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RELATED MONOTONIC FUNCTIONS
M. SASIREKHA

ABSTRACT. We continue the study of related sets introduced by Prof. Min and

generalize some of his results.

1. INTRODUCTION

The closure and interior operators in topological spaces are monotonic func-
tions. Prof. Csdszar, in 1997 discussed and studied the properties of monotonic
functions defined on the power set of a nonempty set X into itself in his paper [1].
The family of all monotonic functions defined on the power set of a nonempty set X
into itself is denoted by I'(X) or simply I'. The following sub collections of I" are also
defined by Csdszar [1]. To ={y €T |y(0) =0}, Ty = {y eI [ y(X) = X},T; =
{yeT | AC~(A) for every subset A of X}, T_ = {y € T'| v(A) C A for every
subset A of X}, I' g = {y € T' | v(A) D ~v(7y(A)) for every subset A of X} and
o ={yeTl|~v(A) = ~(~v(A)) for every subset A of X}. If v € I'(X), a subset A
of X is said to be y—open if A C y(A). The family of all y—open sets, denoted by
fy, is a generalized topology [2], i.e., @ € p, and g, is closed under arbitrary union.
The pair (X, u,) is called generalized topological space or simply a GTS. If A is a
subset of X, the largest y—open set contained in A, called the y—interior of A, is
denoted by i,(A) and the smallest y—closed set containing A, called the y—closure

of A, is denoted by ¢, (A). The family of all «—open sets, semiopen sets, preopen
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sets and S—open sets of the generalized space (X, 1,) are also defined and studied
by Csdszar [2]. A subset A of X is said to be a—open (resp., semiopen, preopen,

f—open) if A C iycyiy(A) (resp., A C cyiy(A), A Ciycy(A), A C cyiycy(A)).

Lemma 1.1. [3, Theorem 2.4]Let X be a nonempty set. For i, k €', if v and k are

o(t, k)—related and (1, k)—related, then v and k are 5(i, k)—related.

Remark 1. By Lemma 1.1, it follows that if « € ' and xk € I" are not (¢, k) —related,

then either ¢ and x are not o(¢, k)—related or not (¢, k)—related.

Lemma 1.2. Let X be a nonempty set and k € I'y. Then the following hold.

(a) If L € T', then v and k are o(v, k)—related (resp., 7(t, k)—related, B(t, Kk)—
related)[3, Theorem 2.8 (1),(2)and (3)].

(b) If v € T, then ¢ and k are o(1, k)—related, then ¢ and k are (i, k)—related [3,
Theorem 2.8(4)].

(c) If v € T, then ¢ and k are 7(t, k)—related, then ¢ and k are (3(t, k)—related [3,
Theorem 2.8(5)].

Lemma 1.3. [3, Theorem 2.13| Let X be a nonempty set, v € I's and k € . If v and

K are o(i, k)—related, then they are a(i, k)—related.

Lemma 1.4. [3, Theorem 2.14|Let X be a nonempty set, 1 € Ty and k € T. If v and

K are (1, k)—related, then they are o, k)—related.

2. RELATED MONOTONIC FUNCTIONS

If X is a nonempty set and A C X, two functions ¢ and x are functions from
©(X) to p(X), then ¢ and k are said to be «a(t, k)—related (resp., o(i, k)—related,
(v, k)—related, (v, k)—related ) for A, if «(A) C tki(A) (resp., t(A) C ke(A), L(A) C
tk(A), t(A) C kes(A)) [3]. A C X is said to be a(t, k)—open (resp., o(t, k)—open,
7(t, k)—open, B(t,k)—open ), if A C tke(A) (resp., A C ki(A), A C k(A), A C
kur(A)). We say that ¢ € T, if 1«(A) C «*(A) for every subset A of X. Clearly, ¢ € T
implies ¢ € T', and ¢ € 'y implies ¢« € I',. The following Theorem 2.1 discuss the
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relation between the related sets and different kind of generalized open sets. Theorem

2.1(c) is a generalization of Lemma 2.16 of [3].

Theorem 2.1. Let X be a nonempty set and k € I'y.. Then the following hold.

(a) If L € T4 (i.e., every subset is 1—open), then every subset A of X is o (i, k)—open
(resp., w(t, k)—open, B(t,K)—open) and every subset is also a(t, k)—open.

(b) If L € Ty, then v and k are a(v, k)—related.

(c) If v € Ty, then 1(A) is a(t, k)—open for every subset Aof X.

Proof. (a) The proof follows from Lemma 1.2(a).

(b)k € I'y implies that ¢«(A) C ki(A) for every subset A of X, which implies that
t(A) C ke(A) and so t(A) C tke(A), since ¢ € T',. Therefore, ¢ and k are (¢, k)—related.
Moreover, since ¢(A) C tke(t(A)),t(A) is a(t, k)—open for every subset A of X.

(¢) The proof follows from (b). O

Corollary 2.1. Let (X, p) be a space and v =iy, k = c,. Then the following hold.
(a) Every o(i,k)—open (resp., a(t, k)—open, (i, k)—open, ((t,k)—open) set is a

o(t, k)—related (resp., a(i, k)—related, w(i, k)—related, (1, k)—related) set.

The following Example 2.1 shows that the the converse of Lemma 1.2(a) is not
true and also, it shows that the condition ¢ € 'y cannot be dropped in Lemma 1.3.

Theorem 2.2 below is a generalization of Lemma 1.1 and the proof is clear.

Example 2.1. Let X = {1,2} and ¢, £ : p(X) — o(X) be defined by o(0) =
0, «({1}) ={1,2}, «({2}) = {1}, ({1,2}) = {2}, k is the identity function on p(X).
Then v and k are o(t, k)—related, 7(¢, k)—related and F(¢, k)—related but « ¢ T'. Note
that v« & Ty, but we have {1} is not a(r, k)—related, {2} is not both 7(t, k)—open and
B(t, k)—open. Moreover, v and k are o(i, k)—related, 7(t, k)—related and (3(t, k)—related

does not imply that v and K are a(t, k) —related.

Theorem 2.2. Let X be a nonempty set, k € I' and v is any function from p(X) to
o(X). If v and k are o (1, k)—related and 7 (v, k) —related, then v and k are 3(1, k)—related.
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The following Example 2.2(i) and (ii) show that the the converse of Theorem 2.1(a)

are not true. Example 2.3 shows that the converse of Theorem 2.1(b) is not true.

Example 2.2. (i) Let X = {1,2} and , k : p(X) — o(X) be defined by 1(0) =
0, ({11 ={1,2}, «({2}) = {1}, «({1,2}) ={1,2}, w(0) = 0, v({1}) = {1}, s({2}) =
{1,2}, w({1,2}) = {1,2}. Then every subset is a(i,k)—open, m(i,k)—open and
B(t,k)—open but o € T',. Note that {2} is not o(i,k)—open but is o (i, k)—related.

(ii) Let X = {1,2} and t, k : p(X) — p(X) be defined by o(0) = 0, ({1}) =
{1,2}, «({2}) = {2}, «({1,2}) = {1}, »(0) = 0, =({1}) = {1,2}, w({2}) =

{2}, k({1,2}) = {1,2}. Then every subset is o(v,k)—open and ¢ € T',.

~— —

Example 2.3. Let X = {1,2} and 1, & : p(X) — o(X) be defined by () =
0, ({1}) = {1,2}, «({2}) = {1}, «({1,2}) ={1,2}, (0) =0, s({1}) = {1}, r({2})
= {2}, k({1,2}) = {1,2}. ¢ and k are both a(i,k)—related and (i, k)—open but
L& T,

For ¢ and k € I', ¢« and k are said to satisfy condition (R;)[3] if kit(A) C k(A) for
every subset A of X. ¢ and k are said to satisfy condition (Rs) [3] if tk(A4) C k(A)
for every subset A of X. The proof of the following Theorem 2.3 is clear. Example
2.4 below shows that the converses of Theorem 2.3 are not true. One can also prove
that the converses are true, if x is a bijection. Example 2.5 below shows that the

conditions (R;) and (Ry) are independent.

Theorem 2.3. If 1 and k € I" such that « € I'_, then the following hold.
(a) v and K satisfy both (Ry) and (Rs) [3, Lemma 2.10].
(b)v and k are a(i, k)—related and so v and k are o(i, k)—related and

(¢, k)—related [3, Theorem 2.11].

Example 2.4. (i) Let X = {1,2} and 1, k : p(X) — @(X) be defined by 1(0) =
0, o({1}) = {2}, «({2}) = {1}, «({1,2}) = {1, 2}, w(0) =0, x({1}) = {1}, s({2}) =
{1}, w({1,2}) ={1,2}. Then v({:({1})}) C s({1}) and ({:({2})})
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C k({2}), k({e({1,2})}) C k({1,2}). Hence v and k satisfies (Ry) but v ¢ T'_.

(11) Let X = {1,2} and ¢, k : p(X) — p(X) be defined by o(0) = 0, ({1}) =
(12}, ({20 = {21, {1,2) = {1,2}, #0) = 0, #({1}) = {1,2}, n({2}

= {2}, w({1,2}) = {1,2}. Then «({s({1}1)}) C s({1}) and (({x({2})}) C w({2}),
({k({1,2})}) € k({1,2}). Hence v and k satisfies (Ry) but ¢ ¢ T'_.

Example 2.5. (i) Consider . and k of Example 2.4(i). Then tx({2}) = {2} ¢ x({2})
and so v and k does not satisfy (Ry) but v and k satisfy (Ry).

(1) Let X = {1,2} and 1,k : p(X) — p(X) be defined by o(0) = 0, ({1}) =
{1} ((2h) = {12}, ({1,2}) = {12} 5(0) = 0, s({1}) = {1,2}, s({2}) = {1},
k({1,2}) = {1,2}. Then {1,2} = ru({2}) € k({2}) = {2} and so ¢ and K does not
satisfy (Ry) but v and K satisfy (Ry).

The following Example 2.6 shows that the condition (R;) in Theorem 2.5(1) of
[3] cannot be dropped and the condition (R3) in Theorem 2.5(2) of [3] cannot be
dropped.

Example 2.6. (i) Consider the functions v and k of Example 2.5(ii). Then v and k
does not satisfy (Ry), since for A = {2},{1,2} = ki(A) € k(A) = {2}. Since {1} =
k({2}) 2 ({2}) = {1,2}, ¢ and K are not ©(1, k)—related but are a(r, k)—related.

(1) Let X = {1,2} and 1,k : p(X) — p(X) be defined by () = 0, ({1}) =

{1}, «({2h) = {1}, «({1,2}) = {1, 2}, k(D) = 0, s({1}) = {2}, k({2}) = {1}, s({1,2})
= {1,2}. If A = {1}, then 1k(A) = A but k(A) = {2} and so ¢ and k does not
satisfy (Ry). Since ki(A) = {2} 2 1(A) = A, v and k are not o(t, k)—related but are

a(t, k)—related.

Though the conditions (R;) and (R2) are independent for ¢, x € T, the following
Theorem 2.4 shows that the conditions are equivalent if K € I'_5, and ¢+ and k are

B(t, k)—related.

Theorem 2.4. If i, k € T such that k € T _5, and ¢ and k are 3(1, k)—related, then

the conditions (Ry) and (Ry) are equivalent.
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Proof. Suppose that ¢, k € I' such that k € I'_5, and ¢ and k are (1, k)—related.
If (Ry) holds, for A C X, then tk(A) C xik(k(A)) C kir(A) C kk(A) C K(A) and
so tk(A) C Kk(A). Therefore, (Ry) holds. Conversely, if (Ry) holds, for A C X, then
ki(A) C k(kek(A)) C kik(A) C kr(A) C Kk(A) and so ki(A) C k(A). Therefore, (R;)
holds. U

The following Example 2.7 shows that the conditions k € I'_5 and ¢ and x are

B(¢, k)—related cannot be dropped in the above Theorem 2.4.

Example 2.7. (i) Consider the monotonic functions v and k of Example 2.4(i).
Then k € I'_y and v and K satisfy condition (Ry) but not (Ry). But v and r are not
B(v, k)—related, since if A= {1}, then {2} = 1(A) ¢ rux(A) = {1}.

(ii) Consider the monotonic functions v and k of Example 2.5(ii). Then v and K are

B(t, k)—related and v and K satisfy condition (Rs) but not (Ry). But k € I'_s, since
if A={2}, then {1} = x(A) 2 k*(A4) = {1,2}.

The following Theorem 2.5 is a generalization of Lemma 1.3.

Theorem 2.5. Let X be a nonempty set, 1 € I'y and k € T'. If 1 and k are o(1, k)—related,

then they are a(t, k)—related.
Proof. Since for every subset A of X, t(A) C 1*(A) C wke(A), the proof follows. [

Corollary 2.2. Let X be a nonempty set, o € I's and k € T'. If v and Kk are
o(t, k)—related, then they are (i, k)—related [3, Theorem 2.13].

Corollary 2.3. Let X be a nonempty set, v € I'y and k € T'. If v and k are

o (¢, k)—related, then they are a(i, k)—related.

The following Example 2.8 shows that the condition ¢ € I', in Theorem 2.5 cannot

be dropped.

Example 2.8. Let X = {1,2} and 1,k : p(X) — @©(X) be defined by () =
0, L({l}) = {2}7 L({Q}) = {1}7 L({172}) = {172}71{(@) = @,Ii({l}) = {1}’/{({2}) =
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{2}, k({1,2}) ={1,2}. Then v and k are o (1, k)—related but not o(t, k)—related, since
if A= {1}, then {2} = 1(A) ¢ wxe(A) = {1}. If A= {1}, then {2} = L(A) ¢ *(A) =
{1} and so ¢« ¢ T,.

The following Theorem 2.6 is a generalization of Lemma 1.4.

Theorem 2.6. Let X be a nonempty set, 1 € Iy and k € T'. If 1 and k are w(1, k)—related,

then they are a(, k)—related.

Proof. Since for every subset A of X, t(A) C (*(A) = 1((A)) C tk(e(A)) = tke(A),
the proof follows. 0

Corollary 2.4. Let X be a nonempty set, + € 'y and k € T. If v and Kk are
(¢, k)—related, then they are a(t, k)—related [3, Theorem 2.14].

Corollary 2.5. Let X be a nonempty set, v € I'y and k € T'. If v and Kk are

(1, k)—related, then they are a(t, k)—related.

The following Example 2.9 shows that the condition ¢ € T', in Theorem 2.6 cannot

be dropped.

Example 2.9. Consider the monotonic functions v and k in Example 2.8. Then ¢
and k are (1, k)—related but not (v, k)—related, since if A = {2}, then {1} = 1(A) ¢
vkit(A) = {2}. Since if A= {1}, then {2} = 1(A) ¢ (*(A) = {1} and so . ¢ T,.

The following Theorem 2.7 is a generalization of Theorem 2.15 of [3].

Theorem 2.7. Let X be a nonempty set, 1 € I'y and k € I'. Then the following hold
(a) If v and K are o(1, k)—related and (Ry ), then they are w(i, k)—related.
(b) If v and k are 7(t, k)—related and (Ry), then they are o(i, k)—related.

Proof. (a) Since for every subset A of X, 1(A) C (*(A) = 1(1(A)) C v(ke(A)) C tr(A),
the proof follows.

(b) Since for every subset A of X, t(A) C *(A) = 1(«(A)) C tk(L(A)) C KL(A), the
proof follows. ([l
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Corollary 2.6. Let X be a nonempty set, . € I'y and k € I'. Then the following hold
[3, Theorem 2.15].

(a) If v and K are o(1, k)—related and (Ry ), then they are w(i, k)—related.

(b) If v and k are 7(1, k)—related and (Ry), then they are o(v, k)—related.

Corollary 2.7. Let X be a nonempty set, 1 € I'y and k € I'. Then the following hold.
(a) If v and K are o (1, k)—related and (Ry ), then they are w(i, k)—related.
(b) If v and k are 7(t, k)—related and (Ry), then they are o(i, k)—related.

The following Theorem 2.8 is a generalization of Lemma 2.16 of [3].

Theorem 2.8. Let X be a nonempty set, . € I'y and k € I'y. Then ¢ and Kk are

a(t, k)—related.

Proof. Since for every subset A of X, t(A) C (*(A) = 1(«(A)) C t(k((A))), the proof
follows. O

Corollary 2.8. Let X be a nonempty set, either 1 € 'y orv € 'y and k € I'.. Then

v and Kk are oL, k)—related [3, Lemma 2.16].
The following Theorem 2.9 is a generalization of Lemma 2.18 of [3].

Theorem 2.9. Let X be a nonempty set, v € I' and k € I'_s. If L(A) C k(A), then ¢
and k satisfy both (Ry) and (Ry).

Proof. Since for every subset A of X, kit(A) C kk(A) C k(A), and so ki(A) C k(A).
Therefore (R;) holds.

Since for every subset A of X, tk(A) C kr(A) C k(A), and so tk(A) C k(A). Therefore
(R3) holds. O

Corollary 2.9. [3, Lemma 2.18] Let X be a nonempty set, . € I and k € T'y. If
L(A) C K(A), then v and k satisfy (Ry) and (Rs).

The following Example 2.11 shows that the converse of Theorem 2.9 is not true.
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Example 2.10. Let X = {1,2} and ,rx : p(X) — p(X) be defined by (D) =
0. o({1) = {1}, ({2} = {2}, «({1.2}) = {1,2}, 5(0) = 0, 6({1}) = {1} 5({2}) =
{1}, k({1,2}) = {1,2}. Then v and k satisfy (R1),(R2)and k € I'_5. But 1(A) ¢ k(A),
since if A= {1}, then {2} = 1(A)Z k(A) = {1}.

The following Theorem 2.10 is a generalization of Lemma 2.19 of [3]. Moreover, it
also shows that Lemma 2.18(2) of [3] is valid without the condition that ((A) C k(A)
for every subset A of X.

Theorem 2.10. Let X be a nonempty set, « € I' and kK € T'_5. If v and Kk satisfy
either (Ry)or (Ry), then kik(A) C k(A) for every A C X.

Proof. For every subset A of X, kik(A) C kk(A) C k(A) and so kek(A) C k(A). O

Corollary 2.10. [3, Lemma 2.19] Let X be a nonempty set, « € I' and k € T's. If 1
and K satisfy either (Ry)or (Rs), then kik(A) C k(A) for every A C X.

The following Theorem 2.11 is a generalization of Lemma 2.20 of [3] which shows
that the condition x € I's is redundant. Moreover, the following Example 2.11 shows
that the condition o (¢, k)—related in Theorem 2.11(a) and the condition 7 (¢, k) —related

in Theorem 2.11(b) cannot be dropped.

Theorem 2.11. Let X be a nonempty set and v,k € I'. Then the following hold.
(a) If v and k satisfy (R1) and o(t, k) — related, then «(A) C k(A).
(b) If v and K satisfy (Ry) and (v, k) — related, then (A) C k(A).

Proof. (a) For every subset A of X, t(A) C ke(A) C k(A). Therefore t(A) C k(A).
(b) For every subset A of X, t(A) C tk(A) C k(A). Therefore t(A) C k(A). O

Example 2.11. (a) The functions ¢ and k in Example 2.4(i) satisfy (R1) but not

o (1, k)—related, since {2} = 1({1}) ¢ ke({1}) = {1}. Note that 1({1}) Z k({1}).
(b) The functions v and k in Example 2.5(i1) satisfy (Rs) but not m(v, k)—related,

since {1,2} = 1({2}) ¢ tw({2}) = {1}. Note that 1({2}) ¢ k({2}).
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The following Theorem 2.12 is a generalization of Lemma 2.21 of [3] and Lemma

1.13 of [1].

Theorem 2.12. Let X be a nonempty set, + € I'y,k € ['_5. If v and k are o(t, k)
related and satisfy either (Ry) or (Rs), then the following hold.

(a)ikik(A) = tk(A).

(b)riki(A) = ki(A).

(c)(tke)(ekt)(A) = (tke)(A).

(d)(kir)(kir)(A) = (kk)(A).

(e) If v is a product of alternating factors v and k, then v € T's.

Proof. (a) For every subset A of X,.(A) C (*(A) = t(t(A)) C trke(A) and so tk(A) C
tiek(A). Again, tkik(A) C tkk(A) C k(A) and so tker(A) C uk(A). Hence tkik(A) =
tk(A).

(b) For every subset A of X,t(A) C *(A) = 1(t(A)) C tke(A) which implies that
kL(A) C keke(A). Again, keki(A) C kke(A) C ke(A) and so kikie(A) C ke(A). Hence
rekt(A) = ki(A).

(c) For every subset A of X,.(A) C (*(A) = 1(t(A)) C wke(A) C wre(A) which im-
plies that xt(A) C kukt(A) and so tke(A) C (tke)(eke)(A). Again, (tke)(tke)(A) C
(tr(tke))(A) = (tkekt)(A) C tkre(A) C wke(A) which implies that (vke)(eke)(A) C
(tke)(A). Hence (tke)(tkt)(A) = (tke)(A).

(d) For every subset A of X,1(A) C 1*(A) = 1(t(A)) C ku(A) C rert(A) C kerki(A)
which implies that tk(A) C kerker(A) which in turn implies that kik(A) C krekkek(A) C
kikkik(A) and so kek(A) C (kek)(kek)(A). Again, (kek)(kek)(A) C rukek(A) C
kkik(A) C kik(A) which implies that (kek)(kek)(A) C kek(A). Hence (kek)(ker)(A) =
kik(A).

(e) The proof is clear. O

Corollary 2.11. [3, Lemma 2.21] Let X be a nonempty set, 1,k € I'y.If v and k are
o(t, k) related and satisfy (Ry), then the following hold.
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(a)kik(A) = 1k(A).
(b)riki(A) = ki(A).

The following Example 2.12 shows that the conditions (R;) or (Ry) cannot be
dropped in Theorem 2.12.

Example 2.12. (i) Consider the functions v and k defined in Example 2.2(i). « €
I'y, K €'y and ¢ and k are o(v,k)—related. If A = {1},{1,2} = ku(A) ¢ k(A) =
{1} and so v and K does not satisfy (R1), and also ki & I's.

(ii) Consider the functions v and k defined in Example 2.3. 1 € Ty, k € T' 5, and ¢
and K are o(i, k)—related. If A = {1}, then {1,2} = 1k(A) ¢ k(A) = {1} and so ¢
and k does not satisfy (Ry), and also vk & T's.

The following Theorem 2.13 is a generalization of Lemma 2.22 of [3].

Theorem 2.13. Let X be a nonempty set, v € I'y,k € T _o.If ¢ and k are (¢, k)
related and satisfy either (Ry)or (Ry), then the following hold.

(a) v and K are o(t, k) — related

(b) v and k are 7(¢, k)-related.

(c) v and k are a(t, k)-related.

Proof. (a) For every subset A of X, t(A) C (*(A) = 1(«(A)) C kek(c(A))) C rkre(A) C
kt(A). Therefore t(A) C Ki(A).

(b) For every subset A of X, t(A) C (*(A) = 1(1(A)) C w(ker(A)) = tk(A), by (a).
Therefore «(A) C tk(A).

(c) The proof follows from Theorem?2.6 O

Corollary 2.12. [3, Lemma 2.22| Let X be a nonempty set, 1,k € T's. If L and K are
B(t, k) related and satisfy either (Ry) or (Ray), then the following hold.

(a) v and K are o(i, k) — related

(b) v and k are 7(¢, K)-related.

(c) v and k are [(3(1, k)-related.
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