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EXTENSION OF CERONE’S GENERALIZATIONS OF
STEFFENSEN’S INEQUALITY

JULLJE JAKSETIC (), JOSIP PECARIC (® AND KSENIJA SMOLJAK KALAMIR ©®)

ABSTRACT. The aim of this paper is to extend Cerone’s generalization of Ste-
ffensen’s inequality to positive finite measures and to give weaker conditions for
obtained extension. Further, our intension is to obtain extensions of known gener-
alizations of Steffensen’s inequality in order to allow bounds that involve any two

subintervals using measure theoretic aspects.

1. INTRODUCTION

Firstly, let us recall Steffensen’s inequality (see [13]):

Theorem 1.1. Suppose that f is nonincreasing and g is integrable on [a,b] with

0<g<1land\= f;g(t)dt. Then we have

b b a+X
1.1 d d dt.
(1.1 s [Crwgmars [ ro

Steffensen’s inequality has been generalized and refined by many mathematicians
since it plays an important role not only in the theory of inequalities but also in

statistics, functional equations, time scales, special functions, etc. A comprehensive
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survey on Steffensen’s inequality, its generalizations and applications can be found in
[11].

It is known that Steffensen inequality can be used in an improvement of Jensen’s
inequality for convex functions, the well known Jensen-Stefensen inequality. For some
other related results see [12] and [16].

Starting point for this paper is Cerone’s generalization of Steffensen’s inequality
given in [2]. This generalization allows bounds that involve any two subintervals

instead of requiring that they include the end points.

Theorem 1.2. Let f,g : [a,b] — R be integrable functions on [a,b] and let f be

nonincreasing. Further, let 0 < g <1 and

b

where [c;, d;] C [a,b] fori=1,2 and dy < dy. Then

dg dl

b
f(t)dt —r(ce,ds) < / f(t)g(t)dt < f(t)dt + R(cq,dy)

() C1

holds, where

m@da:/amm—fmmmﬁzo

da

and
quﬁz/mﬁw—fwmmwﬁZO

Milovanovi¢ and Pecari¢ in [6] obtained weaker conditions on function g. In [14]
Vasi¢ and Pecari¢ showed that this weaker conditions are necessary and sufficient.

Hence, we have the following theorem.

Theorem 1.3. Let f and g be integrable functions on |a,b] and let \ = fabg(t)dt.
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(a) The second inequality in (1.1) holds for every nonincreasing function f if and

only if
T b
/ gt)ydt <x—a and / g(t)dt >0, for every x € [a,b].

(b) The first inequality in (1.1) holds for every nonincreasing function f if and
only if

b x
/ g(t)dt <b—x and / g(t)dt >0, for every x € [a,b].

Motivated by Cerone’s result given in Theorem 1.2, Pecari¢, Perusi¢ and Smoljak in
[10] extended some generalizations of Steffensen’s inequality from [9] to allow bounds
that involve any two subintervals. The aim of this paper is to further extend these
generalizations to positive finite measures on Borel g-algebra.

Throughout the paper by B([a,b]) we denote Borel o-algebra on [a, b|.

2. MAIN RESULTS

We begin with an extension of Cerone’s result given in Theorem 1.2 to positive

finite measures.

Theorem 2.1. Let i be a positive finite measure on B(la, b)), let f be nonincreasing

and g be measurable function on [a,b] such that 0 < g < 1. Let [¢,d] C [a,b] and

2.1) (e, d]) = /[ o0nte).

Then

(2.2) /[ 0000 < [ 0uto) + Ryfe

[c,d]

holds, where

By(e,d) = /[ ()~ F@)g(tydntt) 2 0
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Proof. Let us consider a corresponding difference:

(2.3)

[ d]f(t)du(t>+Ru(Cv d) — [ b}f(t)g(t)d#(t)

= }f(t)du(t)Jr/[ )(f(t)—f(d))g(t)du(t)— F@)g@)dp(t)

[c7d

— [ s - [

[e,d] [c,b]

F(Og(O)du(t) — F(d) /

[a,b]

g(t)dp(t) + F(d) / o(t)d(t)

[c,b]

dutt)+ 5@ | g0dut

[c,b]

= d - d — f(d
10t [ oo~ @ [

[c,d]

_ /[ U0 = F@) = g0)dute) + [ @ - roptiant

(d,b]
where we used (2.1).
Since 0 < g < 1, f is nonincreasing and p is positive, terms under the integral sign
are nonnegative, hence the first sum in this chain is nonnegative, i.e.
[ ]f(t)du(t) + Ru(e,d) = " f)g(t)du(t).
c,d a,b

g

Theorem 2.2. Let u be a positive finite measure on B(la, b)), let f be nonincreasing

and g be measurable function on |a,b] such that 0 < g < 1. Let [¢,d] C [a,b] and

2.4 c,d)) = d :

(2.4) ;) /[ ottt

Then

25) [ rwdut) = nea < [ waut
(c,d] [a,b]

holds, where

rule,d) = /( (0 = St 2 0.
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Proof. Similar to the proof of Theorem 2.1 we obtain the corresponding difference

/[ SO0~ | 70+ 1)

(c,d]

= [ (fle)=F®)(A = g(1))dp(t) + / (f(t) = f(e)g(t)dp(t) = 0.

(e,d] [a,c]

n

Motivated by Pachpatte’s result from [7] under the additional assumption on the
function f we can replace conditions (2.1) and (2.4) by weaker conditions given in

the following theorems.

Theorem 2.3. Let i be a positive finite measure on B(la, b)), let f be nonincreasing

and nonnegative, and g be measurable function on |a,b] such that 0 < g < 1. Let

le,d] C [a,b] and

(2.6) wlle.d)) > / g(t)dp(t).

[a,b]

Then (2.2) holds.
Proof. Since f(d) > 0 using (2.6) in (2.3) we obtain the claim of this theorem. O

Theorem 2.4. Let u be a positive finite measure on B(la, b)), let f be nonincreasing
and nonnegative, and g be measurable function on |a,b] such that 0 < g < 1. Let
le,d] C [a,b] and

ey | gwante)
Then (2.5) holds.

Proof. Similar to the proof of Theorem 2.3. O

Remark 1. Taking ¢ = a and d = a + A in Theorems 2.1 and 2.3 or taking ¢ =0 — A
and d = b in Theorems 2.2 and 2.4 we obtain results given in [3]. Further, if we take

¢ = a, d = a+ A and consider the Lebesgue measure in Theorem 2.1 or take ¢ = b— A,
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d = b and consider the Lebesgue measure in Theorem 2.2 we obtain Cerone’s result

given in Theorem 1.2.

In the sequel we need the following lemmas to generalize the above results for the

function f/k.

Lemma 2.1. Let p be a positive finite measure on B([a,b]), let f,g,h and k be
measurable functions on [a,b] such that k is positive. Further, let [c,d] C [a,b] with

Jiea POEB)A(t) = [, 9O)k(t)du(t). Then the following identity holds:
(2.7)

g DR = | TDg(E)dn(t) = /[ Nxa- 1) sttty
50 SO e @ 16
+/[c,d]<k<t> k<d>>k(t>[h(t> oLl (t”/(d,b](k() <t>>g“)k(t>d““)'

Proof. We have

o
[ sanwan) = [ gt - /[ RO = g0ty
- /[ )ﬁg@)k(wd (t) - w% (1) k(1) dpa (1)
B ) @) () _ f{t)

08 = / Rt k(t)>g(t)k(t)du(t)+ /(d,b](ku) k,(t)>g(t)k(t)du(t)

) fld) B £(d)
+ [, (i)~ e ) Mm@ - sty + 53 | [ s

- k(t)dt — k d . L(H)d .
[ stoma= [ st [ sorea)

Since

(d,b]



EXTENSION OF CERONE’S GENERALIZATIONS OF STEFFENSEN’S INEQUALITY 185

Hence, (2.7) follows from (2.8). O

Lemma 2.2. Let p be a positive finite measure on B([a,b]), let f,g,h and k be
measurable functions on [a,b] such that k is positive. Further, let [c,d] C [a,b] with

f(c,d} h(t)k(t)du(t) = f[a?b} g(t)k(t)du(t). Then the following identity holds:

(2.9)
_ _ f) _ fo)
[ sean) - [ sonan = [ (8- 48 ) okt
fle)  f() ft)  fle)
o[ (Rg - ) Eome s+ [ (F =55 ) st
Proof. Similar to the proof of Lemma 2.1. O

Theorem 2.5. Let u be a positive finite measure on B([a,b]), let f, g, h and k be mea-
surable functions on |a,b] such that k is positive, 0 < g < h and f/k is nonincreasing.

Further, let [c,d] C [a,b] with

(2.10) /[c,d} h(t)k(t)dt = /[mb] g(t)k(t)dt.
Then
(2.11) / f)gB)du) < [ fOIE)du(t) + Ry(c, d)

[a,b] [e,d]
holds, where

f)  f(d)

(2.12) R,u(c,d) = /[M) (% — @> g(t)k(t)du(t) > 0.
Proof. Since f/k is nonincreasing, k and p are positive and 0 < g < h we have
(2.13) [, (5 - 53 ) Koo =~ santv = 0

(214) L, (5~ L) soktaute) = o

=
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and R, (c,d) > 0. Now, from (2.7), (2.13) and (2.14) we have
(2.15)

/[ SO — [ s + /

[a,c)

_ [ ({1 _ 1) _ fd) f)
= [ (5~ ) v - gwianny + [ (5= 3 ) skwauto = o
Hence, (2.11) holds. O

[a,0]

Theorem 2.6. Let u be a positive finite measure on B([a,b]), let f, g, h and k be mea-
surable functions on |a,b] such that k is positive, 0 < g < h and f/k is nonincreasing.

Further, let [c,d] C [a,b] with

(2.16) /(c,d} h(t)k(t)du(t) = /M] 9()k(t)du(t).
Then
(2.17) / SO du(t) —vule,d) < [ f(t)g(t)dpu(t)
(c,d] [a,b]
holds, where
_ He) [
(2.18) t,(c,d) = /(d,b] (k(c) k(t)) g(t)Ek(t)du(t) > 0.
Proof. Since f/k is nonincreasing, k and p are positive and 0 < g < h we have
f) _ fle)
(219) [ (1) - 19 ) kOatordnct) = o
flo) _ 1) _
(2:20) [ (55~ ) Eomo = st0lant) =

and t,(c,d) > 0. Now, from (2.9), (2.19) and (2.20) we have
(2.21)
fle) [
/[a § f(t)g(t)du(t) — S(@)(t)du(t) + /(db] (@ — m) g(t)k(t)du(t)

ft) _ flo) fo) ) )
lasd] (k:(t) k(c)>9(t)k(t)du(t)+ /(c,d] ( o) kD E)[R(t) — g(t)]du(t) > 0.

(c,d]
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Hence, (2.17) holds. O

Remark 2. If we additionally assume that the function f is nonnegative, conditions
(2.10) and (2.16) can be replaced by weaker conditions

/[c ., h(t)k(t)dt > /[ ’b]g(t)k(t)dt and /M h(t)k(t)du(t) < / g(E)k(t)du(t).

[a,b]

Remark 3. If we take ¢ = a, d = a + X\ and consider the Lebesgue measure in The-
orem 2.5 we obtain Mercer’s generalization of the right-hand Steffensen’s inequality
(see Theorem 3 in [5]). If we take ¢ = b — A, d = b and consider the Lebesgue mea-
sure in Theorem 2.6 we obtain a similar generalization of the left-hand Steffensen’s
inequality which is obtained in [9] from a generalization given by Pecari¢ in [8].

For h =1 and kK = 1 Theorems 2.5 and 2.6 reduce to Theorems 2.1 and 2.2.

Inequalities (2.11) and (2.17) can be refined using similar reasoning as in [9] and

[15]. These refinements are given in the following theorems.

Theorem 2.7. Let j be a positive finite measure on B([a, b)), let f, g, h and k be mea-
surable functions on |a,b] such that k is positive, 0 < g < h and f/k is nonincreasing.

Further, let [c,d] C |a,b] with [, n M(O)k(t)dp(t) = [, ,; 9@)kE)dp(t). Then

f)g(t)du(t)

[a,]

< [ rondu() - /

[e,d] [e,d]

< [ d]f(t)h(t)du(t) +Ry(c, d)

holds, where R,,(c,d) is defined by (2.12).

Proof. Similar to the proof of Theorem 2.5. O
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Theorem 2.8. Let j1 be a positive finite measure on B([a, b)), let f, g, h and k be mea-
surable functions on |a, b] such that k is positive, 0 < g < h and f/k is nonincreasing.

Further, let [c,d] C [a,b] with [, h(O)k@)dp(t) = [, 9()kE)du(t). Then

» FOAE)du(t) = vu(c, d)

< [ sondut) + /

(e,d] (c,d]

fle)  f@t)
(W _ %> KO)[R() — g(®)du(t) — (e, d)

< - f(t)g(t)du(t)

holds, where ¢, (c,d) is defined by (2.18).
Proof. Similar to the proof of Theorem 2.6. O

Remark 4. If we take ¢ = a, d = a + X\ and consider the Lebesgue measure in
Theorem 2.7, or ¢ = b— X, d = b and consider the Lebesgue measure in Theorem 2.8,
we obtain generalizations of Wu and Srivastava refinement of Steffensen’s inequality
given in [9]. Additionally taking k£ = 1 we obtain Wu and Srivastava refinement given
in [15].

Furthermore, from Theorems 2.7 and 2.8 (taking » = 1 and k = 1) we can obtain

a refinement of Theorems 2.1 and 2.2.

3. WEAKER CONDITIONS

The aim of this section is to replace conditions on the function g in previous section

with weaker conditions as in Theorem 1.3.

Theorem 3.1. Let p be a positive finite measure on B([a, b)), let f,g,h and k be p-
integrable functions on [a,b] such that k is positive, h is nonnegative and f/k is non-

increasing and right-continuous. Further, let [c,d] C [a,b] with f[c,d] h(t)k(t)du(t) =
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Jia 9@ dp(t). If

3.1 k d < k(t)h(t)d , c<zx<d
(3.1) /[ M) < /[ RO
and
(3.2) / k(t)g(t)du(t) >0, d<az<b,
[z,0]
then
[ fld)
3) [ rwaan® < [ ronod + /[ ) ( % d)>g(t)k(t)dﬂ(t)-

Proof. We use identity (2.15) and define a new measure v on o-algebra B((a, b]) such

that, on an algebra of finite disjoint unions of half open intervals, we set

flx)  fy)

V((%Z/D:w—@, fora <x <y <b,

and then we pass to B((a, b]) in a unique way (for details see [1, p. 21]). Hence, using

Fubini, we have

[ sanwan) = [ g+ [ (F5 - EG) stkan)

-/ ( [ dv(a)) KOO — o0t + [ ( L () ) o(Ok(Ou(r)
- /[ , ( /[ ROOE o(01dut)) av(e) + /(] ( /[ ) SOKO(D ) dv(o).

So we have (3.3) when (3.1) and (3.2) hold. O

Theorem 3.2. Let p be a positive finite measure on B([a, b)), let f,g,h and k be p-
integrable functions on [a,b] such that k is positive, h is nonnegative and f/k is non-
increasing and right-continuous. Further, let [c,d] C |a,b] with f(qd] h(t)k(t)du(t) =
Sy 9OE@E)du(t). If

(3.4) /[ RCTOUOE / KOO du(t), c<z<d

[z,d]
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and

(3.5) / EDg()du(t) >0, a<z<c.
lo,)
then

flo) f
o) [ somwmn - [ (59 - 1) stomarant) < [ st

Proof. Defining a new measure v as in the proof of Theorem 3.1 and using identity

(2.21) and Fubini we obtain

_ flo) _ f)
[ stean = [ onan+ [ (55 - 45 ) stk

-/ ( [ SOROA(D) ) ) + [ ( [ o - 01 )) (o),

So we have (3.6) when (3.4) and (3.5) hold. O

Taking £ =1 and h =1 in Theorems 3.1 and 3.2 we obtain weaker conditions for

the function ¢ in an extension of Cerone’s result obtained in Theorems 2.1 and 2.2.

Theorem 3.3. Let u be a positive finite measure on B(la,b]), let f and g be p-
integrable functions on |a,b] such that f is nonincreasing and right-continuous. Fur-
ther, let [c,d] C [a,b] with u([c,d]) f[ Y ). If
(3.7)
/[ a0 S e ), eSrSd and /[ SO0 20, d<a<h
e @b

then

/[b}f(t)g(t)du(t)ﬁ f(t)dﬂ(t)+/ (f(t) = f(d)) g()dp(t).

[c,d] la,c)
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Theorem 3.4. Let u be a positive finite measure on B(la,b]), let f and g be p-
integrable functions on |a,b] such that f is nonincreasing and right-continuous. Fur-

ther, let [c,d] C [a,b] with p((c,d]) = [, 9(t)du(t). If

(3.8)
/ oOdu(t) < plfz,d)), c<z<d and / JOdu(t) >0, a<z<ec,
[x,d] la,z)

then

f(t)du(t)—/ (f(e) = f(1) g()dp(t) < F@)g(t)dpu(t).
(c,d] (d,b]

[a,]

Remark 5. If we take ¢ = a and d = a + A conditions (3.7) become

/ g(t)du(t) < p(la,x)),a <z <a+ A and / g(t)du(t) >0, a+ X <z <hb.
[a,x) [x,b]

For a + A < x < b we have
/[a RCIOR /H g(t)dp(t) - /[ L 9Od(t) =l o+ X) ~ /H g(t)dp(t)
< p(lasa+ N) < pl(a, 2)).
Also, for a < x < a+ A we have

d - d - d = pu(la,a+ A|) — d
/[%blg(t) e /[a,b}g(t) H) /[a,@g(t) ult) = la. a2 / g(t)du(t)

[a,z)

> ,u([ava + /\]) - [L([CL, JZ)) = M([‘r’a—f— /\]) > 0.

Hence, for ¢ = a and d = a + X conditions (3.7) are equivalent to
[ otdut) <ullaw) and [ g@dult) 20, for every s € fa.b]
la,x) [x,b]
Similarly, if we take ¢ = b — A and d = b conditions (3.8) are equivalent to

[ a0t <u(et) and [ g@dn) 20, Voelab
[z,b] la,z)

Therefore, if we take ¢ = a and d = a + A\ in Theorem 3.3, orc=b— X and d =10

in Theorem 3.4 we obtain sufficient conditions from [4].
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In the following theorems we obtain weaker conditions for refinements given in

Theorems 2.7 and 2.8.

Theorem 3.5. Let u be a positive finite measure on B([a,b]), let f,g,h and k be u-
integrable functions on [a,b] such that k is positive, h is nonnegative and f/k is non-
increasing and right-continuous. Further, let [c,d] C [a,b] with f[qd] h(t)k(t)du(t) =
f[mb]g(t)k(t)dp(t). If (3.1) and (3.2) hold, then

ft) _ f(d)
L (00O < | FOhOdu) + /[ ) <M ~ @) SO
[ (W 1) B
o /H (k(t) k(d))k(t>[h(t> 9(0))dpa(t)
f&) _ fd)
: [c,d}f(t)h(t)dﬂ(tH/[a,c) (W k(d))g<t>k(t>d“(t)'

Proof. Using identity (2.7), defining a new measure v as in the proof of Theorem 3.1

and using Fubini we have

_ o) f(d)
@0~ [ g+ /[ ) ( R d)) GOkt
[ (@ _ _ fd) 1)
/M ( @ k(d>) k(6)[(E) — g()]du(t) /(d ) (k( ) (t)> g(O)k(t)dpu(t)

- /(db] (/@,t] du(x)) g()kt)du(t) = /(d,b] (/{x b]g(t)k(t)du(t)> dv(z) > 0

when
/ gOkt)du(t) >0, d<x<b
[.0]
Furthermore,
0 1@ .
[, (55~ 57 ) ron - stpant)
= /{Qd] (/[cx) k(t)[h(t) — g(t)}du(t)) dv(z) >0

when
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Hence (3.9) holds when (3.1) and (3.2) hold. O

Theorem 3.6. Let u be a positive finite measure on B([a,b]), let f,g,h and k be u-
integrable functions on [a,b] such that k is positive, h is nonnegative and f/k is non-
increasing and right-continuous. Further, let [c,d] C [a,b] with f(c,d] h(t)k(t)du(t) =
f[mb]g(t)k(t)du(t). If (3.4) and (3.5) hold, then

SECLCTIOR /( ,,} (% - %) RO < [ o)
B fle) ) fle) [ B
/M ( e k(t)) G(OR(O)du(t) + /(] ( e k(t)) KO — g(Oldu(t)

< f)g(t)du(t).

[a,]

Proof. Similar to the proof of Theorem 3.5 using identity (2.9). O
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