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CHARACTERIZATION OF THE GELFAND-SHILOV SPACES OF
BEURLING TYPE AND ITS DUAL VIA SHORT-TIME FOURIER
TRANSFORM

MOHD M YASEIN () AND HAMED M. OBIEDAT @

ABSTRACT. We characterize Gelfand-Shilov spaces ¥2 of test functions of tempered
ultradistribution, in terms of their short-time Fourier transform using its symmetric
characterization via the Fourier transform. Using Riesz representation theorem, we

prove structure theorem for functionals in dual space (£2)" .

1. INTRODUCTION

In mathematical analysis, distributions (generalized functions) are objects which
generalize functions. They extend the concept of derivative to all integrable functions
and beyond, and used to formulate generalized solutions of partial differential equa-
tions. They play a crucial rule in physics and engineering where many non-continuous
problems naturally lead to differential equations whose solutions are distributions,
such as the Dirac delta distribution. The theory of generalized functions devised by
L. Schwartz was to provide a satisfactory framework for the Fourier transform(see
10]).

Some other types of distributions called ultradistributions have also been studied

by Gelfand and Shilov (see [6]) which are well-known in the theory of tempered
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ultradistribution. S. Pilipovic obtained structural theorems for Gelfand-Shilov spaces
of Roumieu and Beurling type (see [8], [9]).

In (see [4]), K. Gochenig and G. Zimmermann obtained a characterization of
Gelfand-Shilov spaces of Roumieu type via short-time Fourier transform and the
Gelfand-Shilov spaces are connected to Modulation spaces.

In this paper, we characterize Gelfand-Shilov spaces of Beurling type of test func-
tions of tempered ultradistribution in terms of their short-time Fourier transform.
As a result of this characterization and using Riesz representation theorem, we prove
structure theorem for functionals in dual space (X7

The symbols C*°, C§°, LP, etc., denote the usual spaces of functions defined on R",
with complex values. We denote || the Euclidean norm on R", while [|-[|, indicates
the p-norm in the space LP, where 1 < p < oo. In general, we work on the Euclidean
space R™ unless we indicate other than that as appropriate. The Fourier transform of
a function f will be denoted F (f) or f and it will be defined as Jon €72 S (2) dex.
With Cy we denote the Banach space of continuous functions vanishing at infinity

with supremum norm.

2. PRELIMINARY DEFINITIONS AND RESULTS

J. Chung et al proved symmetric characterizations for Gelfand-Shilov spaces via
the Fourier transform in terms of the growth of the function and its Fourier transform

which imposes no conditions on the derivative.

Theorem 2.1. ([1]) The space X2 can be described as a set as well as topologically

by

¢ :R" = C: ¢ is continuous and for all

k= 07 1727 vy PEO (80) < 0, k.0 (80) < 0
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R /8
where pr.o (p) = He’“' ' soH , Tho (@) = He’“'f‘l sDH

o0

The space X8, equipped with the family of semi-norms

o’

N = {pro, mro : k € No},

1s a Fréchet space.

1/a

Remark 1. For a > 1, the function |e|/® : [0,00) — [0, 00) has the following proper-

ties:

l/a .. . .
(1) |o| "/ is increasing, continuous and concave,

(2) [t|* > a+bln(1+¢) for some a € R and some b > 0.

Remark 2. Let us observe for future use that if we take N > 7 is an integer, then

Cy = / e Nl gp < oo, for all a > 1,

where b is the constant in property 2 of Remark 1. Moreover, property 1 in Remark

1/a

1 implies that |e|/® is subaddative.

Example 2.1. From Theorem 2.1, it is clear that the Gaussian f(x) = el belongs

to 3P for all a > 1 and 8 > 1.

It is well known that Fourier series are a good tool to represent periodic func-
tions. However, they fail to represent non-periodic functions accurately. To solve
this problem, the short-time Fourier transform was introduced by D. Gabor [2]. The
short-time Fourier transform works by first cutting off the function by multiplying it
by another function called window then apply the Fourier transform. This technique

maps a function of time x into a function of time x and frequency ¢ .
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Definition 2.1. ([3], [4])The short-time Fourier transform (STFT) of a function or
distribution f on R™ with respect to a non-zero window function ¢ is formally defined

as

—

vof (@.6) = | fg(t —a)e <t = (T.g)(€) =< f, MTog >

where T,g(t) = g(t — ) is the translation operator and M¢g(t) = e*™*$g(t) is the

modulation operator.

The composition of T, and M¢ is the time-frequency shift

(MeT,g)(t) = ™4 g(t — ),

and its Fourier transform is given by
Ty = M TG

The main properties of the short-time Fourier transform is given in the following

lemma.
Lemma 2.1. ([3], [4])For f,g € X2, the STEFT has the following properties.

(1) (Inversion formula)
2.1) [ [ wf0nLg@dsds = ol s

R7 xR™
(2) (STFT of the Fourier transforms)
Vﬁf(x7 5) = 6727”@.51/9.]0(_57 I)
(3) (Fourier transform of the STFT)

(2.2) vl (z,€) = ™ f(—€)G(w).
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Remark 3. The space v,(X°) = {v,f : f € X8} has no functions with compact

support.

Now we will introduce two auxiliary results that we will use in the proof of the

topological characterization of the space X2 via the short-time Fourier transform.

Lemma 2.2. ([4])Let f and g be two nonnegative measurable functions. If N > n,

there exists C' > 0 such that

Y

”ek\'ll/a(f « g)HOO <C H€2<N+k)\-|”afHoo He2<N+k>|-|l/”‘g

‘ o0

for all k =0,1,2,.... The constant C does not depend on k.

In the following lemma, we include a proof using the topological characterization
of X3¢ given in Theorem 2.1 which imposes no conditions on the derivative. Our proof

is an adaptation of the proof of (Proposition 2.6 stated in [4]).

Lemma 2.3. Let g € ¥ be fized and assume that F : R*™ — C is a measurable
function that has a subexponential decay, i.e. such that for each k = 0,1,2, ..., there

1s a constant C' = Cy, > 0 satisfying

Fa,€)] < CemHel "+,

Then the integral

0= [ [ P00

defines a function in 7.
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Proof. To prove that f € ¥2, we start with
@ pw) < [ [ P OnTg) o)
< [ [ Pl )| dedg
< [ [ P olme )| du
//R% Hlal!/2 NI (= NIE by ) Hem-ll/‘*gHm dude

// QU+ N) (/2 +1€1/2) =N (Jaf /2 +1g[1/?) |F($7£)“‘ek|"l/ag“ dxdé
R2n o0

IN

IN

< Hekl'll/ag

‘OO‘

‘6(N+k)<\x|“a+\s|”ﬁ)FH // N+ ) g e
o0 RQn

< C)’e<N+’€><‘x|”“+lf‘w)FH '

(2.3) He’“"'”afHoo <C

6<N+k><\x|“a+\s|”ﬁ>FH ,

This implies that He”"l/afH < 00.

To show that Hek“'wf“ < 00, we write
o

fiy = [ [ PO T r)emsands.

using

facg

(MTog)(1) = (M Teg) (7)™ <.

Using an argument similar to the one leading to the proof of (2.3), we have

‘ek\r|l/"f(7)‘ <C H6<N+k><|x|1/a+\§|“">FH .
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This completes the proof of Lemma 2.3.

Remark 4. Given o > 1.Then for the Gaussian g(z) = e~ and f with e‘kml/af €

L for some k € Ny, then v, f is well-defined and continuous. In fact,

vof(2,8)] =

o x)e%“-fdt\
5

< / F()g(E — 2y 2] dt
= / e—klxll/a‘f(t)’eklt\l/a g(t—:c)‘dt
< [t g | e

_ 1/ 1/« 1/
- e el
1

This shows that v,f is well-defined. Moreover, if we fix (z9,&) € R*" and let
(z7,€;) be any sequence in R?" converging to (z9,&) as j — oo, the function

f(t)g(t — x;)e 2% converges to f(t)g(t — xp)e 2™% pointwise as j — oo and
j

f(t)me_2mt-5j

< ‘e—k\t|1/°‘f(t)€k|t\l/ame—27rit.§j

< ‘e—km”a F(t)ekt=ul " gE = 7)€kl

< ¢ ’€—k|t|1/°‘f(t)’ Hem.ﬁ/“g

‘ o0

< C ‘e—’fltl”a f(t)) .

Since the function ’€*k|t‘1/af(t)‘ € L', we can apply Lebesgue Dominated Conver-

gence Theorem to obtain
Vo f(25,85) = vy f (o, o)

as j — oo. This shows the continuity of v, f.
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3. THE SHORT-TIME FOURIER TRANSFORM OVER %/

We use the topological characterization as stated in Theorem 2.1. Our proof im-

poses no conditions on the derivative.

Theorem 3.1. Let a > 1, 8 > 1 and g(z) = e ™ be the Gaussian. Then the

Gelfand-Shilov space X2 can be described as a set as well as topologically by
P ={f:R" = C: efm‘ﬂl/af € L' for some m € Ny and my(f) < oo, Vk € Ny, }

where m(f) =

k l/a_,’_ 1/8
ka2, g
o

Proof. Let us indicate B the space defined in (3.1). Observe that the condition
e’kml/af € L' for some k € Ny implies that v, f is continuous by Remark 4, so the
formulation of the condition Hek(ml/a*'ﬂw)l/ng makes sense. We define in B% a

structure of Fréchet space by means of the countable family of semi-norms

N={m:k=0,1,2,..}.

We will show that B9 = 3. To do so, we first prove that B C %8 continuously.
Fix f € B° we need to show that Hekml/ﬂfAH and Heklx|1/afH are finite. Since
f € BE, then m;, (f) < oo for all k € Ny which implies that v, f has a subexponential
decay. Then by Lemma 2.3 and the inversion formula given in Lemma 2.1, we can

write

0 =lal* [ [ (afle. ) MTg)O)dode

Using Lemma 2.3, we have that He’“'éll/ﬁﬂ) and He“‘”‘l/afH are finite for all £ € N.
Conversely, let f € X2, then we know that f is continuous and for all k € Ny

pro (f) < 00, mho (f) < .

It is clear that e*kml/af € L! for some k € Ny since f € ¥2.To show that m,(f) < oo
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for all k € Ny, we write

O, fla )| = e

f(t)g(a — t)e > dt
R

xl/a
< AL gl Moo

Using Lemma 2.2 we get the following estimate

Z1/04 xl/a
e (0, O < |1 lgh)||
< 0H62(N+2k)|x\1/af” Hez(N+2k)\x|1/ag‘
< C«HBQ(N+2I<:)|93\1/“]¢H '
Then
zl/a zl/a
(3.1 Py fla, )] < € eI g

Moreover, since we can write v, f(x,&) = e_%iwugf(f, —z), we have the following

estimate.

M8y fla, )] < e g fle, —a)

o= (7] < ]

IN

Once again, using Lemma 2.2 we obtain

1/8 1/8 ~
I ) < e € (7] 9|
< OH62<N+%>|5\1/5 ]?H Hg(m%)\&”%”
< 0H62(N+2k)|g\1/3]?H .
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Then

(3.2) Yy f(2,6)] < |

62(N+2k)\§|1/ﬁﬂ’ '

Combining (3.1) and (3.2), we have that

o2kl +elM?) |ng<x7§)|2 < O

62(N+2k)(|m\1/“fH ‘
o0

62(N+2k)\5|1/,8]>" )
o

This implies that

(3.3) m(f) < C(Hez(zv+2k)(|x|l/afuoo I HeZ(NkawﬂLo)'

So, f € B5. Hence B’ C ¥f and the inclusion is continuous. This completes the
proof of Theorem 3.1. O

Remark 5. Let g(z) = e ™ be the Gaussian. Then for f € Z8(R"), we have
v, € S5(R™).
4. CHARACTERIZATION OF THE DUAL SPACE (X7)/

Theorem 4.1. ([7])Given a functional L in the topological dual of the space Cy, there

exists a unique reqular complex Borel measure p so that

L(s@)z/ns@du-

Moreover, the norm of the functional L is equal to the total variation |u| of the
measure (. Conversely, any such measure j defines a continuous linear functional

on Cy.
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Theorem 4.2. Let g(z) = e~ be the Gaussian. Then if L : ¢ — C, the following
statements are equivalent:

(i) L € (X8

(17) There exist a regular complex Borel measure u of finite total variation and k € Ny

so that

331/& 1/8
L= ekl 41, g,

in the sense of (X°2)1.
Proof. (i) = (). Given L € (X2)/, there exist k, C so that

Lg)<C Hek(\zll/a-klf\l/ﬁ)yg@H

o0

for all ¢ € 3. Moreover, the map

Y (R™) — Co(R?™)

k(e 417

Y —e Vg

is well-defined, linear, continuous and injective. Let R be the range of this map. We

define on R the map
z 1/a 1/8
I, (eku M) ),,M> — L(y),

for a unique ¢ € ¥2. The map [, : R —C is linear and continuous. By the Hahn-
Banach theorem, there exists a functional L; in the topological dual Cj(R*") of
Co(R?") such that ||L;]| = ||l1]| and the restriction of L; to R is [;. Using Theo-
rem 4.1, there exist a regular complex Borel measure p of finite total variation so

that
Ly (f) = Jdu

R2n
for all f € Co(R*™). If f € R, we conclude

ml/a 1/8
L(¢)2/2 M HE T,
Rn
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for all ¢ € 3. In the sense of (37)/,

oll/ag|1/B
L:/R%eku ) .

(ii) = (i). If p is a regular complex Borel measure satisfying (i) and ¢ € X2, then

Sl (¢1/8
L(p) :/2 M,
R n

This implies that

/ ek(u”%m”ﬁ),,ggodu‘
R2n

n |t/ et/B
<l @2 || |

< offjertr s )|

It may be noted that u, employed to obtain the above inequality, is of finite total

variation. This completes the proof of Theorem 4.2. U

REFERENCES

[1] J. Chung, S.-Y. Chung, D. Kim, Characterizations of the Gelfand-Shilov spaces via Fourier
Transform, Proc. Amer. Math. Soc. 124 (1996), 2101-2108.

[2] D. Gabor, Theory of communication, J. IEE (London ), 93(III): 429-457, November 1946.

[3] K. Grochenig, G. Zimmermann, Hardy’s theorem and the short-time Fourier transform of
Schwartz functions, J. London Math. Soc. 63 (2001), 205-214.

[4] K. Grochenig, G. Zimmermann, Spaces of test functions via the STFT, Function Spaces Appl.
2 (2004), 25-53.

[5] H. Komatsu, Uliradistributions. I: Structure theorems and a characterization, J. Fac. Sei. Univ.
Tokyo Sect. TA Math. 20(1973), 25-105.

[6] I. M. Gel'fand and G. E. Shilov, Generalized functions, Vol. II, Academic Press. New York,
1964.

[7] W. Rudin, Functional Analysis, Second Edition, McGraw-Hill Inc., 1991.

[8] S. Pilipovic, Tempered ultradistributions, Boll. U.M.I. 7 (1988), 235-251.



CHARACTERIZATION OF THE GELFAND-SHILOV SPACES OF BEURLING... 43

[9] S. Pilipovic, Characterization of bounded sets in spaces of ultradistributions, Proc. Amer. Math.
Soc. 120 (1994), 1191-1206.
[10] J. Chung, S.-Y. Chung and D. Kim, Une charactérization de ’space S de Schwartz, C. R. Acad.
Sci. Paris Sér. I 316 (1993) 23-25.

(1,2) DEPARTMENT OF MATHEMATICS, HASHEMITE UNIVERSITY, P.O.Box 150459, ZARQA

13115-JORDAN

(2) DEPARTMENT OF MATHEMATICAL SCIENCES, NEW MEXICO STATE UNIVERSITY, LAS
CRUCES, NM 88003, USA
E-mail address: (1) myasein®@hu.edu.jo

E-mail address: (2) hobiedat®@hu.edu.jo;hobiedat@nmsu.edu



