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HOPF BIFURCATION ANALYSIS IN A SYSTEM FOR CANCER
VIROTHERAPY WITH EFFECT OF THE IMMUNE SYSTEM

A. ASHYANI O, HM. MOHAMMADINEJAD® AND O. RABIEIMOTLAGH ®)

ABSTRACT. We consider a system of differential equations which is motivated bi-
ologically and simulates a cancer virotherapy. The existence of equilibrium points
and their local stability are studied using the characteristic equation. We investigate

Hopf bifurcation around the interior equilibrium point.

1. INTRODUCTION

Cancer is usually known by an unnatural growth in cell numbers which is called
tumor and sometimes causes to death. Hence, Finding an effective method for con-
trolling the growth rate of tumor always considered as a very important issue in
medical science. Many efforts have been done to promote therapeutic ways for can-
cer. Surgery is the oldest one but it also contains collateral effects so that it is
preferable that tumor is treated or controlled without surgery.

Cancer virotherapy is the new way which is used recently and it is effective in
treatment and it uses virus to damage tumor cells. This method of therapy has been
known in the early twentieth century. However, until 1949, serious experiments about
it can not be found [6, 8, 4]. In the first experiments, virus found in the nature were
used, but it failed because the immune system response damped the infection. Thus,

prevented the virus from destroying the cancer [6, 3, 9]. The next step was done
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by genetic researchers. They produced a new generation of viruses in the laboratory
which were capable for cancer virotherapy. The most important fact in the cancer
treatment is the fewer non-tumor cells destroyed, the better treatment it could be.
The best choice to achieve this goal is cancer virotherapy. These days, such viruses
are categorized as oncolytic viruses.

There is a kind of killer cells in body which is known as cytotoxic T lymphocytes
(CTL). It destroy foreign cells by knowing their special signals that have been sent
to immune system. Recognizing cancer cells by immune system tumor-specific CTL
starts to destroy them. Although, it may not damage all cancer cells, the cancer
virotherapy after injection virus-specific CTL starts to know viruses and try to kill
them. Therefore, both viruses and infected cells will be attacked by CTL. On the
other hand, it helps to immune system for knowing more tumor cells which have
not been recognized before. Then, tumor-specific CTL affects on both infected and
non-infected cells to kill them [2, 5].

Experimental observations show that the interaction between the oncolytic virus
and tumor might be too complicated. For this reason, it is almost impossible to
figure out a complete theory, for finding all relations and analyzing them using the
biological observations only. These convince researches to construct mathematical
models simulating the virotherapy for studying unknown aspects of the phenomenon.
Many of these effective models which are previously developed, based on system of
differential equations [13, 12, 11, 7.

In 2001 Wodarz proposed the following system [13, 12]:

x4+ . T+
ky)—d:v—ﬁxy, j = Bry + sy(1 — —2) —ay

(1.1)  z=rz(l— ’

where y(t) and z(t) are the number of infected and non-infected cells, respectively.

Parameters s and r are the growth rate of infected and non-infected cells in a logistic
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model, respectively. Size of tumor of infected and non-infected tumor cells are con-
sidered to be limited by the carrying capacity k. If the total number of infected and
non-infected tumor cells becomes more than k, the patient will die. Because of this
fact we should have x + y < k. Parameter a is the death rate of infected cells by
virus, and d is the death rate of non-infected cells by the immune system. Finally,
[ is the rate of viral infection spread in tumor cells. In the same article, Wodarz

presented the following system:

T = rax(l— xzy)—dx—ﬁxy—Ptth,

) T+

j = Bey+sy(l— ) —ay— PyZ, - PyZ,
(1.2) Zy = CyyZ,—bZ,,

Zt = Ctth(l' + y) — bZt

This system contains four variables. Here, the number of virus-specific CTL and
tumor-specific CTL are denoted by Z, and Z;, respectively. The rate of virus-specific
CTL proliferate is C,yZ, and the rate of killing the infected cells is P,yZ,. Virus-
specific CTL will die at a rate bZ, in the absence of infection. Tumor-specific CTL
propagates at a rate C; on infected and non-infected cells (x + y). However, The
warning signal, which is led to knowing tumor, has been recognized to be more useful
in the presence of y virus. Finally, Tumor-specific CTL kills infected and non-infected
cells at a rate P, Z;.

Wodarz introduced the System (1.2), but he did not present further mathematical
analysis or simulation for it. In 2014, we analyzed System (1.1) [1]. Although, we
know immune system response is an important factor which effect on virus therapy.
Thus, we want to improve System (1.1) by considering immune system response
with separate variable, which helped us to provide results that is closer than biology

happening. We consider both CTL responses in one variable because some structure
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of responses for virus-specific CTL and tumor-specific CTL are similar. In addition,
this assumption does not change the system and make its analysis easier by restricting
the system into a third dimensional model.

In this paper, we introduce the system for interaction between non-infected cells,

infected cells and CTL response as

(1.3) t = raz(l— ’ Z y) — Pxy — p1zz,

. Tty
(1.4) y = sy(l— ’ )+ Bry — payz — ay,
(1.5) 2 = cxz+ cyz — bz

The non-infected cells death with response of the immune system is presented by
the term pyxz. Infected tumor cells die with two process. They die with infection
at a rate a and they die with response immune system which is given by the term
poyz. On the other hand, CTL for tumor grows is presented by the term c;xz and
CTL for virus grows by the term coyz. Moreover, in the absence of any infection,
the cells will die at a rate b. All the parameters of the system are non negative with
initial population conditions z(0) > 0, y(0) > 0, 2(0) > 0. This paper is organized
as follows.

Section 2 contains the positivity and the boundedness of the model. In Section 3,
we investigate the conditions for existence at positive equilibrium points and stability
of important equilibrium points. We demonstrate the occurrence of Hopf bifurcation
in Section 4.In Section 5, we present the numerical results. Finally, we draw some

conclusion in Section 6.

2. POSITIVELY AND BOUNDEDNESS OF THE SOLUTIONS

The positivity and boundedness of the system (1.3-1.5) are necessary to make the

system has biologically meaningful. Therefore, we study them first.
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Theorem 2.1. All the solutions of system (1.3-1.5) which starting in the R remain

positive. Also, they remain bounded in the region Q C RY defined by

k
Q={(z,y.2) ER |z < ko ty<ha+y+z< r+5) }
c m
Proof. Equation (1.3) can be written as dx/z = ¢(z,y,2)dt, where

o1(z,y,2) =r(l — ””—Zy) — By — p1z. Then z(t) = 95(0)ef55 ¢1(@y.2)dt > () for all t > 0 as
z(0) > 0. Equation (1.4) gives dy/y =  ¢o(z,y,2)dt, where
¢a(z,y,2) = s(1 — Z2) + Bz — paz — a. Then y(t) = y(O)efot $2(xy:2)dt > () for all
t >0 as y(0) > 0. Similarly, z(¢) > 0 for all t > 0.

On the other hand, Z—f < rz(l — :”T*'y) < rz(l — ¥). Hence, we consider

dU/dt = rU(1—Y), with solving this differential equation we have U(t) = (—=7),
which gives limsup U(t) = k. We know dz/dt < dU/dt, so limsup z(t) < limsup U(t).

t—o0 t—o0 t—o0
Then, limsup z(¢) < k. Simple calculations yield to
t—o0
d
E(ery) = ra(l— x_l:y) —prxz + sy(l — —x—]:y) — poyz — ay
T+ T+ T+
< ra(l- ) syl = ) < 8w +y) (1 - =)

where § = max(r, s). Hence, similarly lim sup(z(t) + y(¢)) < k for all ¢t > 0.
t—o00
Let W (t) = 2(t) + y(t) + 22(t) where p = min(p1, p2) and ¢ = max(cy, cz). Then,

aw dr dy pdz T+y T4y
— = R (1 - - 1— =) poyz —
i " @t @t ear T T ) mwE eyl s ) = payz —ay
+ ]—?clscz + ]_?CQZ/Z — L <rz(l-— I—er) + sy(1 — x_—ky) _ Dy,
c c c k k c

T, 5
< rx— -z +sy— -+

k k
— (\/gy—@f—z—jbz—rx—syﬁ(T’—f—S)k—mW
c

yQ—Bbz:rk‘—( %x—\/ﬁ)g—ksk
c
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where m = min(r, s,b). Therefore, limsup(W(t)) < (r + s)k/m. Thus, z is bounded
t—o0
above and all the solutions of the system (1.3-1.5) that started in R? either ap-

proaches, enter or remain in the subset of

k
Q= {(r,9,2) € R < hya+y < bya+y+ Lo g LI
C

).

m

Since the solutions of the system (1.3-1.5) remain bounded in the positively invariant

region 2, the model is well posed in the epidemiologically and mathematically senses.

O

3. EXISTENCE OF EQUILIBRIUM POINTS AND STABILITY ANALYSIS

In this section, we study the stability of the equilibrium points.

3.1. Equilibrium points. System (1.3-1.5) always has two equilibrium points
Es = (0,0,0) and E; = (k,0,0). Other equilibrium points are given by

B k(s —a) B b —bs+ cok(s —a)
E2 — (OvTao)7 E3_(0757 CQkp2 )7

b (ak=b)r _ar+Bk(a—s)  r(Bk—a)
Be= G0 om0 =) BB -

—(acakpy — (b — cok)(par — p1s) — bkpaB)
(c1 — c2)(par — p18) + kB(cip2 — copr)
acikpy — (b — c1k)(par — p1s) — bkp1 3
(c1 — ca)(par — p18) + kB(c1p2 — cap1)
a(car — c1(r + kpB)) + B(—cokr + c1ks + b(r — s + kf3))
(c1 — ca)(par — p18) + kB(c1p2 — copr)

by =

Y

) = E* = (x*7y*7z*)'

Equilibrium point Fy means that the immune system cells, non-infected and infected
tumor cells do not exist. Hence, in biology it means that both non-infected and
infected cells damaged in the absence of immune system. Equilibrium point FE;
means that only non-infected tumor cells remain and the tumor grows to its carrying
capacity, which shows the inefficiency of virotherapy. This equilibrium has been

known as infection-free equilibrium.
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The equilibrium points are biologically admissible if and only if all components
are positive. If s > a, Ey exists. Equilibrium point Ej exists if cok(s — a) > bs.
Furthermore, F, is meaningful if ¢, > b. For existence of equilibrium point Ej5 we
have the following.

Casel If fk +r — s > 0, then the denominator of components of equilibrium point
E5 is positive. Thus, for positivity of components of Es;, the numerators should be
positive. Therefore, ar + fk(a —s) > 0 and Bk —a > 0.

Case2 If fk +r — s < 0, then the denominator of components of equilibrium point
E5 is negative. Thus, we want that numerators are negative. For this we have
ar + Bk(a —s) <0 and pk —a < 0.

Equilibrium Fjy is called interior equilibrium point. It means that immune system
cells, non-infected and infected cells exist. This is compatible with what exactly
can be seen in reality. Hence, Ejg is the most interesting equilibrium point from the
biological point of view. For existence of Eg we have:

Casel If (¢;—co)(per—p15)+kB(c1pa—cap1) > 0, then the denominator of components
of equilibrium point Ejy is positive. For existence of Fg, all components of Fg should

be positive. Therefore, all the numerators should be positive. Hence, we gain

—(acskpr — (b — cok)(par — p1s) — bkpeB) > 0,
acrkpy — (b — c1k)(par — p1s) — bkp1 5 > 0,

a(ear — ey (r + kpB)) + B(—cokr + c1ks + b(r — s+ kf)) > 0.

Case2 If (¢;—co) (per—p15)+kB(c1pa—cap1) < 0, then the denominator of components

of equilibrium point Fj is negative. Thus, all the numerators should be negative.
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Hence, we get

—(ac2kpy — (b — cok)(par — p1s) — bkpe ) < 0,

acrkpy — (b — c1k)(par — p1s) — bkp1 5 < 0,

a(ear — ey (r+ kpB)) + B(—cokr + c1ks + b(r — s+ kf)) < 0.
3.2. Stability analysis. We compute the variational matrix of the system (1.3-1.5)
at any point (z,y, z). Real part of eigenvalues of this matrix at any point determine

the local stability of equilibrium points. Variational matrix is given by J = (J;;)sxs3,

where

Jui = r(l—(x+y)/k)— (rz)/k —p1z —yB, Jio=—(rx)/k—zp, Jiz=—pz,

Jn = —(sy)/k+yB, Jn=s1—(v+y)/k)— (sy)/k—a—pz+20,
Jog = —pay, Jai=ciz, Jp =0z, Jsz=c1x+cy—b.
At the equilibrium point Ej, the eigenvalues of J are r , —b and s — a. Since r

is positive, equilibrium point Ej is always unstable. As a result, tumor will grow
and therapy is failed in the absence of immune response and virus. In the following

theorem, we study the local stability of the infection-free equilibrium.

Theorem 3.1. The infection-free equilibrium of the system (1.3-1.5) is unstable
for k > (a/B) or k > (b/c1) and locally asymptotically stable for k < (a/B) and
k< (b/er).

Proof. The variational matrix of the system (1.3-1.5) at equilibrium point E} is given
by
—r —r—kB —kp
JE)=10 kB—a 0
0 0 cik—0
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Therefore, the eigenvalues are —r, k8 — a, and kc; — b. Because —r is negative,
stability of E; depends on the signs of k8 — a and kc; — b. When k > (a/f) or
k > (b/cy1), equilibrium point FEj is unstable while it is asymptotically stable for
k < (a/B) and k < (b/cy). O

For local stability of interior equilibrium point we know that the characteristic

equation of the variational matrix J at Fg can be written as
(3.1) Det(J — N3) = N> 4+ aa\> + a1\ +ag = 0
where

ap = A3A5A7 - A2A6A7 - A3A4A8 + A1A6A87

(3.2) a; = —(AsAs— A1 A5 + A3Ar + AeAs), az = — (A1 + As),

where (A; — Ag) are introduced below.

r(acokpr — (b — cok)(par — p1s) — bkp23)

A= k((c1 = c2)(par — p15) + k(—cap1 + c1p2) B)
A, — (r 4+ kB)(acokpy — (b — cok)(par — p1S) — bkpa3)
k((c1 — c2)(par — p18) + k(—cap1 + c1p2) )
Ay — p1(—acokpy + (b — cok)(por — p15) + bkps3)
(—c1 + ca)(par — p18) + k(capr — c1p2) B
A, — (s — kB)(—acikpy + (b — c1k)(par — p1S) + bkp1 )
k((er — ca)(par — p15) + k(—capr + c1p2)B)
(33) A5 — s(—acikpy + (b — c1k)(par — p1S) + bkp1B)
k((e1 — c2)(par — p18) + k(—cop1 + c1p2)8)’
Ay = p2(—acikps + (b — c1k)(por — p15) + bkp1S)
(c1 — ¢2)(par — p15) + k(—cop1 + c1p2) B
4 — ci(a(ear — er1(r + kB)) + B(—cokr + c1hks + b(r — s + kB)))
! (c1 — ¢2)(por — p15) + k(—copr + c1p2) B ’
Ay — ca(a(cor — cy(r + kB)) + B(—cokr + c1ks + b(r — s+kﬁ)))‘

(c1 — c2)(por — p15) + k(—cop1 + c1p2) B
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Hence, in the following theorem we present some conditions for local stability of

interior equilibrium point Eg = (z*, y*, 2*).

Theorem 3.2. Let ag, a1 and ay be defined in (3.2). The interior equilibrium point

of the system (1.3-1.5) is locally asymptotically stable if ag > 0 and asa; — ag > 0.

Proof. According to Routh-Herwitz criterion of stability, the necessary and the suffi-
cient conditions to all roots of characteristic equation (3.1) to be negative real parts
are ap > 0, ag > 0, and asa; — ag > 0. It is clear that as > 0. Thus, the interior

equilibrium point Fj is locally asymptotically stable if ag > 0 and asa; —ag > 0. O

4. HOPF BIFURCATION

In this section, we find the conditions for existence of Hopf bifurcation at the
interior equilibrium point Fg. First we linearized equation (1.3-1.5) in Fs. Let
ur(t) = x(t) — z*, ua(t) = y(t) — y*, and wug(t) = z(t) — z*. It leads us to Fg to

be the origin. Then (1.3-1.5) can be written as

. U
Uy = Ajug + Agug + Asus — —I(T(Ul + ug) + kprug + kugf3),

k
. u
(41) Uy = A4U1 + A5U2 + A6U3 — f(s(ul + UQ) + k’ngg — klﬂﬁ),
us = A7uq + Agus + (clul + CQ’LLQ)Ug

where (A; — Ag) are introduced in (3.3). The linearization of (4.1) at (0, 0) is
tuy = Ajuy + Agug + Asug, s = Aguq + Asus + Agus, s = Aqug + Agus

with the characteristic equation A\* + asA\* + a1\ + ag = 0, where ay = —(A; + As),
a; = —(A2A4—A1A5+A3A7+A6A8), and [ A3A5A7—A2A6A7—A3A4A8—|—A1A6A8.

If a9 = ajaz, we have a pair of imaginary eigenvalues Ao = =iy/a;. In this
case, A3 = —asy is the real eigenvalue. Thus let € = a9 — aja, and using the Im-
plicit Function Theorem, we have A = 5525 £i(y/a1 + e%) + o(€?) and
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A3 = —ay — == +0(€?). Furthermore, if ¢ = 0, we may have Hopf bifurcation. On

the other hand, solving as, a; and ag with respect to Ay, Ay and Aj respectively, we

get

A1 = —A5 — Qg, A2 = and

_A52 + A3A7 + AGAg +ay + A5CL2

Ay ’
_A52A6A7 — A4A5A6A8 + A62A7A8 — A4a0 + A6A7a1 + A5A6A76L2
AgAsAr + Ag A7 — A Ag

A3:

A4A6A8 (05}

A A+ AA — A A

In this case, we have 2-dimensional center manifold and afterwards by projecting this
system on the center manifold we gain 2-dimensional system. First, we use the below

transformation to get the standard system:;

U, uy P P P
U2 :P_l U2 ,andP: P4 P5 P6

Us us3 1 0 1
where
)= _ A5A6A7A8 - A4A6A§ - A4A8(I1 P, — _A5A6A$ — A4A6A7A8 — A4A7CL1
! (—A5A7 —|— A4A8)2 —|— A%al 1 (—A5A7 + A4A8)2 —|— A%al ’
P _ —AGAS + A56L2 + CL% P _ \/a_l(A§A7 — A4A5Ag + A6A7Ag + A7a1)
5T A5A7 — A4A8 + A7CL2, 2 (—A5A7 + A4A8)2 + A%al ’
P5 _ \/a_l(—A4A5A7 — AGA% + AiAg) P6 _ A6A7 — A4CL2

(—A5A7 -+ A4A8)2 + A%al _A5A7 — A4A8 + A7CL2 ’

Therefore, system (4.1) transforms into the following standard form;

Ul == _\/af_lU2+G1(U17U27U3>7
(42) UQ - \/a_lUl + GQ(U17 U27 U3)7

U3 = —aUs + G35(Uy, Us, Us)
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where

1
Gl(Ul, UQ, Ug) — kj((Pl — PS)P5 + PQ(PG _ P4)> <]{5((P2P6 - P3P5)(U1 ‘|‘ Ug)

X (c1(PyUy + PoUs + P3Us) + co(PaUy + PsUs + PsUs)))

-+ PQ(P4U1+P5U2+P6U3)(kp2(U1+U3)+S((P1+P4)U1
+ (Py+ P5)Uy + (Ps + Ps)Us) — k(PLUy + PUs + P3Us) )
— By(PUy 4 RPUs + P3Us) (kpy (Uy + Us) + (P + Py)Usy

4 (Pot Py)Us + (P + Py)Us) + k(PyUy + PUs + P6U3)6)>,

1
G0 Ve ) = T BB TR FY) (K((PsPy — PR (Uy + Us)

X (c1(PiUL + PoUs + P3Us) + co(PyUy + P3Us + PsUs)))

+ (P, — P3)(PyUy + PsUy + PsUs)(—kpo(Uy + Us)

— S((Py+ Py)Uy + (P + P5)Us + (Ps + Ps)Us)

+ k(PUy + PoUs + P3U3)B) + (Py — Ps)(PLUy + BUs + P3Us)
X (kp1(Uy +Us) +r((Py + Py)Usy

4 (Pt P)Us + (Ps + Po)Us) + k(PUy + P3Us + PﬁUg)ﬁ)),

1
kﬁ((Pl—Pg)P5—|—P2(P6—P4)) <k((

X (c1(PyUr 4+ PoUs + P3Us) + co(PaUy + PsUs + PsUs)))

Gs(Uy, Uy, Us) = P, Ps — PyPy)(Uy 4+ Us)
+ P5(P1U1+P2U2+P3U3)(/{Zp1<U1+U3)+7’((P1—|—P4)U1
+ (Py+ P5)Uy + (Ps + Ps)Us) + k(P Uy + PsUs + PsUs)3)
— Py(PyUy + PsUy + PUs) (kp2(Uy + Us) + s((Py + Py)Uy

+ (P + P)Us + (Py + Po)Us) — k(P + U + PyUs)B) ).
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By the existence theorem in the center manifold theory [10], there exists a center

manifold which can be expressed locally as

We0) = {(Uy, Uy, Us) € R}|Us = h(Uy, Us), |Us| < 8,h(0,0) =0, Dh(0,0) =0}

for ¢ sufficiently small. We now compute W¢(0). Assume that h(U;,Us;) have the

following form:

(4.3) Us = h(Uy, Uy) = byU?E + byUZ + bsU,Us + o(Uy, Us).

Based on the invariance of W¢(0) under the dynamics of (4.2), the center manifold

must satisfy

N(U,Uy) = —ash(Uy,Us) 4+ G3(Uy, Us, h(Uy, Us))
Oh
(44) — %<U1,U2)<— \/CLlUQ+Gl<U1,U2,h(U1,U2>))
1
oh

— W(Ul,UQ)(\/a_lUl+G2(U17U27h(U17U2)))'
2
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Substituting (4.3) into (4.4) and equating terms of like powers to zero, we obtain

b1 = (2()3\/&_1 —|— (2((—A801 + A?CQ)(A%A% — 2A4A5A7A8 + AiAg —f- A?al)

b
209
% (AsAgAr — Ay(AgAs + a1))? + (1/k) Ag(— Ay As Ay — AgA2Z + A2 Ay)
X (—AsAgA7 + Ag(AsAs +a+ 1))(A§A§kp1 + AZAgkpl — A5 A7(2A4 Agkpy
+  Ag(Agr — Agr + A7kB)) + A2kpra;y + Ag(Aqr — Agr + A7kB)(AsAg + a1))
— (1/k)A7(AsAgA; — Ay(AgAs + al))(A§A7 — AyAsAg + A7(AgAs + ay))
x  (AZAZkpy + A2 AZkpy — AsA7(2A4Agkpy + Ag(Azs — Ags + Agkf3))
+ AZkpaay + Ay(Ars — Ags + AskB)(AsAs + a1)))(AsAr — AyAs + Arar)) /
(—A4A5A; — AgAZ + AZA@(A%A% — 2A, A5 A7 Ag + AiAg
+ A+ ad),
by = —(1/@ya) (s + (Var(—AsAs + Ar(As +02))((AsAr — A Ay)? + Aday)
x (A2Aqzc) + A Agcy + AgA7(Age) — Aqcy) — AyAs(Ager + Arcy) + Arciay)
X (AsAgAr — Ay(AAs + a1)) — (A7(AsAgAr — Ay(AsAs + ar))(A2A;
— AyAsAs + Ar(AgAs + a1))(—(A2Ag — AyAs(Ar + As) + A7 (A2 — AgAs
+ AgAs+a1))s + (AZA7 — AyAsAg + A7(AgAs + a1))kB)) [k — (As(—A7(As4s
+ AgA7) + ATAs)(—As AgAr + As(AsAs + a1)) (A As(r + kB) — AsAs((A7
+ Ag)r + A7kB) + A7((A§ — AgA7 4+ AgAs + a1)r — AgA7kp)))/k — ((A4A5 A7
+ AgAZ — A2AG)(A2A; — AyAsAs + Ar(AgAs + ar))(AZA2kp, + A2A%kp,
+ Alakp, + Ag(AsAs + a1)(Arr — Agr + ArkB) — AsAr(2A4 Agkpr + Ag(Arr

— Agr + A7kB))))/k + ((AyAs A7 + AgA2 — A3Ag)(AZA; — AyAsAg + Ar(AgAs
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a1))(AZA2kpy + AT AZKpy + A2arkpy + Ay(AgAs + a1)(Ars — Ags + Agkf3)
A5 A7(2A4 Agkpy + Ag(A7s — Ags + Askﬁ))))/k?))/((—A7(A4A5 + AgAr7)
AJAg) (A5 A7 — AyAg)® + Afar)*(ar + a3)) + 1/agy/a1 (20sv/ar + (2(—AsAg
A7(As + a2))((—Agcr + Azcy)((As A7 — AyAg)? + A2ay)(AsAgAr — Ay(AsAsg
a1))? + (As(—A7(A4As + Ag A7) + ATAR)(—As A Ay + Ay(AsAs + ay))
(AZAZkp, + AJAZkpy + AZarkp, + Ay(AsAg + a1)(Aqr — Agr + A7kp)
AsA7(2A, Akpr + Ag(Arr — Agr + AskB))) /k — 1/kAT(AsAsAr — As(AsAg
a1))(AZA; — AyAsAg + A7(AsAg + 1)) (AZAZkpy + A AZkpy + A2aikp,
Ay(AgAs + a1)(Ars — Ags + AgkS) — A5 A7(2A4Agkps + Ag(Ars — Ags
ASAN))) /(= Ar(Asds + AgAr) + A3A5) (A5 Ar

A4As)? + A2 ) (o + ) ),

(\/G_I(A5A7 — AyAg + Azan) (= (2/k)(r — s + kB)ar (= AJAs AZ + A7(A3
AsAs + a1) (A2 + Ag(—Ar + Ag) + ar) — AgAs Ar(246A2 + A2(Ar + 2As)

(A7 -+ 2148)&1) -+ AiAg(A§(2A7 + Ag) + A7(A6A8 + (11>>)
- («
“ A A5 A; — AgAZ + A2Aq

—Agcl -+ A7CQ>(A§A% — 2A4A5A7A8 + AZA%

A
A?al)(A5A6A7 — A4(A6A8 + Cll))Q + ?8(—144145/17 — AGAg + AiAg)

(—A5A6A7 + A4(A6A8 + al))(AgAgkpl + AZAgkpl — A5A7(2A4A8kp1

AG(A7T - AgT -+ A7kﬁ)) —+ A?kplal —+ A4(A7T - Ag?" -+ A7kﬁ>(A6A8 + CLI))

A
?7(145146147 — A4(A6A8 + al))(A§A7 — A4A5Ag + A7<A6A8 -+ al))(AgAgkpg

AiAgk?pg — A5A7(2A4A8k‘p2 —I— A6<A7S — AgS + Agk)ﬁ)) —f- A?kpgal + A4(A7S
1 («

—AAs Ay — AgAZ + A2 A

2A4A5A7A8 + AZA% + A%al)(A?)Awl + AiAgCQ + A6A7(A801 - A7C2)

AgS + Agk’ﬂ)(AﬁAg + al))) — A%A%
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— A4A5(A801 + A702) + A7cla1)(A5A6A7 — A4(A6A8 + (11))

—AyAs Ay — AgAZ + A2A
- T TR A A Ay As — Ar(AsAs + ) (AZAZkp,

-+ AiAgkpl — A5A7(2A4Ag/€p1 + A6<A77’ — Ag?" + Aﬂfﬂ)) + A?kplal + A4(A77’

—A4A5A7 — AﬁA% + AZAg
k

— A7(A6A8 + al))(AgAgkpg + AiAngQ — A5A7(2A4A8k’p2 + AG(A7S — ASS

— Ag?“ —f- A7kﬁ) (A6A8 + al)) + (—A§A7 + A4A5A8

+ Agkﬂ)) + A?/{pgal + A4(A7S — AgS + Agkﬁ)(AﬁAg + Cll))

As(—AgAsAr — AgA2 + A3A
A A A Lofit A (A5 Ag s + Au(AoAs + a))(A2A(r + k)

— A4A5(A8T + A7<T —+ kﬁ)) + A7<A§T’ — A6A7T’ + AﬁAgT — A6A7l€6 —+ TCLl))

— (Ar/k)(AsAsAr — Ay(AeAs + a1))(A2Ar — AyAsAs + Ar(AgAs + 1))

X (—A2Ags + AyAs(Ars + Agls — kB)) + Ar(AgArs — AcAss + AcAskp
A=+ kB) - sar+ kBar))a) ) [((A2AF - 24,4547 A + AJAT + AZar)?
x (a1 +a3)(4a; + a3))

Finally, by substituting (4.3) into (4.2) we obtain the vector field reduced to the

center manifold by

U1 = —\/a_le + 771U1U2 + 772U12 + 773U22,
(4.5) Uy = VaiU, + 6,UUs + 6,U% + 05U2
where
mo= —(Var-Aids + 445 + ar)) - ((AsAr — A, Ag)?
—AyAs + A7(A5 + a2)

—f- A7cla1) —I— A$a1>(A§A761 —I— AiAgCQ —f- A6A7(A801 — A7CQ> — A4A5<A801
—|— A7CQ>(A6((A5A7 — A4A8)2 ‘|‘ A?al) + A7(A5A6A7 — A4(A6A8 —|— (11))0,2

1
+ (A4A5A7 + AGA% - AZAg)ag) + E (A7<A5A6A7 - A4<A6A8 + al))(A§A7
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AuAsAs + Ar(AgAs + 1)) (—(A2Ag — AuAs(Ar + Ag) + As(A2 — AgAs
AsAs +a1))s + (A2A7 — AyAsAg + Ar(AgAg + a1))kB) + Ag(—Ar(AsAs
AgAr) + A2A9)(— A A Ar + Ay(AgAs + a1)) (A2 As(r + kB) — AuAs((As
Ag)r + ArkB) + Ar((A% — AgAr + AgAs + ar)r — AgArkB)) + (AsAsAs
Ag A7 — AJAg)(AFA7 — AgAsAg + Ar(AsAs + 1)) (AZAZkpy + ATAZkp
A2aykpy + Ay(AsAs + ar)(Asr — Agr + ArkB) — AsAr(2A4 Agkpy + Ag(Asr
A + AskB))) — (Auds Ar + AgA2 — A2 Ag)(A2 A7 — AyAs Ag + An(AgAs
al))(AgAgkpg + AiA%kij + A?alkij + Ay(AAs + a1)(Ars — Ags + Agkf)
As A7 (244 Agkps + Ag(Ars — Ags + Agkﬁ)))))) / (2(—Ar(As A5 + AgAs)

AZA8)<<A5A7 — A4A8)2 -+ A$a1)2(a1 + CL%)),
1
AyAg — A7 (A5 + a9)

A4A8)2 + A%al)(—A5AﬁA7 + A4(A6A8 + al))(Aﬁ((A5A7 — A4A8)2 + A?&l)

—((—Auds + A7 (A5 + ) ((Aser — Aves)(AsAq

A7(A5A6A7 - A4(A6A8 + G1>>a2 + <A4A5A7 + A6A$ - AiAg)(l%))
1
k
AiAgk]h + A?alkpl + A4(A6A8 + al)(A'y’I“ - Ag?" + A7k56) — A5A7(2A4A8kp1

(Ag(—A7(A4A5 + A6A7) -+ AZAg)(—A5A6A7 -+ A4(A6Ag -+ al))(AgAgk:pl

Ag(Asr — Agr + A7kp))) + Ar(AsAgAr — Ag(AgAs + a1))(A2A, — A A5 Aq
A7(AgAg + ay))(AZA2kpy + AT AZkpy + A2a1kpy + Ay(AgAg + a1)(Ars

Ags + AgkB) — AsAr(2A1Agkps + Ag(Ars — Ags + Agkﬁ))))» /
((—A7(AgA5As A7) + ATAg)((As A7 — AyAg)? + AZay)?(ay + a3)),

- (al(A§A7 — Ay A5 Ag + Ar(AgAs + a1)) (A2 Ag — AyAs(Ar + Ay)

An(AZ = AgAr + AgAs + a1))(—AsAs + Ar(As + a2))(r — s + k:ﬁ))/

(((AsA7 — AyAg)* + AZ2aq)* (a1 + a3)k),
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ot ) (e
(—A7(AsAs + As A7) + ATAg) (A5 A7 — AyAg)? + AZar)*(ar + a3)
AyAg)? + Alay) (A2 Azc) + AjAgey + AgAr(Agey — Aqcy) — AyAs(Asey
1
k(—AsAs + A7(As + ag))

((A7(A5A6A7 — A4(A6A8 + al))(—A4A7A8(A5a1 + (214? + A6A8 + a1>a2

Aqco) + Arciar) (—As AgAr + Ay(AsAs + aq))as +

2A5a3) + ATA3 (a1 + ax(As + az)) + AZ((AZ + ay)ag(As + ag) + AgAs(—ay
Asa2)))(—(ATAs — AyAs(Ar + Ag) + A7(AZ — AgA7 + AsAs + ar))s + (A2 A;
AgAsAs + Ar(AsAs + a1))kB)) — (Ag(—Ar(AgAs + AgA7) + A2Ay)
(—AsAsA7 + Ag(AgAs + a1))(AgAsas + Az(a; — Ag,ag))(AiAg(r + kB)

Ay As((A7 4+ Ag)r + A7kB) + A7((A2 — AgAr + AgAg + ay)r — AgA7kp)))
((—Ar(AsAs + AgAy) + A2Ag) (A2A; — AgAsAs + Ar(AgAs + ay))(AgAsas
Aqz(ay — Asa))(AZAZkp, + A2AZkpy + AZaikp, + Ay(AsAs + ay)(Aqr — Agr
A7kB) — AsA7(2A4 Agkpy + Ag(Aqr — Agr + A7kB)))) + (—A7(ALAs + AgAr)
AJA) (—AsA7 Ag(Asay + (A2 + AgAs + a1)ag + 2A5a3) + AGAZ(ay + az(As
as)) + A2((AZ + a1)ax(As + a) + AgAs(—ay + Asaz)))(AZAZkpy + A3 AZkps
Aarkpy + As(AgAs + a1)(Ars — Ass + AskB) — AsA7(2A, Agkpy + Ag(Azs
Ags + AskB)))) ),

— <(—A4A8 -+ A7<A5 + a2>> <(A801 — A7CQ>((A5A7 — A4A8)2 + A?al)(A5A6A7

1
(—AsAs + A7(As + a9))k

AiAg)(—A5A6A7 + A4(A6A8 —|— al))(A4A8a2 —|— A7(CL1 — A5ag))(A§A$k‘p1

Ai(AsAs + ar))’as + (As(—A7(A4A5 + As A7)
AZAgkpl + A?alkpl + A4<A6A8 + al)(A77“ — AST + A7k}ﬁ) — A5A7(2A4A8kp1
A6(A77” — AgT + Aﬂfﬁ))) -+ A7(A5A6A7 — A4(A6Ag + al))(—A4A7A8(A5a1

(214% + A6A8 + CL1>CL2 + 2A5a§) + AiAg(al + (IQ(A5 + ag)) + A%((Ag + al)ag
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X <A5 —+ CLQ) -+ A6A8(—a1 + A5CL2)))(A§A$]€]92 -+ AZAgkpg + A%alkpg —+ A4(A6A8
—I— (11)(1478 — ASS —|— Agkﬁ) — A5A7(2A4A8kp2 + AG(A78 — ASS —|— Agkﬁ))>>>/

((—A7(A4A5 + A6A7) + AZAg)\/a((A5A7 - A4A8)2 + A?al)Z(al + ag)),
0 = my (
(((AsA7 — AyAs)® + AZar)*(ar + a3)k)
+ al))(A4AgCL2 + A7(CL1 — A5CL2))(AZA8(T’ + k'ﬁ) — A4A5((A7 + Ag)T + A7k’5)

—A2A; + AyAsAs — Ar(AgAs

+ A7((A§ — A6A7 + A6A8 -+ CL1)T — A6A7,I€B)) — (—A4A7A8(A5CL1 + <2A§
+ AGAg + al)(lg + 2A5ag) + AiAg(al + CLQ(A5 + (12)) + A%((Ag + al)aQ(A5 + CLQ)
+ A6A8(—G,1 + A5a2)))(AZA85 -+ A7(A§ - A6A7 -+ A6A8 + CLl)S - A7(A§ + AGAS

v mm5+Aﬂﬁ4Arh%p+Ame.

At the bifurcation point, System (4.5) becomes
U, 0 —ﬁ}[ﬁ+
Uy N U

fHUL Us) = U Uy + npUE 4+ m3U2 and  f2(Uy, Us) = 0,UUs + ;U7 + 05U3.

fl(Ula U2)
f2(U17 U2)

where

The coefficient a(0) = a is given by

1

a = 16 (fll]1U1U1 + f[111U2U2 + f[%1U1U2 + f(2]2U2U2)
1
+ 16 /al (f51U2(fll]1U1 + f[]szQ) - félUg(f[%lUl + f[%QUQ) - f[])1U1f51U1 + f[])QUQf[%QUQ)'

Therefore, a = #ﬁ(m(ng + m3) — 61(02 + 03) — 21202 + 277303) # 0. Hence, from
Hopf bifurcation theory in [10] we get Hopf bifurcation. Also, the periodic orbit is

asymptotically stable for a < 0 and unstable for a > 0.
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5. NUMERICAL SIMULATION

In this section, we carry out some numerical simulations to verify the previous

results. Suppose that

r = 11, 6=1,s=1, k=07, a = 0.47484,

(51) b = 01, P1 = 1, P2 = 2, Cc1 = 2, Cy — 0.1.

In this case, Eg = (0.02468,0.50642,0.00937) and System (1.3-1.5) is given as

T = 1.1x(1—x0——;y)—xy—mz,
Tty

0.7
2 = 2zz+0.1yz —0.1z.

y = y(1 )+ 2y — 2yz — 0.47484y,

Furthermore, restricted system to the center manifold is approximately given by

Uy = —0.00675U, + 0.77552U,Us — 0.00471U72 + 0.00471U2,

Uy = V0.00675U; + 1.87642U,U, + 0.17083U2 — 0.17078U2.

Thus ay = ajay =~ 0.00445, Ao ~ £:0.08217 and A3 = —0.65920. In this case
a = —0.00013. Therefore, we have Hopf bifurcation that bifurcating periodic orbit is

stable. Thus, Fjg is unstable. These results are presented in Figures 1 and 2).
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F1cure 1. Components of the solution U;(t) and Us(t) with param-

eters given in (5.1).

F1GURE 2. The bifurcating periodic solution.

6. CONCLUSION

In this paper, we consider a virus therapy for cancer and analyze stability of equi-
librium points of this system. Equilibrium FEj is unstable. It means that with this
therapy, tumor does not completely destroy. Thus, we look for on other equilibrium
points. Infection-free equilibrium point £, exists and may be stable. Stability of E
is not useful because it means that non-infected tumor cells exist then therapy fails.

We note that the interior equilibrium point Ejg is the most interesting equilibrium

point from the biological point of view since its existence means that both of the
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non-infected and infected tumor cells and CTL exist. Its stability means that the
tumor growth is controlled in a way that it can not reach to the carrying capacity
k. Hence, under the conditions of the parameters in theorem 3.2, it means that with
this therapy we could control the size of the tumor which is x + y, but tumor exists
and not completely wasted. In addition, we noted that when ag = ajas, we have Hopf
bifurcation in Eg. Moreover, theorem 3.2 means this equilibrium point is unstable.
Hence, existence of Hopf bifurcation is not useful because Hopf cycle means that the
size of tumor cells decreases. Exactly when we suppose that therapy is useful, tumor
size increases, and this behavior repeated (See Figure 2). Although, this behavior
means when we suppose that tumor treated, after some times we see that tumor
grows. Thus, patient will die. Therefore, we attempted that value of parameters

must be controlled in the way that we have not Hopf cycle.
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