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AN INEQUALITY FOR SOME FUNCTIONS OF
CONTINUOUS RANDOM VARIABLES

PIYUSH KUMAR BHANDARI® AND S. K. BISSI¥Y

ABSTRACT: We establish new inequalities for moment genegaftinction of a continuous
random variable; characteristic function of a cambtius random variable, power spectral
density (or power spectrum) of a continuous-time SN$andom process and
autocorrelation function of a continuous-time W$8dom process, using a form of the

Cauchy-Bunyakovsky-Schwarz inequality. Our new usdijies obey the general form

f2(ox) < f{(a + B)x}{(a — P)x} (B ER)

1. INTRODUCTION
The Cauchy-Schwarz inequality (see for instanf; $#dtes that

n 2 n n
(Z aibi) < z a;® z b;? (aj, b; € R),
1 i=1

= =
and the well-known Cauchy-Bunyakovsky-Schwarz (CB8jjuality [4] states that
(Pwe ®vi® clt)2 < (fPu dt) (v @ de), (1)
for all functionsu, v : [a,b] = (—o0, ), such that the integrals exist.
As we know, the Cauchy-Schwarz and Cauchy-Bunyd&e$chwarz inequalities play
an important role in different branches of moderatmematics such as Hilbert space
theory, classical real and complex analysis, nuraernalysis, probability and statistics,

qualitative theory of differential equations aneithapplications. To date, a large number

2010 Mathematics Subject Classification. 26D07, BRE

Keywords and phrases. Cauchy-Bunyakovsky-Schwaemuality, moment generating
function, characteristic function, continuous-tifMéSS random process, power spectral
density.

Copyright© Deanship of Research and Graduate Studies, Yartdoiversity, Irbid, Jordan.
Received: Sep. 22, 2015 Accepted: Feb. 3, 2016

65



66 PIYUSH KUMAR BHANDARI AND S. K. BISSU

of generalizations and refinements of these inéipmlhave been investigated in the
literature (see, e.g., [2, 3, 5, 6, 8, 9 and 11]).
A. Laforgia and P. Natalini [1] used the followifgm of the CBS inequality (1):

(Pe@fFod) = ([Peorm®d) (1°go e d). 2

to establish some new Turan-type inequalities wingl the special functions as
gamma, Polygamma functions and Riemann zeta functio

Heref andg are two nonnegative functions of a real variabld @ andn belong to a
set S of real numbers, such that the involved mategn (2) exist.

Motivated by this remark, we have the idea to repla(t) and v(t) in (1) by

g(®) h**B(t) and g(t) h*=F(t) respectively, to obtain the following new ineqtyal

(Pe@neoa) < (e hebo dt) (f2g® hePoar) 3)

in whicha, B € R andg, h are real integrable functions such that the inedlintegrals
in (3) exist.

The aim of this paper is to apply the continuowexjirality (3) for some functions of a

continuous random variable in order to get new uradities of the general form

f2(ax) < f{(a + B)x}f{ (a0 — B)x} (o, B € R). (4)
In particular, for a = 1, inequality (4) reduces to
f2(x) < f{(1 + B)x}F{(1 — B)x} (B € R). (5)

2. THERESULTS
In this section, we apply the inequa(i8y to establish new inequalities of the ti#e
2.1 An inequality for the moment generating function of a continuous random variable:

If X is a continuous random variable, then its dengityction (probability density
function)f = fy(x) is defined by (x) =%, whereFy(x) is known as distribution function
(or cumulative distribution function) &f and defined byy(x) =P(X<x) —o<x<oo.

Density functionsy(x) are characterized by the properties thad >0, vxe R and

J5 () dx = 1.
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The moment generating function ofcantinuous random variabkewith probability
density functiorfy(x) is defined by

Mx(t) = E(e™) = [* e™fy(x)dx , where t is a real variable (6)

Note that moment generating function will existyofdr those values of t for which the
integral converges absolutely.

Now if g(x) = fxy(x),h(x) = e are substituted in inequality (3) farb] - (—«, ), the

following inequality is derived

(o] 2 (o] (o]
(f eO(tXfX (x) dX> < (f e(a+B)tXfX(X) dX> (f e(O(_B)tXfX (x) dX).

By (6), above inequality is equivalent to

Mx® (at) < Mx{(at + B)Mx{(a — B)t}. (7)
Clearly this inequality is a special case of (44 ah(5) fora =1 i.e.
My (t) < Mx{(1 + B)tIMx{(1 — B)t}. (8)

For example, let us consider a special case abtmama distribution [7] in the form
fy(x) = ka_le_X (0 <x<o0;1>0)
* ro ‘ - ‘ '

whose moment generating function is computed as

M (t):fw e™ Lx”‘le"‘dxz _t (A>0;t<1)
X B 1—t)}l' ) .

@) (
This means that according to (7), we have
(1-a)™ < {1 - (a+ Y {1~ (a—BY™, 9)

where at < 1, (a + p)t < 1 and(a — Bt < 1.
If we puta=1 in (9), inequality (9) is transformed to
1-9 <{1-1+pygr{1-1-py™, (10)

wheret<1, (1+p)t<1and(1-pt<1.
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2.2 An inequality for the characteristic function of a continuousrandom variable:

The characteristic function of a continuous randariableX with probability density

function fx(x) , is defined by

Ux(w) = E(e%) = [T el®* fy(x) dx, (11)

wherew is a real variable and- v-1.

Note thaty(w) is the Fourier transform af(x), so ifyyx(w) is known fy(x) can be found
from the inverse Fourier transform; that is,

fx () =7 e Yy (0) dw, ( ER)

Now [yx(w)| = |f7, &% fxx)dx| < [7 | e*fx(x)dx| = [ fx(x)dx=1<o . Thus the
characteristic functionpy(w) is always defined even if the moment generatingtion is
not defined.

Hence, ifg(x) = fx(x),h(x) = ¢ and[a,b] » (-, ) are considered in inequality (3)
then we get

e} 2 o @
(f ejameX(X) dX) < (f ei(a+B)mfo(X) dX) (f ei(a—B)meX (x) dX).

Using (11), this is in fact equivalent to:

by (aw) < byl (o + Bwhpx{(a = Blw}. (12)
Inequality (12) is a special case of the main iradityu(4).

If « =1, inequality (12) is transformed to

b (@) < bx{(1 + Bwhx{(1 - Bw). (13)

For example, let us consider a special case ofChechy random variabbe with

parametepn > 0 and probability density function given by

() = n(xz—”ﬂz) (—o0 < x < o0),

then the characteristic function %fis given byyy(w) = e

This means that according to (12), we have

(e—ulawl)z < (e HrBel) (gmHie-Bal), (14)

If we puta=1 in (14), inequality (14) reduces to
(e7HeN)? < (emHIA+BwI) (e=HIA-Bwl), (15)
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2.3 An inequality of type (4) for the power spectral density of a continuous-time WSS

random process:

The autocorrelation function [7] of a continuouski WSS (wide—sense stationary)
random process(t) is defined as:

Ry (1) = E[X()X(t + 1)], wheret is the time difference.

Now the power spectral density (or power spectrsgijo) [10] of a continuous-time
WSS (wide—sense stationary) random prog&€ssis defined as the Fourier transform of
autocorrelation functioRy(t); that is,

Sx(w) = F{Rx(D)} = [, e " Ry (D) dr, (16)

wherew is a real variable arjd= v/—1 , provided that the integral in (16) exists.

Thus, taking the inverse Fourier transformS&f{w), we obtain

Ry (1) = FH{Sx (@)} = = [, & Sy (w)dw, (17)

wheresy(w) is real andsy(w) > 0.

Equations (16) and (17) are known as the Wienenéthin relations.

Hence, substituting(t) = Ry(1),h(t) = e7*T and[a,b] —» (-m, ) in inequality (3), the

following inequality is derived

[ee] 2 © o
( f e—jaerX(r)dr> s( f e‘““*ﬁ)““Rx(r)dT) ( f e‘j(“‘ﬁ)“"Rx(T)dT>-

Using (16), this is in fact equivalent to:

Sx” (aw) < Sx{(a + B)wiSx{(a — Bw}. (18)

Inequality (18) is a special case of the main iradityu(4).

If « =1, inequality (18) is transformed to

Sx* (@) < Sx{(1 + Bw}Sx{(1 — Plw}. (19)

For example, let us consider a WSS random procgssvith the autocorrelation
functionry(t) = e Il wherep is a real positive constant. Then power spectealsily (or
power spectrumiy(w) of X(t) is

2u
(w? +p?)

Sy (w) = F{Rx(D)} = fm e joT g kItdr =
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This means that according to (18), we have

2

(mw)z—uw) = (((a+ B)Ziy T uz) (((a— B)Ziy T uz)

2

> ((aw);ﬂl) = <<(a T B)l)z ) <<(a = B)l)z )

Fora=1, this inequality is reduced to

2

(wz;ﬂﬁ) = (((1 n B)t))z n HZ) (((1 _ B)t))z n HZ)'

2.4 An inequality of type (4) for the autocorrelation function of a continuous-time WSS
random process:

As discussed above, the autocorrelation functi® igthe inverse Fourier transform of
Sx(w) that is,

Ry (1) = = [, ™ Sy(w)dw,

Now if g(w) = Sx(w), h(w) = ™ are substituted in inequality (3) fRrb] - (—ow, »), the
following inequality is derived

© 2 © 0
(f ejatwsx(w) du)) < (J- ej(a+B)thX(w) du)) (J- ej(a—B)TwSX(m) du)>.

Using (17), this is in fact equivalent to:

Rx*(a1) < Rx{(a + B)tIRx{(a — B)T}. (20)
Inequality (20) is a special case of the main iradityu(4).

For instance, Ifa = 1, inequality (20) is transformed to

Rx*(0) < R{(1 + B)TRx{(1 - B)T}. (21)
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