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BOUNDEDNESS OF COMMUTATORS ON HERZ-TYPE HARDY
SPACES WITH VARIABLE EXPONENT

WANG HONGBIN

ABSTRACT. In this paper, we obtain the boundedness of some commutators gen-
erated by the Calderén-Zygmund singular integral operator, the Littlewood-Paley

operator and BMO functions on Herz-type Hardy spaces with variable exponent.

1. INTRODUCTION

The theory of function spaces with variable exponent has extensively studied by
researchers since the work of Kovacik and Réakosnik [4] appeared in 1991. In [1] and
8], the authors proved the boundedness of some integral operators on variable L?
spaces, respectively. In addition, the authors defined the Herz-type Hardy spaces
with variable exponent and gave their atomic characterizations in [9].

Motivated by [1], [5] and [7], we will study the boundedness of some commutators
generated by the Calderén-Zygmund singular integral operator, the Littlewood-Paley
operator and BMO functions on the Herz-type Hardy space with variable exponent.

Given an open set 2 C R", and a measurable function p(-) : Q — [1, 00), LP1)(Q)

denotes the set of measurable functions f on €2 such that for some A > 0,
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This set becomes a Banach function space when equipped with the Luxemburg-

p(z)
oo =t {30 [ (K0 0r 1,

These spaces are referred to as variable LP spaces, since they generalized the standard

Nakano norm

LP spaces: if p(x) = p is constant, then LP()(Q) is isometrically isomorphic to LP().
For all compact subsets E C €, the space LP)(Q) is defined by LP)(Q) := {f :

loc loc

f € LPY(E)}. Define P(2) to be set of p(-) : @ — [1,00) such that
p~ =essinf{p(z) 12 € Q} > 1, p" =esssup{p(z):z € Q} < c0.

Denote p'(z) = p(x)/(p(z) — 1). Let B(2) be the set of p(-) € P(2) such that the
Hardy-Littlewood maximal operator M is bounded on LP()(Q).

In variable LP spaces there are some important lemmas as follows.

Lemma 1.1. ([4]) Let p(-) € P(Q). If f € LPY)(Q) and g € LF'O(Q), then fg is

integrable on 2 and

/Q F@)g(@)ldz < ol fll ool o,

where

rp=1+1/p" —1/p".

This inequality is named the generalized Holder inequality with respect to the

variable L” spaces.
Lemma 1.2. ([2]) Let p(-) € B(R™). Then there exists a positive constant C' such
that for all balls B in R™ and all measurable subsets S C B,

||XB||LP(')(R")§C@’ X5l Lo @my §C<@)51,
x5l Lro @n) 1SI" lxsll o @m | B
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and

() (mom 02
X5l Lo ) mny <C (@) |
IXB o) ®n) | B

where 01,09 are constants with 0 < 61,05 < 1 and xs, xp are the characteristic func-

tions of S, B respectively.
Throughout this paper d, is the same as in Lemma 1.2.

Lemma 1.3. ([2]) Suppose p(-) € B(R™). Then there exists a constant C' > 0 such
that for all balls B in R™,

1
@”XB”LP<'>(R”)”XB”LP'(')(R") <C.

Recall that the space BMO(R™) consists of all locally integrable functions f such
that

1
|wﬁ@%@4u@—mm<w

where fo =|Q| ™! fQ f(y)dy, the supremum is taken over all cubes @) C R™ with sides

parallel to the coordinate axes and |@| denotes the Lebesgue measure of Q).

Lemma 1.4. ([3]) Let p(-) € B(R™), k be a positive integer and B be a ball in R™.
Then we have that for all b € BMO(R") and all j,i € Z with j > 1,

1
olIbllk < sup e
B:ball HXB”LP<'>(R”)

H(b - bB)kXB”LP('>(Rn) S C”bea
16— b5, X8, ot ey < CG = DF BN, Lo oy

where B; = {z € R" : |x] <2} and B; = {x € R" : |z| < 27}.

Next we recall the definition of the Herz-type spaces with variable exponent. Let
By ={r € R": |z| < 2%} and A, = By \ By_, for k € Z. Denote Z, and N as the
sets of all positive and non-negative integers, x, = xa, for k € Z, x, = x if k € Z+

and Xo = XB,-
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Definition 1.1. ([2]) Let @ € R,0 < p < oo and ¢(-) € P(R™). The homogeneous

Herz space with variable exponent Kc‘;‘(’,})’(R”) is defined by
Kb ®") = {f € L) R\ {0}) : [|fll gepeny < 00},

where

1/p
HfHK;"("’;(R") = { Z QkaprXkHLq() Rn)} .

k=—o00

The non-homogeneous Herz space with variable exponent K ;1(’.’)’ (R™) is defined by

Kah R = {f € LR+ |l kepmn) < 00},
where

s 1/p
1fllzcp @y = {Z 2kap||f>~<k||iq(.)(w)} .
k=0

In [9], the authors gave the definition of Herz-type Hardy space with variable
exponent and the atomic decomposition characterizations. S(R™) denotes the space
of Schwartz functions, and S’(R™) denotes the dual space of S(R"). Let Gy(f)(z)

be the grand maximal function of f(z) defined by

where Ay = {¢ € S(R") : sup [2°D’p(z)] < 1} and N > n + 1, ¢% is the
lo,|B|<N
nontangential maximal operator defined by

oy (f)(z) = sup [¢¢* f(y)]

ly—z|<t

with ¢y(x) =t "¢(z/t).

Definition 1.2. ([9]) Let « € R,0 < p < 00,¢(-) € P(R") and N > n + 1.
(i) The homogeneous Herz-type Hardy space with variable exponent H K;l(l)’ (R™) is
defined by
HEGHRY) = {f € S(R") : Gu(f)(@) € KR}
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and HfHHK;"({’;(R”) = HGN(f)HK;g(Rn)-
(ii) The non-homogeneous Herz-type Hardy space with variable exponent H K ;(7-1)) (R™)
is defined by

HE;H(R™) = {f € S'(R"): Gu(f)(x) € K%(Rn)}

and ”fHHK:;({‘;(R”) = ”GN(f)HK;’?;(R”)-

For x € R we denote by [z] the largest integer less than or equal to x. Similar to
[9], we have
Definition 1.3. Let nds < a < 00,¢(-) € P(R"),s e Nand b € Lfo(c)(]R")
(i) A function a(x) on R™ is said to be a central (o, ¢(-), s; b)-atom, if it satisfies
(1) suppa C B(0,r) ={x € R™: |z| < r}.
(2) lall oo ny < 1B(O, 1)~/
3) [en a(z)2Pdz = [, a(x)b(z)z’dz = 0,|3] < s.
(11) A function a(x) on R™ is said to be a central («,q(-), s;b)-atom of restricted
type, if it satisfies the conditions (2), (3) above and
(1) suppa C B(0,7),r > 1.

If r = 2% for some k € Z in Definition 1.3, then the corresponding central

(ar,q(+), s;b)-atom is called a dyadic central (v, q(+), s; b)-atom.

Lemma 1.5. Let ndy < a < 00, 0 < p < oo and q(-) € B(R"). Then f €

HKO‘p(R") (or HKJ(R™)) if and only if

f= Z AL (or Z /\kak> , in the sense of S&'(R™),

k=—o00
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where each ay, is a central (o, q(+), s;b)-atom(or central (o, q(+), s; b)-atom of restricted

type) with support contained in By and Z |Ak|P < oo(orz |[AlP < o0). Moreover,
k=—o0 k=0

1/p

1/p o'}
”fHHKO‘p Rn) ~ inf ( Z |)‘k‘p> or |’fHHK;’?§(R") ~ inf (Z ‘)‘k|p> ,
k=0

k=—o00

where the infimum is taken over all above decompositions of f.

2. BOUNDEDNESS OF THE COMMUTATOR OF THE CALDERON-ZYGMUND

SINGULAR INTEGRAL OPERATOR

Let b € BMO(R™) and let T" be the Calderén-Zygmund singular integral operator

of Coifman and Meyer, that is,

Tf(x)= | K(x,y)f(y)dy, «¢suppf,

Rn

with the kernel K (z,y) : R™ x R™\ {z = y} satisfying

Kz y)l < 0

K<
ly —2I°
|z — w|*

for some € € (0, 1]. The commutator [b, T'| generated by b and T is defined by

[0, T]f(x) = b(x)T f(z) — T(bf) ().

In [1], the authors proved that the commutator [b, 7] is bounded on LP()(R™) for
p(-) € B(R™). In this section we will generalize the result to the case of Herz-type

Hardy spaces with variable exponent.

Theorem 2.1. Suppose q(-) € B(R"),0 < p < 00, ndy < o < nda +¢€ and b €
BMO(R™). Then the commutator [b,T] is bounded from HKO‘p(R") (or HK_S(R"))
to K:;(I;(R") (or K 5(R™)).
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Proof. We only prove homogeneous case. The non-homogeneous case can be proved
o

in the same way. Let [ € HK(?‘(’?;(R"). By Lemma 1.5, we get f = Z Aja;, where

j=—c0

[Kal HEoR @n) inf ( Z IA;[P)/P (the infimum is taken over above decompositions of
j=—00

f), and a; is a dyadic central (a, ¢(-),0; b)-atom with the support B;. We have

||[b T]f”Ka p(R" Z QkapHXk; b T]fHLq() (R™)

k—foo e p
<cy 2 ( > Wllhal, T]ajiimwuw)
(2.1) k=—00 j=—o0 P
+C Z okap ( Z I\ x[D, T]ajHL‘J(')(R")>
k=—o00 j=k—1
= E1 + EQ'

Now we estimate Ey, by the L4¢)(R")-boundedness of the commutator [b, T we

have

Ey <Clbllp Y 2™ < > Plllagllzao R"))
j=

k—foo -1

(2.2) < C|lb|? Z (Z A [2¢- ”“)

k=—o00 1
oo

<Ol Y P

j=—o0

Let us now estimate F;. For each j <k — 2, we first compute [|x[b, T]a;]| Lac) zn)-
Let bp, be the mean value of b on the ball B;. Note that if z € Ay, y € B; and

Jj <k —2, then 2|y| < |z|. Using the vanishing moments of a; and the generalized
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Holder inequality we have

b, Tlay (o)
< 1b(e) = b, | [ (k) = R Ollas)ldy + [ [kCe,n) = k(. 0)lbm, = b))l

gcaj”w*@{w(w—b&\ [ taitlas+ [ \%—b(y)\\aj(y)rdy}
B; B;

< CQjE_k("+E)||aj||Lq(->(Rn){|b($) — bg; [IxB; | Loy @y + 1 (b5; — D)X HL‘Z/(')(R")}‘
So by Lemma 1.1-1.4 we have

Xk [0, Tz || poc) @y

< CQje—k(n-i-e)Haj HLQ(')(R")

X {||(b - ij)X/f”L‘I(')(R")HXB]'HL‘I’(')(R") + ||(ij - b)XBJ- ||Lq’(»>(Rn)||Xk:||Lq<->(Rn)}

< (19ie—k(n+te) Haj HLq(‘)(Rn)
x {(k = Dbl BN oo @y X8, | Lo @y + HbH*HxBjHm«-)(Rn)HkaHqu(Rn)}

< CQjE_k(nJre)HajHLq(-) Rn)(lC - j)Hb”*HXBk ||Lq(->(Rn)||XBj ||L‘1'(')(]R")

N (i ”XB HLq( (R?
< Ok = )29 P2 b | oo oy o)
Nixs o @

<C(k—75)2" jat(i— )(€+n62)||b||*_

Thus we obtain

0o k—2 p
Ey <Clpfp > 2k < Sl - g)2ietu k)<e+n52>>

k=—o00 =—00

p
LD (Z A = )20 a>) .

k=—00 \j=—o00
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When 1 < p < oo, take 1/p+1/p’ = 1. Since e+ndy —a > 0, by the Holder inequality

we have
00 k—2
B <Ol Y |\, [P2U R e tnda— a)p/2>
k=—o0 \j=—o0
k-2 p/p
x <Z (k — j)P'2U=Petnd2—a)! /2)
j=—00
00 k—2
k_foo j=—o0
= C[b[|7 Z I\ [P ( Z 9(i—k)(e+nda— ap/2>
j=—o0 k=j+2
<clplz Y A
j=—o00

When 0 < p < 1, we have

By < Cllolfz Z (Z I\ P (k — )Pt~ )(e+n62—a)p>

k=—oc0 \j=—00
(2.4) = C||b||P Z I\ [P ( Z (k — j)pQ(j—k)(e+n52—a)p>
j=—o00 k=j+2

< bl Yo v

j==o0

Therefore, by (2.1)-(2.4) we complete the proof of Theorem 2.1.

3. BOUNDEDNESS OF THE COMMUTATOR OF THE LITTLEWOOD-PALEY

OPERATOR

Let € > 0 and fix a function 1 satisfying the following properties:
1) [on th(z)dz =0,

(2) [¥(z)] < O+ |a])="*9),

(3) [¥(z +y) — (@) < Clyl*(1 + |z])~" 1+ when 2|y| < |a].
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The Littlewood-Paley operator is defined by

d d 1/2
st = ([ s WP )

where I'(z) = {(y,t) € R"™ : |z — y| < t} and oy (x) = t™p(x/t) for t > 0. Let b
be a locally integrable function. The commutator of the Littlewood-Paley operator

is defined by

1/2
b5t = ([ IRl )

where

Fo(f)(z,y) = /Rn Uy — 2) f(2)(b(z) — b(2))dz.

In [1], the authors proved that the operator S, is bounded on LPU)(R™) for p(-) €
B(R™). Similar to the method of [1], we can easily obtain that the commutator [b, Sy)]
is also bounded on LPO)(R") for p(-) € B(R") and b € BMO(R™). In this section
we will generalize the result to the case of Herz-type Hardy spaces with variable

exponent.

Theorem 3.1. Suppose q(-) € B(R"),0 < p < 0o,ndy < a < ndy +¢ and b €
BMO(R"™). Then the commutator [b, Sy] is bounded from HK;‘(’_I)’(R”) (or HK5(R™))
to KQP(RR)(OT' K 5(R)).

Proof. We only prove homogeneous case. The non-homogeneous case can be proved
in the same way. Let [ € HK(?‘(’?;(R"). By Lemma 1.5, we get f = Z Aja;, where
j=—00

£l HES @) ™ inf ( Z IA;[P)/P (the infimum is taken over above decompositions of

j=—o0

f), and a; is a dyadic central (a, ¢(-),0;b)-atom with the support B;. We have



BOUNDEDNESS OF COMMUTATORS 27

110, Sﬂf”%;(’g(ﬂm = > 2Pl Sl Il o e
kz_o:o k-2 p
) <C Yy 2k < Al lIxk[b, Syla;llac R"))

. k=—o00 =—00
00 00 p
+C Y 2k ( > lllxlb, Sw]%Hqu(Rn)>

k= —o0 k-1

=+ F

Now we estimate Fy, by the L)(R")-boundedness of the commutator [b, S,] we

have
o0 [oe) p
By <Clblp Y 2kap< |)‘j|||aj||L‘1(')(R")>
k=—o00 j=k—1
[e’e] (e’ p
(3.2) <Cfplr > ( |>\j\2(kj)°‘>
k=—o0 \j=k—1

<Ol Y NP

j=—o00

Let us now estimate Fj. Similar to the proof of Theorem 2.1, for each 7 < k — 2,
we first compute ||xx[b, Syplajll g @ny. Let b, = |Bj|~ 1fB r)dx. Note that if

x € A,y € Bj and j < k — 2, then 2|y| < |z|. Using the vanishing moments of a;
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and the generalized Holder inequality we have

b, Syla;(x)]

’ dydt
< /F(x) (/B] [ (y — 2) — e (y — 0)||a;(2)||b(z) — b(Z)|dz> o

N ET; " dyds
<c|f. </ T ) ) - <z>|dz> =

Jje ; z)|laz 2dydt
=02 /m) </ (t+!y!>"“+€| @)= <)|d> et

<o / ) (t+’;’1)‘2fn+l+€)dydt] /B () b2
<o | [T ] " / ja;(2)1b(z) — b(2)]dz
gczjf—'f<n+f>{ NOYACCIY MRCIE >\dz}

< C2j€k("+€)||aj||Lq(->(Rn){|b($) —bg; [IxB; | Loy @y + 1 (05; — D)X HL‘Z/(')(R")}‘

1/2

1/2

So by Lemma 1.1-1.4 we have

Ixk[0, Sylaj || oo @n)
< CYH)| g, | Loty (m)

X {H(b = b, )Xkl Laoy @y |1XB; | Lo gy + 108, = 0)XB; | Lo meny HXk”L‘J('>(R")}
< C’sz—:fk("JrE)Haj ||Lq(,)(Rn)

X {(k‘ = IolllIx Bl Loy @y X B; | o ey + ”bH*HXBj||L<1/(')(R")||X3k||L‘1(')(R”)}
< CP M| paco ey (B = )DLl 3 o oy X8, | o gy

”XB HLq() R
< Ok = )20 ]l | | paco 7o B

|| BkHLq O (R™)

< Ok — 5)2 —ja+(j— )(6+n52)||b||*.
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Thus we obtain

o0 K2 »
Py < Clplp Yy 2k ( > Nl (k _j>2ja+(jk)(s+n62)>

k=—o0 j=—00

00 k—2 p
=C||b)|% Z (Z |)\j|(k;_j)2(j—k)(e+n52—a)> '

k=—o00 \j=—o00

When 1 < p < 00, take 1/p+1/p’ = 1. Since e+ndy —a > 0, by the Holder inequality

we have

o0 k—2
Fy < C|p|% Z (Z |)\j|p2(j—k)(6+n52—a)p/2>

k=—00 \j=—o00

k—2 p/p
X < Z (k‘ . j)p/Q(j_k)(5+n52—a)p//2>

Jj=—o00

oo k—2
(3.3) < C|b||? Z (Z ‘)\j|p2(jk)(€+n62a)p/2>

k=—00 \j=—o00

:C”bHi Z ‘)\j|p ( Z 2(jk)(€+n62a)p/2>

j=—o00 k=j+2

<Clollz Y Al

j=—o00

When 0 < p <1, we have

o] k—2
F1 < CHsz Z (Z ‘)\]|P(k _j)p2(j—k)(e+n52—a)p>

k=—00 \j=—00

(3.4) = C/||b||P Z I\ [P ( Z (k _j)pQ(jk)(€+n52a)p>

j=—o00 k=j+2

<Clollz Y Al

j=—c0

Therefore, by (3.1)-(3.4) we complete the proof of Theorem 3.1.
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