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SOME RESULTS ON A CONE RECTANGULAR METRIC SPACE

SHISHIR JAIN () AND SHOBHA JAIN @

ABSTRACT. The notion of cone rectangular metric spaces was introduced by A.
Azam, M. Arshad and I. Beg in [1] (Applicable Analysis and Discrete Mathematics,
2009). The object of this paper is to prove some common fixed point result for two
weakly compatible self maps satisfying a generalized contractive condition in a cone
rectangular metric space. Our result generalizes the said result of [1]. All the results

presented in this paper are new.

1. INTRODUCTION

There has been a number of generalizations of metric space. One such generaliza-
tion was initiated by Huang and Zhang [4] in the name of cone metric space. In this
space they replaced the set of real numbers of a metric space by an ordered Banach
space and gave some fundamental results for a self map satisfying some contractive
conditions. These results were generalized in Abbas and Jungck [6]. Papers [6] and
[4] to [13] represent a comprehensive work in cone metric space. In [8] authors define
compatibility in a cone metric space establishing some results which are known to
be true in a metric space. A. Azam, M. Arshad and I. Beg in [1] introduced the
concept of cone rectangular metric space proving Banach contraction principle with

a simple contraction for one self map assuming the normality of cone associated with
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the space. In this paper, we establish the existence of a unique common fixed point
through weak compatibility, of two self maps satisfying a more general contractive
condition than one adopted in [1] without assuming the normality of cone associated
with the space. Our results generalize, extend and unify several well known results

in this space.

2. PRELIMINARIES
Definition 2.1 ([4]). Let E be a real Banach space and P be a subset of E and 0 is
the zero vector of E. Then P 1is called a cone if:

(i) P is a closed, nonempty;

(ii) a,b € R,a,b>0,z,y € P imply ax + by € P;
(111) x € P, —x € P imply v = 6.
Given a cone P C E, we define a partial ordering” X7 in E byx <y ify—x € P.
We write x < y to denote x <y but x # y and x <K y to denote y — x € P°, where
P° stands for the interior of P.

The cone P is called normal if there exists some M > 0 such that for
ryeB0=x 2y = |[z] < Mly|.

Proposition 2.1. Let P be a cone in a real Banach space E . If for a € P and

a = ka, for some k € [0,1) then a = 6.

Proof. For a € P,k € [0,1) and a = ka gives (k — 1)a € P implies —(1 — k)a € P.
Therefore by (ii) we have —a € P, as 1/(1 — k) > 0. Hence a = 6, by (éii). O

Proposition 2.2 ([13]). Let P be a cone is a real Banach space E with non-empty

interior. If fora € E and a < ¢, for all c € P°, then a = 0.

Remark 2.1 ([13]). AP° C P°, for A > 0 and P° + P° C P°.



SOME RESULTS ON A CONE RECTANGULAR METRIC SPACE 241

Definition 2.2 ([4]). Let X be a nonempty set and P be a cone in a real Banach
space E. Suppose the mapping d : X x X — E satisfies:

(a) 0 =d(x,y), for al z,y € X and d(x,y) = 0, if and only if x = y;

(b) d(xz,y)=d(y,x), for all z,y € X;

(c) d(z,y) 2 d(x,z)+d(zy), forall x,y,z € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space. If P

is normal, then (X, d) is said to be a normal cone metric space.

For examples of cone metric spaces we refer Huang et al. [5].

Proposition 2.3 ([3]). Let (X,d) be a cone metric space and P be a cone in a real

Banach space E. If u 2 v,v < w then u < w.

Definition 2.3 ([1]). Let X be a nonempty set and P be a cone in a real Banach
space E. Suppose the mapping d : X x X — E satisfies:

(a) 0 = d(x,y), for all z,y € X and d(x,y) = 0, if and only if v = y;

(b) d(z,y) = d(y,xz), for all z,y € X;

(c) d(z,y) = d(z,w) + d(w, z) + d(z,y), for all z,y € X and for all distinct points
w,z € X\ {z,y}.

Then d is called a cone rectangular metric on X, and (X, d) is called a cone rectangular
metric space. Let {x,} be a sequence in X and v € X. If for every ¢ € E with
0 < c there is a positive integer N, such that for all n > N, d(z,,z) < c, then the
sequence {x,} is said to converges to x, and x is called the limit of {x,} . We write
lim, ..ox, = x or x, — x, as n — oo. If for every ¢ € E with 6 < ¢ there is a
positive integer N, such that for alln,m > N, d(x,,x,,) < ¢, then the sequence {x,}
1s said to be a Cauchy sequence in X. If every Cauchy sequence in X is convergent

i X then X s called a complete cone rectangular metric space.



242 SHISHIR JAIN O AND SHOBHA JAIN ®

In the following (X, d) will stand for a cone metric space with respect to a cone P
with P° # ¢ in a real Banach space E and =< is partial ordering in £ with respect to
P.

Example 2.1 ([1]). Let X = NJE = R? and P = {(z,y) : =,y > 0}. Define
d: X xX — E as follows:

(0,0), ifx=y;
d(z,y) =9 (3,9), ifz,ye{l,2},z#y;
(1,3),

Then (X,d) is a cone rectangular metric space but not a cone metric space because it

otherwise.

lacks the triangular property:
(3,9) = d(1,2) £ d(1,3) + d(3.2) = (1,3) + (1,3) = (2,6)
as (3,9) — (2,6) = (1,3) € P.

Lemma 2.1. Let (X,d) be a cone rectangular metric space and P be a cone in a real
Banach space E and ki, ks, ks, k > 0 are some fixed real numbers. If x, — x,y, — y
and z, — z in X and for some a € K

(1.1) ka = kid(xy,, ) + ked(yn,y) + k3(zn, 2), for all n > N, for some integer N,

then a = 0.

Proof. As x,, — x, and y,, — vy and 2, — z for ¢ € P? there exists a positive integer
N, such that

c c c

= d(Tp, ), 77— — d(Yn,Y),
e R SRRl ey S A DL ey
for all n > max{N, N.}. Therefore by Remark 2.1, we have

]{710 kQC
(k1 + ko + k3) (k1 + ko + k3)

—d(zp,2) € P°

kic
—k‘ld(l'n,l'), _de(ynay)a ( -

MO pd(z,,2) € P
m+@+m)3(zd

Again by the above and Proposition 2.3, we have

¢ — kid(xy,, x) — kod(yn, y) — ksd(zp, 2) € P° for all n > max{N, N_.}.
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From (1.1), we have ka < ¢, for each ¢ € P°. By Proposition 2.2 | we have a = 0, as
k> 0. ]

Definition 2.4 ([6]). Let A and S be self maps of a set X . If w = Az = Suz,
for some x € X, then x is called a coincidence point and w is called the point of

coincidence of A and S corresponding to x.

Definition 2.5 ([10]). Let X be a nonempty any set. A pair (A,S) of self maps of
X s said to be weakly compatible if u € X, Au = Su imply SAu = ASu.

Proposition 2.4 ([6]). Let (f,g) be a pair of weakly compatible self maps of a set
X. If f and g have a unique point of coincidence w = fx = gx, then w is the unique

common fized point of f and g.

3. MAIN RESULTS

Lemma 3.1. Let (X, d) be a cone rectangular metric space with respect to a cone P

with P° # 0 in a real Banach space E. Let A and S be self mappings on X satisfying:
(8.1.1) A(X) C S(X),
(8.1.2) there exist A\, 0,3 € [0,1) such that 0 < A+ p+ 36+ 3 < 1 and the following

inequality is satisfied:
d(Az, Ay) = Md(Az, Sx) + pd(Ay, Sy) + dd(Sz, Sy) + fd(Ax, Sy)

forall z,y € X.

For some xo € X, define sequences {x,} and {y,} in X such that
Ax, = STy = yn, n € N.

Suppose d,, = d(Yn, Yn+1), for alln > 0. Then:

(1) If the pair (A, S) has a coincidence point then it is unique.
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(I1) If yp = Yns1, for somen € N, then Sz, 1 = Az, = u (say) and thus the pair
(A, S) has a unique point of coincidence u.
(III) (a) there exists h < 1 such that d,, < hd,_1, and so, d,, < h"dy for alln € N,
and if m > 1 then d,p, < d,.
(b) If Yo = Ynyp for some p > 1, then p = 1. Thus, if two terms of {y,} are
equal, then they are consecutive.
(c) If the sequence {y,} consist of all distinct terms then, d(Yns2, yn) = kh" 1dy,

for some 0 < h <1,k >0.

Proof. (of I) Suppose u and v are two coincidence points of the maps A and S, i.e.,

Au = Su and Av = Swv, for some u,v € X. Taking x = u,y = v in (3.1.2) we have
d(Au, Av) 2 Md(Au, Su) + pd(Av, Sv) + dd(Su, Sv) + Gd(Au, Sv)

i.e., d(Su, Sv) = (§ + B)d(Su, Sv).
As § + [ < 1, by Proposition 2.2, d(Su, Sv) = 0. Hence, Su = Sv. This proves the

uniqueness of point of coincidence of the pair (A4, .5). O
Proof. (of 1I) By definition of y,, and y,,11, the result follows. O
Proof. (of 111 (a)) : Taking z = x,,y = x,41 in (3.1.2) we get,
d(Azp, Axyyy) = Md(Axy, Sxy,) + pd(Azp g, Stpgq) + 0d(Sxy,, Sxpir)
+ Pd(Az,, Sxpi1)

ie.,

d(ym yn-i-l) = /\d(yna yn—l) + :ud(yn—i-la yn) + 5d(yn—1a yn) + 5d(yna yn)
= /\d(ym yn—l) + :ud(yn—i-la yn) + 5d(yn—1a yn)

= )‘d(yna ynfl) + ﬂd(ynJrla yn) + (5d(yn,1, yn)'
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Writing d(Yn, Ynt1) = dn, we have d, < Ad,_1 + pd, + éd,_1, ie., (1 — p)d, =<
(A+6)dp—1. Thus,

(3.1) d, = hd,_; forall neN
where h = %ﬁ. In view of (3.1.2) we have 0 < h < 1. O
Proof. (of III (b)) Suppose ¥, = Yn+p for some p > 1 Then,
A(Yn> Ynt1) = dYntp: Yns1) = d(Apip, ATiy).
Taking © = 24,y = Tpqq in (3.1.2) we get,

d(Azpyp, Axpy1) = A(AZpip, STnyp) + pd(AZpi1, Stpy1) + 0d(SThp, STny1)

+ Pd(Azpip, SThir).

Thus,

dn j )\dn—I—p—l + ,udn + 5d(yn+p—17 yn) + ﬁd(yn-i-pa yn)
= Mupp-1+ pidn + 0d(Yntp-1, Yntp)

= (A+ 5)dn+p71 + pudy.

Hence, d, =< %dnﬂ?_l = hd,yp—1. This gives d, < dpqp—1. Thus d,, < dpqs, for

some m > 1. This contradicts III(a). Hence p = 1 and the result follows. U

Proof. (of 111 (c))Taking = x,,y = xp4o in (3.1.2) we have

d(Azy, Axpio) = Md(Azy, Sxy) + pd(Az, o, STpie) + 0d(Sxy, STpia)

—Fﬁd(Al’n, an+2)
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which implies that

d(yna yn+2) = )‘d(yna ynfl) + ud(ynJrQa ynJrl) + 6d(yn717 ynJrl) + ﬁd(yna ynJrl)
j )\dn—l + Ndn+1 + 5[d(yn—17 yn) + d(yna yn+2) + d(yn+2a yn-f—l)] + ﬁdn

= )‘dn—l + :udn-f—l + 5[dn—1 + d(yna yn+2) + dn-f—l] + ﬁdn

Thus,

which implies that

A+0 i+ 3
d(Yns Ynt2) = mdn_l +——dp1 + T3

1-946
A+0 . 4 p+o I6;
=<  pn 1 —hn+1 L
SIS G e S
- /\+M1t255+ﬁhn_ldo,

— kh"ld,,

dp.

h™)dy,

A+ p+26+p0
1-46

where k =

> 0, in view of (3.1.2). O

Theorem 3.1. Let (X, d) be a cone rectangular metric space with respect to a cone P
with P° # ¢ in a real Banach space E. Let A and S be self mappings on X satisfying
(3.1.1),(3.1.2) and

(3.2.1) Either A(X) or S(X) is complete.

Then the mappings A and S have a unique point of coincidence in X. Moreover, if
the pair (A, S) is weakly compatible, then this coincidence point is the unique common

fixed point of the maps A and S in X.

Proof. We construct two sequences {z,} and {y,} in X as defined in Lemma 3.1.
If y, = yni1 for some n, then from then from Lemma 3.1 the maps A and S have

a unique point of coincidence in X and that the elements of the sequence {y,} are
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all distinct or else some consecutive terms are equal . Now, it remains to prove the

existence of unique point of coincidence when the terms of {y, } are all distinct. First,

we show that {y,} is a

Cauchy sequence in X, by considering d(yn+p, ¥») in two cases

when p is odd and p is even.

By using rectangula

d(yn+2m+1> yn) =

IA

IA

IA

r inequality and Lemma 3.1 III (a), we have

A(Ynt+2m+1; Yn+2m) + d(Ynt2m, Ynr2am—1) + d(Ynt2m—1, Yn)
dnyom + dnvom—1 + A(Yni2m—1,Yn),

dnvom + dpgom—1 + dnyom—2 + dngom—3 + -+ + dp,
Ry + T2y 4 - 4 R,

R*(1+h+h>+ -+ h*)dy,
h’n
1—h

dOa

as h < 1 and P is closed. Thus

(3.2)

n

1—h

d(yn+2m+17 yn) j dO'

Again, from Lemma 3.1 (III (c)), we have

d(yn+2m7 yn) j

A

A

A

A(Ynr2ms Ynt2m—1) T d(Ynt2m—1, Ynt2m—2) + d(Ynt2m—2, Yn)
dntom—1 + dngom—2 + d(Ynt2m—2, Yn)

dntom—1 + dptom—2 + dptom—3 + dptom—a + - -

+dni2 + d(Yn+2, Yn)

A(Ynt2,Yn) + dny2 + dpiz + -+ dpjom—

kR tdo + W14+ b+ B2 4 - 4 BP0 dg

d
khnfld hn+2 0
0 + 1 — ha
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as h < 1 and P is closed. Thus

d
(3.3) A(Yny2m, Yn) = kA" Lo + h”“ﬁ.

Now for ¢ € P°, there exists r > 0 such that ¢/2 —y € P°, if ||y|| < r. Choose a
positive integer N, such that for all n > N, |[(h"dy)/(1—h)|| < r, [[kh"dy|| < r, and

hn+2 c hn+2 c
| do|| < 7, for all n > N,. This implies — — do, =—kh™1dy, c— dy € P°.
1—nh o 2 1—h

2 1—h
Hence by remark 2.1, we have ¢ — 1 hdo — kh"tdy € P°, and ¢ — -
hn+2
for all n > N, . Also from (3.2) and (3.3), ﬂdo + kR dy — d(Yngom, Yn) € P

do — d(Yn+om+1,Yn) € P. Hence by Proposition 2.3, ¢ — d(Ynrom, Yn) € P°

doGPO,

n

1—nh
and ¢ — d(Yni2ms1,Yn) € P°, for all n > N,.. Thus {y,} is a Cauchy sequence in

and

S(X)NA(X). Now, we show that the mappings A and S have a unique point of
coincidence.

Case I: S(X) is complete

In this case y, = Sx,.1 is a Cauchy sequence in S(X), which is complete. So
{yn} — z € S(X). Hence there exist u € X such that z = Su

Now,

d(Au, Su) =< d(Au, Az,) + d(Ax,, Azpi1) + d(Azpyq, Su),
— d(Au, Azy) + A, Gsr) + (s, ),
= dy + d(Ynt1, Su) + d(Ax,, Au)
= dy + d(Ynt1, Su) + pd(Au, Su) + Md(Az,, Sx,,)
+0d(Su, Sx,) + Bd(Au, Su)
= dy + d(Yns1, Su) + pd(Au, Su) + Ad(Yn, Yn—1)
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Writing d,, = d(x,, x,11) we obtain
d(Au, Su) =< d, + d(ypi1, Su) + pd(Au, Su) + Ad,—y
+0d(Su, Yn—1) + Bd(yn, Su).
Rearranging the terms we obtain:
(1 — p)d(Au, Su) = dp+ d(Yns1, Su) + Adp—1 + 6d(Su, yp—1) + Bd(Su, y,)
= By + A0y 4 d(ynga, Su) + 0d(Su, yp—1) + Bd(Su, yy)
= (1+Nh"do + d(Su, Yni1) + 0d(Su, yn—1) + Bd(Su, yn).

Thus,

(3.4) (1 — p)d(Au, Su) — (1 + N)h"dy = d(Su, yns1) + 0d(Su, yp—1) + Bd(Su, yy).

As 3> 0,0 > 0 and ¥y_1,Yn, Yns1 — Su, by Lemma 2.1 for ¢ € P° there exists a

positive integer N, such that
¢ —d(Su,ypi1) — 0d(Su, yn—1) — Bd(Su, y,—1) € P° for all n > N..
This implies that
d(Su, Ypi1) + 6d(Su, yn—1) + Bd(Su,y,) < ¢ for all n > N.,.
Using Proposition 2.3 and equation 3.4, we get
(1 — p)d(Au, Su) — (1 + A\)h"dy < ¢ for all n > N.,.

As h < 1, we have (1 — p)d(Au, Su) < ¢ for all ¢ € P°. Using Proposition 2.2 it
follows that d(Au, Su) = 6 and we get Au = Su. Thus, the pair (A, S) has a point of
coincidence z = Au = Su.

Case II: A(X) is complete.

In this case y, = Az, is a Cauchy sequence in A(X) which is complete. So {y,} —
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z = Aw, for some w € X. As A(X) C S(X) there exists v € X such that Aw = Sv.
Thus {y,} — Sv. It follows from case I that Av = Sv. Thus in both the cases the pair
(A, S) has a point of coincidence, which is unique in view of Lemma 2.2 As (A4, 5) is
weakly compatible from Proposition 2.4, it follows that the point of coincidence of A

and S is their unique common fixed point in X. O

Theorem 3.2. Let (X, d) be a cone rectangular metric space with respect to a cone P
with P° # ¢ in a real Banach space E. Let A and S be self mappings on X satisfying
(3.1.1),(3.1.2) and

(8.3.1) there exists A\, i1, 0, € [0,1) such that 0 < A+ pu+0+a < 1 and the following

inequality is satisfied:
d(Az, Ay) < Md(Az, Sz) + pd(Ay, Sy) + 0d(Sz, Sy) + ad(Ay, Sz)

for all x,y € X.

Then the mappings A and S have a unique coincidence point in X. Moreover, if the

pair (A, S) is weakly compatible, then A and S have a unique common fixed point in

X.

Proof. we have,
d(Az, Ay) = d(Ay, Az) < Md(Ay, Sy) + pd(Azx, Sx) + 6d(Sx, Sy) + ad(Ax, Sy).
Interchanging A and p and writing «a as 3, we get
d(Ax, Ay) < Md(Az, Sz) + pud(Ay, Sy) + dd(Sx, Sy) + Bd(Ax, Sy).
Rest follows from Theorem 3.1 O

Example 3.1. (of Theorem 3.2) Let X = {1,2,3,4}, F = R>, P = {(z,y) € R? :
>0,y >0} CR? , be aconein E. Defined: X x X — E as follows:

d(x,y) =0 if v =y,
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d(1,2) = d(2,1) = (3,6)
d(2,3) = d(3,2) = d(1,3) = d(3,1) = (1,2)
d(1,4) = d(4,1) = d(2,4) = d(4,2) = d(3,4) = d(4,3) = (2,4)

Then, (X,d) is a complete rectangular cone metric space. In fact it is not a cone
metric space as d(1,3) 4+ d(3,2) < d(1,2). Define the mappings A and S on X as
follows:

A(l)=3,A(2)=3,A(3) =3,A4) =

S(1)=2,5(2) =1,5(3) = 3,5(4) = 2. Then the maps A and S are weakly compatible
and A(X) C S(X). The conditions (3.2.1) and (3.1.2) are satisfied with A = p = 1/4
and =06 = 1/8 and the pair (A, S) has a unique common fized point x =3 € X.

Taking S = I, the identity mapping in Theorems 3.2 and 3.3, we have the following

results:

Theorem 3.3. Let (X,d) be a cone rectangular metric space with respect to a cone
P with P° # ¢ in a real Banach space E. Let A be self mappings on X and there
exist \, i, 0,3 € [0,1) such that 0 < A+ pu+d+ 8 < 1 and the following inequality is
satisfied:

d(Az, Ay) = Ad(Az, z) + pd(Ay,y) + éd(z, y) + Bd(Az, y)
for all x,y € X. Then the mapping A has a unique fixed point in X.

Theorem 3.4. Let (X,d) be a cone rectangular metric space with respect to a cone
P with P° # ¢ in a real Banach space E. Let A be self mapping on X and there exist
A, 6, €10, 1) such that X+ p+ 8+ 5 < 1 and the following inequality is satisfied:

d(Az, Ay) = Ad(z, Az) + pd(y, Ay) + od(z, y) + ad(z, Ay)

for all x,y € X. Then the mapping A has a unique fized point in X.
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Again, taking A = y = o = 0 and 0 = k in Theorem 3.3, we have the following

result:

Corollary 3.1. Let (X, d) be a cone rectangular metric space with respect to a cone P
with P° # ¢ in a real Banach space E. Let A and S be self mappings on X satisfying
(3.1.1) and for some k € [0,1) and for all x,y € X,

d(Az, Ay) =< kd(Sz, Sy).

If A(X) or S(X) is complete and the pair (A, S) is weakly compatible then the map-

pings A and S have a unique common fixed point in X.

Remark 3.1. On taking S = I, the identity mapping in Corollary 3.1 the result of
Azam et all [1], Theorem 2 follows.

Again taking A = p = k and o« = § = 0 in Theorem 3.2, we have the following

result:

Corollary 3.2. Let (X, d) be a cone rectangular metric space with respect to a cone P
with P° # ¢ in a real Banach space E. Let A and S be self mappings on X satisfying
(3.1.1) and for some k € (0,1/2) and for all z,y € X,

d(Az, Ay) = k[d(Ax, Sx) + d(Ay, Sy)]

If A(X) or S(X) is complete and the pair (A, S) is weakly compatible then the map-

pings A and S have a unique common fixzed point in X.
Finally, taking 3 = 0 in Theorem 3.3, we have the following result

Corollary 3.3. Let (X, d) be a cone rectangular metric space with respect to a cone P

with P° # ¢ in a real Banach space E. Let A and S be self mappings on X satisfying
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(3.1.1),(3.2.1) and there exist A\, p,0 € [0,1) such that 0 < A+ u+0 < 1 and the
following inequality is satisfied:

d(Az, Ay) 2 Md(Sz, Ax) + ud(Sy, Ay) + 6d(Sz, Sy)

for all z,y € X. If the pair (A, S) is weakly compatible then the mappings A and S

have a unique common fixed point in X.

Remark 3.2. Corollaries 3.1 and 3.2 are known to be true in a normal cone metric
space from Abbas and Jungck [6]. Corollary 3.3 is known to be true in a normal
cone metric space from P. Vetro [7]. Also, an ordered version of this corollary and a

consequence of this can be seen in [11, 12].

Keeping one of the constants «, 3,7, d, it non-zero and all others equal to zero in

Theorems 3.1 and 3.2, we have the following result:

Corollary 3.4. Let (X,d) be a cone rectangular metric space with respect to a cone
P with P° # ¢ in a real Banach space E. Let A and S be two weakly compatible
self mappings on X such that A(X) or S(X) is complete. Suppose that the following

inequality is satisfied:
d(Az, Ay) < \u, where u € {d(Ax, Sx),d(Ay, Sy),d(Sz, Sy),d(Ax, Sy)}

for all x,y € X, where A € (0,1). Then A and S have a unique common fized point
mn X.

The following definition and Theorem appears in D. Ilic, V. Rakocevic [2].

Definition 3.1 (Quasi contraction [2]). A self-map f on a cone metric space (X, d)

is said to be a quasi contraction if for a fited A € (0,1) and for all z,y € X

d(fz, fy) < Au, where u € {d(z,y),d(z, fr),d(y, fy),d(z, fy),d(y, fr)}.
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Theorem 3.5 ([2]). Let (X,d) be a complete cone metric space and P be normal
cone. Then a Quasi contraction f has a unique fized point in X, and for each x € X,

the iterative sequence {f™(x)} converges to this fixed point.

Remark 3.3. Taking S = I, the identity mapping in Corollary 3.4 it follows that
the above result of 2] is true even for non-normal complete cone rectangular metric

spaces. The above result has been established in [5] for a complete metric space.
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