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A GENERALIZED BIVARIATE GEOMETRIC DISTRIBUTION
BASED ON AN URN MODEL WITH STOCHASTIC REPLACEMENT

RAMA SHANKER® AND A. MISHRA®

ABSTRACT: A Generalized Bivariate Geometric DistributidBBGD) for explaining data

arisen from four-fold sampling has been obtainedubh an urn-model with stochastic
replacement. The marginal distributions of thisegafized distribution, as in the case of
the Bivariate Geometric Distribution (BGD), are theometric distributions, but its one of
the conditional distributions is the Consul's (19Tuasi Binomial Distribution (QBD),

in place of binomial distribution in the BGD. Theoments of the first and second orders
of the GBGD have been obtained. As the QBD has beend to possess tremendous
capability to fit to discrete data-sets of varioweture, it is expected that the obtained

GBGD would cover a wide range of data-sets.

1. INTRODUCTION
Suppose there is a population consisting of indiaig each having one or both or none

of the two characters, M and N. Suppose thatekpactive probabilities for an individual
to possess M only, N only and both the characterard N ared,,,6,, and 6,,. The
probability that an individual possesses neithendN isg,,=1-6,,-6,,—8,;.

Suppose that the individuals are observed one affiether from this population till the
first individual possessing none of the characMrand N is observed. IX, , X, and X

denote the number of individuals possessing M, hJ @&oth respectively, then the
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probability distribution of X, and X, is given by the following bivariate geometric
distribution

Mo rlgegxe)
— r(xl— x+1)r(x2—x+1)l'(x+1)

R(X,=x, X,=%,) = 60" 6,7 6, Gy

x=0,1,2,.. i=1,2 (1.2)

The marginal distributions oKX, and X, in (1.1) are geometric distributions with
parametersd,,/ (1-6,,) and 6,,/@1-6,,) respectively. Assuming, <Xx,, the conditional
distribution of X givenx, and 8, /(6,+6,,) is binomial and that oK,- X , given1+x,
and 8,,/(6,,+6,,), is negative binomial [ See Patil and Joshi (1p68)

Consul (1974), through an urn model, obtained @eHparameter ‘quasi binomial

distribution’ (QBD) given by its probability fundn

R(xnn 9){2} a( p+ xp)" (1~ B xp"
(1.2)

0<p, <1, -p,/n<p,<(@-p,)/n; x= 01,2,3,..

The classical binomial distribution is a particutase of it and can be obtained taking
p,= 0. Mishra and Singh (2000) obtained the firstrfowoments of this distribution in

terms of certain series. The first two momentshaf distribution have been obtained as

n-1 (i)

' :nplz (h-1) p, (1.3)

i=0 i=0

1 :n(n—l)plzz(_in(n—Z)(i) (-p,) + nplz(_f}(n—l)(i) -p,) (L.4)

where n") = n(n-1)(n-2)....(n=i +1)
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Mishra and Sinha (1981) discussed maximum likelihood estimation of the
parameters and also discussed its goodness of ffiis distribution has been found to have
tremendous capability to fit discrete data-setvarious nature. A good account of this
distribution can be obtained from Johnson et a0§3@nd Consul and Famoye (2006).

In this paper, a generalized bivariate geometstrithution (GBGD) has been obtained

with the help of a four- urn model in which the temts of some of the urns are changed in

some stochastic manner by the player of the garne.rifarginal distributions oX; and
X, are the geometric distributions, the conditionatrbution of X givenX, is the QBD
and that ofX,- X , given X, is negative binomial distribution. The first arftetsecond

order moments of the distribution have been obthine

2. AN URN — MODEL

Let there be four urns, namely, A, B, C and D atdHere be some balls, each of which
has one of the marks out of 10, 01, 11 and O0OALeontain ‘a’ balls having 1 at the first

place and ‘b’ balls having 0 at the first placet Becontain ‘c,’ balls having O at the first
place, C containc,’ balls having mark 11 andX,’ balls having mark 10. Let D contain
“d,’ balls having mark 01 andd,’ balls having mark 00.

Letn and S be two positive integers. A player is asked toos®otwo integersk;’ and
‘k," such that 0 <k; < k,< n. He is then asked to draw balls one by one wigiagement
from A till the first ball having O at the first @te is drawn. If he gets exacty balls

having 1 at the first place in this way, he is pitled to make further draws, otherwise he

loses the game. Suppose outkpiuch balls there areballs having 1 at the second place

also. The player is now asked to adgfl balls having 1 at both places to each of the &ns

and C and r(-x) balls having mark 10 to urn C.
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The final contents of the urns are shown in thiofahg table. The marks on the balls

are shown in the parentheses, a dash (-) denaiyngree of 0 or 1.

he

(Table 2.1): Final contents of the urns

urns A B C D
Number of balls| g (1 -) c,(0-) Gl +xg@a1) | 9o 1)
b(0-) xB (1 1) (10 +nx g | 90 0)
Total a+b C.+ XB C,+c,+nB d,+d,

The player now draws one ball from B and if he gleis ball having O at the first place

is asked to draw, balls with replacement from C and if he succeedgeitting exactly

x balls having 1 at both the places from this urnsha@lowed to make draws from the next

urn D. He draws balls from this urn with replacet@hhe gets exactly K, + 1) balls with

mark 0. If for this he getk{- x) balls with mark 01 then the player is declaredeothe

winner of the game.

by

The probability that the player would be allowedriake draws from the urn D is given

( . jkl b o (k) %8 ) (c,*(h-x)p )" 2.1)
a+b) a+b c +x8\ x) ¢ +c,+nB c +C,+nB '
and the probability of drawing balls from D to e twinner of the game is given by
ko —x kg +1
K, +k,—Xx d, d, 2.2)
K, —X d,+d, d,+d,

The probability of winning the game is obviouslg throduct of (2.1) and (2.2).

Taking a =p, _ G :al,p—’gzaz, dy =6, (2.3)
a+b c,+c,+nf c,+c,+ns d, +d,
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the probability of winning the garmrcan be put in the form
r(k+k, =) (1-p)
[ (x+2) 1 (k,—x+1) [ (k,—x+1) (2.4)

a(a,+xa, )7 (p-a,-xa, )™ 67 (1-6)""

P3(k1’k2’x) =

3. A GENERALIZED BIVARIATE GEOMETRIC
DISTRIBUTION (GBGD)

The expression (2.4) gives the probability of wimnthe game for the fixed values of

k. ,k,andx. If k;,k, andx are considered as particular values of randomabkes, say,
X,,X,and X, then it can be shown thgfx,x,,x) is a probability distribution for
0<p<iL 0<a,<p; |a,|<p; 0<O<L X =0,1,2, ..%;%,% =0,1,2, ...

For, we have

ii in(xl,xz, X)= Z p*(1-p) ) (le (0/1'+x0/2')x_l

¥ =0x=0 %-x=0 % =0 x=0

(1_ al' _ XO’ZI)XI_X i (Xi + Xy~ XJ g% x (1_€)><1+1

where a, =a,/p and a, =a,/p.

As the expression under the summation ower x is the pmf of a negative binomial
distribution with parameterg, +1 and &; the expression under the summation over x is the
pmf of a QBD (1.2) with parameters,a, and a, and the expression under the
summation overx, is the pmf of a geometric distribution with paraerep, each of these
summations is unity and hen@g(xl,xz,x) represents a true probability distribution.

It can be seen that the marginal distributions Xof and X, are geometric, the

conditional distribution of X giverX, is QBD and that of X,- X given X, is negative
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binomial. It can also be seen thataf= 0, this distribution reduces to the bivariate

geometric distribution (1.1) with

6=06y; (p-a,)1-6)=6,, a,(1-6)=6,; (1-p)L-6)= 64 (3.2)
4. MOMENTS OF GBGD

First order moments: Obviously, the meanXqfis

E (X)) = p/(1-p) Ko
The mean ofX, can be obtained using the identity

E(X,)=E(X,-X)+E(X)

We have

(X X)= i‘, pxl( ) z Pz(X; Xl,al‘/’a2/)

X =

o

x
1l

o

The sum over x is unity, the function summed bean@BD, and the summation over

X, —Xx is the mean of a negative binomial distributiorthwparametersx, +1 andé.

Writing the expression for this mean, we have
E(X,-X)= Y, p*(l-p)1+x)6/(1-6) = 6/(1-6)(1-p) (4.2)
%=0
Again

© X d +X, =X .
Z pX1 (1_ p) Z XPZ(X; X, 0'1-/10'2/) z (Xl 2 j g% (1 H)Xl 1
% =0 x=0 X —=Xx=0
As the sum overx, —X is unity, the function summed being a negativeobiral

distribution with parameterg, +1 and 8 and the sum over x is the mean of a QBD with

parameterss,, a;, and aj.
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we have from (1.3)

o0 X -1 (_i)

E(x) = > p*(1- p)xa; ZO](Xi -1)
- (ﬂlp); o) (ﬁ} - ﬁ. F (211 a,/(1-p)) (4.3)

where ,F, ( 21,1, a,/ (1- p)) is a Gaussian hypergeometric series.

Thus from (4.2) and (4.3), we have,

: 2F1( 211, 0’2/ (1_ p)) (4.4)

7} a,
E0C)= g i) -p)

Second order moments: Obviously, the second ordenent of X, is
E(xZ)= p(L+p)/@-p) (4.5)

The second order moment &, can be obtained using the identity

E(x2) = E(Xx,-X)? +E(Xx?)+2E[ X (X, - X)] (4.6)
We have,
E(X,-X)* = i p* (1- p) i Pz(x, X, O ,0/2’)
% =0 Oo><=0 X1+X N (47)
.XZ_ZX::O(XZ—X) ( . —x jé’xﬂ (1-6)*

The sum over x is obviously unity as the functiamsned is a QBD and the summation

over X, —X is the second moment about origin of a negativernial distribution with

parametersx,+1 andd. Writing the expression for this moment, we get

E(X,-xf= Y] p“(l‘p){(xl(f-l);)fz " ((Xllj;))f}
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Finding the values of the two series, after adliimplification we finally get
6[1— p+6(1+ p):|
2 2
E()(z_)()2 = (1_9) (1—p)
Now

E(Xz): i p* (1- p) i NG Pz(x; xlval’,azl).
x=0

% =0
> (X1+X2_XJ o (-9

X —X=0 X2 -X

(4.8)

The sum overx, —x is obviously unity. The summation over x give® thecond

moment of the QBD with parametexs,a,’ anda,’. Taking its value from (1.4) we get,

E(x2)=3 p*@-p)

% =0

[Xl (x-Da’ Y (_izj (-2 (-a,)) + xa, 202 [_isJ (x, -1)" (-a,’)’ }

i=0

Using the factorial moments of geometric distribativith parameter p, we get after a
little simplification ,

E(X?)= (12_a|£)2 [1+ 2.2!(1‘_’2p) ¥ 3.3{(1‘_’2'0)}2 " 4.4(%}3 P }

+ (1_”1p)2 [1+ 3.2!(ﬁJ + 6.3{%}2 + 10.4((1‘_’2‘))]3 + }

(4.9)
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Again

E[X (X, - X=X p*(-p) X xP.(xix.ai al)

x=0 x=0

. fx—x )
3 9% e ooy
X, —X=0 X2 (410)

The second summation is obviously the mean of a @B®the third summation is the

mean of a negative binomial distribution. Usingstheneans we have,

E[ X(X,~ X)]

5 09 xe{ e (e () a7

_ ba

(1-9) xui'o be+) p* (1- p)[ x{1+( x-Daj+( x-9( x- Ja’,+ }}

eal/ / A}
= @aag) x 4l

where” © is the ith factorial moment of negative binomiatdbution with parameters,

m= 2 and p.

Thus, usingz] =a,/ p anda), =a,/ p , we get after a little simplification

E[X (%= X)[ = p(1—9p6)11(1—9)[2(1c_72pj+2-{16_7%}2*-------}

Now from (4.8), (4.9) and (4.11), we finally get
6’[1— p+6(1+ p)]
E(X2)= (1-6)" (2-p)’

(4.11)
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2 3
2a; a, a, a,
1+ 2.2! + 3.3] + 4.4 +
" (1-p) -9 7l (- p)
2 3
al aZ aZ a2
+ 1+ 3.2! + 6.3! + 104 —=——
(1-p)° (1-p) (1-p) (- p)

(4.12)
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