated sequence of functionals { f,}.
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Proof. Define © : A — A by
O(x) = 7- lim Z fr(z)(z, — yg) for all z € A.
k=1
Then, © is a well-defined, bounded linear operator on A. For all z € A, we have

Pa(©(®) = pa (7 lim >~ file)(n — )

n—00 0 1I<n

l
< 7- lim ¢ sup pa<2fk(x)xk>
k=1

< €epa(T).

Therefore, by Lemma 1.2, = = [ — © is a topological isomorphism from 4 onto itself

and hence, = is a continuously invertible operator on A. Also, for all z € A, we have

(1]

(2) =2 —O(z) = - lim Y fi(a)ys.

Hence, {y,} is a 7-frame for =(A) = A with associated sequence of functionals

{fn}- O

The following theorem provides a sufficient condition for perturbation of 7-Schauder
frames, where the perturbed sequence is obtained from a block associated with a given

7-Schauder frame.

Theorem 2.4. Let {z,} be a T-Schauder frame for (A, T) with an associated sequence
of functionals {f,} C A*. Suppose {y,} C A is a sequence given by
b=t 7 3 Fme N
i>n+1

Forp € D,, assume that there exists k, € N and A, with 0 < A, <1 such that

(2.3) p(iai(yi - xi)) < Aw(iaixi)

i=kp i=kp
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for all finite sequences {ou,, ..., cn} of scalars. Then, {y,} is a T-Schauder frame

for (A, ).
Proof. Define © : A — A by

— 7 i fal@)(yn — z,) for all z € A.

Then, © is a well defined linear operator on A. Given any = € A, we can write it

T = u+ v, where

kp—1
U:Zfz( x)x;, and v = 7- lim Zfz
i=1 i=kp
By definition of ©, we have
kp—1
Ox = ( Z filz)(y; — xz)> (T— lim Z fi(@)(y; ) Ou + Ow.
i=1 i—ky

Since {z,} is a 7-Schauder frame, we have | f;(2)| < po(z) forallz € A (1 <i < k,—1)
for some p, € D,.

For any p € D,, we have

=o( X £@) i~ )
= Z | fi(2)[p(ys — )
Zpa Yi — xl)

kp—1
= pa(x)cy, where ¢, = Zp P — T;)

By using (2.3), for any p € D, we compute

60 (s i 300 )

i=kp



282 VASHISHT, GARG AND KHATTAR

= App(v)

= App(z — u)

< App(z) + App(—u)

= App(x) + App(u)
kp1

= App() + A Z fi()z:)

kp—1

= App(z) + Ap Z\fz )p(s)

kp—1

< Ap(@) + Appa( pr@

kp—1

= \p(z) + A\ppa(x)d,, where d, = Z p(z;) < oo.
i=1
Choose pg =max{p,,p}. Then, p(Ox) < (A\p,d, + A\, + ¢,)pp(x) for all z € A. Thus,
O is a continuous linear map. Therefore, by Lemma 1.2, = = I — O is a topological

isomorphism from (A4, 7) onto itself. Hence {y,,} is a 7-Schauder frame for Z(A4) = A.

g

Now we give a necessary condition for perturbation of 7-frames in terms of an
eigenvalue of a matrix associated with the perturbed sequence. This is inspired by

16].

Theorem 2.5. Let {z,} be a 7-frame for (A,7) and {yp}i, C A (m € N is
fized) be linearly independent vectors. Suppose there exist continuous linear func-

tionals {gr}, C A" such that gx(x,) = Ozk ) for alln € N (1 <k<m) If
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{@n, +> 0, a,i")yk} is a T-frame for A, then -1 is not an eigenvalue of the matriz

-91(3/1) 92(y1) - gm(yl)-
91(y2)  92(y2) -+ Gm(y2)
| 91 (Ym)  g2(ym) - gm(ym)_

Proof. 1t is sufficient to prove the result for m = 2.

Let, if possible, -1 is an eigenvalue of the matrix

91(y1)  g2(y1)
91(y2)  g2(y2)
Then

gi(y) +1  ga(y1)
91(y2)  ga(y2) +1

=0.

Therefore, there exists scalars v and (3 not both zero such that

agi(y1) + B92(y1) = —a and  agi(y2) + B2(y2) = —5.

Choose fo = —ag; — Bg2. Then, fy is a non-zero functional in A*. Indeed, if fo = 0,
then fo(y1) = 0 and fy(y2) = 0. This gives @ = 0 and § = 0, which is a contradiction.
Hence fy must be non-zero.

We compute

2
Jo <$n + Z aén)yk;)
k=1
= fo (xn + aﬁ")yl + aé”)yz>
= folan) + o\ folin) + S fo(y2)
(n)

= (—agi — Bg2)(x,) + i (—agi — Bgs) (1) + o (—agi — Bg2) (1)

= —agi(a) — Bga(a) + i (—agi(y1) — Baa(m1)) + a8 (—ag1(y2) — Bga(1a))
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aoz1 ﬁa + o ™o+ a(n)ﬁ

=0.

This gives
(2.4) <xn + Zak yk) =0 for all n € N.

Since, {z, + 3., ay} is a 7-frame for A, the sequence {xn +32 a )yk}
is 7-dense in A. By (2.4), the continuous map fj is zero on a 7-dense subset of A.
Thus, the zero map and fj are continuous maps which agree on a 7-dense subset of

A. Therefore, by Lemma 1.1, fy = 0, a contradiction. This completes the proof. [

To conclude the paper, we give a sufficient condition for the perturbation of 7-

frames to not be a 7-frame for A.

Proposition 2.1. Let {z,} be a T-frame for (A, ). If there exists a continuous
linear functional fo € A* such that fo(x,) = X for all n € N, where X is a non-zero

scalar in K, then there exists zy, € A such that {z, + z5,} is not a T-frame for A.

Proof. Suppose that {x, + z5,} is a 7-frame for A. Let z € A be such that fy(z) =
a, where « is a non-zero scalar in K. Choose zy, = %’\z Then, fo(z, + 24) =
0 for all n € N. Since, {z,, + zp,} is a 7-frame for A, so {z,, + 24} is 7-dense in A.

By Lemma 1.1, fy = 0, a contradiction. The result is proved. 0
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