Jordan Journal of Mathematics and Statistics (JJMS) 7(1), 2014, pp.29 - 46

ON A-GENERALIZED CLOSED SETS IN FUZZY TOPOLOGICAL
SPACES

K. BALASUBRAMANIYAN () S, SRIRAM (A AND O. RAVI ®

ABSTRACT. In this paper, we introduce the concepts of A-generalized fuzzy closed
sets(briefly, Agf-closed sets), A-gf-closed sets and gf-A-closed sets in fuzzy topolog-
ical spaces. Also we study some properties and characterizations of A-generalized

fuzzy closed sets.

1. INTRODUCTION

In 1986, Maki [11] introduced the notion of A-sets in topological spaces. A A-set
is a set A which is equal to its kernel (=saturated set), i.e the intersection of all open
supersets of A. Arenas et al. [1] introduced and investigated the notion of A-closed
sets by involving A-sets and closed sets. A subset A of a topological space (X, 7)
is called A-closed [1] if A =LND, where L is a A-set and D is a closed set. The
intersection of all A-closed sets containing a subset A of X is called the A-closure
of A and is denoted by cly(A) [5]. The complement of a A-closed set is called A-
open. Ganster and Reilly [7] introduced the notion of locally closed sets using open
sets and closed sets. In 1970, Levine [10] introduced the notion of generalized closed

sets(briefly, g-closed sets) in topological spaces as a generalization of closed sets. Since
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then, many concepts related to generalized closed sets were defined and investigated.
Caldas et al. [4] introduced new classes of sets called Ay-closed sets and Ag-open
sets in topological spaces. They also established several properties of such sets. It is
proved that Ag-closed sets and A -open sets are weaker forms of closed sets and open
sets, respectively and stronger forms of g-closed sets and g-open sets, respectively.

Since the generalization of the usual notion of a set into a fuzzy set by Zadeh in his
classic paper [17] of 1965, many abstract structures were generalized using fuzzy sets.
Fuzzy topological spaces were introduced by Chang [6]. Fuzzy continuous functions
and fuzzy closed functions were introduced by Chang in [6]. Recently Balasubra-
manian and Sundaram [3] introduced and studied the concepts of generalized fuzzy
closed sets and fuzzy T o-spaces in fuzzy topological spaces. Moreover, they studied
the generalizations of fuzzy continuous functions.

In the present paper, we introduce the concepts of A-generalized fuzzy closed sets
(briefly, Agf-closed sets), A-gf-closed sets and gf-A-closed sets in fuzzy topological
spaces. Further, we study some properties and characterizations of A-generalized
fuzzy closed sets. Suitable Examples are given at proper places to substantiate the
results. In topological spaces, the symbols such as C, N and U are used. Correspond-

ingly, <, A and V symbols are used in fuzzy topological spaces.

2. PRELIMINARIES

A map from a nonempty set X into the closed unit interval I = [0, 1] is a fuzzy
subset of X. The constant fuzzy sets taking the values 0 and 1 on X are denoted by
Ox and 1x respectively. The family of all fuzzy sets of X is denoted by I*X. Usually
the fuzzy sets will be denoted by Greek letters such as u, p, v, A, a, (3, .... or English
alphabets such as A, B, C, ...

Definition 2.1. [6] A family T of fuzzy sets on X is called a fuzzy topology for X if
(1) Ox, 1xeT, (2)pNpeET whenever u, pet and (3) V{p; : i€A}er whenever each
/L¢€T(’ZEA).
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Moreover, the pair (X, T) is called a fuzzy topological space.
Every member of T is called a fuzzy open set.
The complement of a fuzzy open set is called a fuzzy closed set.

The complement of a fuzzy set X of X is 1—X(or A\!).

Definition 2.2. For a fuzzy set A of (X, 7), the closure cl(\) and the interior int(\)
of A are defined in [2] respectively, as

cd\) =Ny :v >\ vier} and

int(A\) =V{v : v <\, ver}.

Definition 2.3. [2] Let (X, 7) be a fuzzy topological space. A fuzzy set p of X is
called

(1) fuzzy reqular open if p=int(cl(n));

(2) fuzzy reqular closed if p= cl(int(u));
It is easily seen that a fuzzy set u is fuzzy reqular open if and only if p' is fuzzy

reqular closed.

Definition 2.4. [3] A fuzzy set p of a fuzzy topological space (X, T) is called gener-
alized fuzzy closed (briefly, gf-closed) if cl(u)<A whenever u<X and A€T.

Definition 2.5. [14] A fuzzy set p of a fuzzy topological space (X, ) is called a fuzzy
LC setif p = a A B where « is a fuzzy open and 3 is a fuzzy closed.

Definition 2.6. [3] A fuzzy topological space (X, ) is called fuzzy Ti,2 space if every

gf-closed set is fuzzy closed.

Definition 2.7. Let p be a fuzzy set of a fuzzy topological space (X, 7). Then p is
said to be

(1) fuzzy semiopen if and only if p < cl(int(u)) [2];

(2) fuzzy semiclosed if and only if p' is a fuzzy semiopen set of X [2];

(3) fuzzy preopen if and only if p < int(cl()) [15];

(4) fuzzy preclosed if and only if u' is a fuzzy preopen set of X [15].
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Definition 2.8. Let p be a fuzzy set of a fuzzy topological space (X, 7). Then
(1) pint(n) =V {N | X < pu, X is a fuzzy preopen set of X}, is called the fuzzy
preinterior of 1 [8];
(2) pel(u) = N {XN| X > p, X is a fuzzy preclosed set of X}, is called the fuzzy
preclosure of p [8];
(3) sint(u) =V {N| A < pu, X is a fuzzy semiopen set of X}, is called the fuzzy
semiinterior of p [16];

(4) scl(u) = N{N| X > p, Xis a fuzzy semiclosed set of X}, is called the fuzzy

semiclosure of u [16].

Theorem 2.9. Let i be a fuzzy set in a fuzzy topological space (X, 7). Then
(1) pint(n) < p A int(cl(p)) [8];
(2) pel(pn) = p vV cl(int(u)) [8];
(3) sint(p) = p A clint(n)) [9);
(4) sel(n) = iV int(c(u)) [9).

The following Lemma and two definitions are introduced in [6].

Definition 2.10. Let f : X—Y be a function from a set X into a set Y, u be a fuzzy

subset in X and p be a fuzzy subset in Y. Then the Zadeh’s functions f(u) and f~(p)
are defined by

(1) f(r) is a fuzzy subset of Y where

Su z if f71 0
) Zéo}ﬁglgy) f 1) #

0 otherwise
for each ye'Y.

(2) fY(p) is a fuzzy subset of X where f1(p)(x)=p(f(x)) for each z€X.
@) () =1 ")

Lemma 2.11. Let f: (X, 7)—(Y, o) be a function. Then for fuzzy sets p and p of
X and Y respectively, the following statements hold:
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(1) " (p)<p;

(2) S (n)z e

(3) fu' )= (f(w))";

@) " )=( ()"
(5) if f is injective, then f~(f(u)) = u;
(6) if f is surjective, then [f~(p) = p;
(7) if f is bijective, then f(u') = (f(u))t.

Definition 2.12. A function f : (X, 7)— (Y, 0) is called

(1) fuzzy continuous if the inverse image of each fuzzy open set of Y is fuzzy open
m X,
(2) fuzzy closed if the image of each fuzzy closed set of X is fuzzy closed in Y.

Definition 2.13. [13] Let (X, 7) be a fuzzy topological space. A fuzzy point z,
(0<a<1)is a fuzzy set of X defined as follows:
a ify =z

0 otherwise.

xa(y) -

Definition 2.14. ([12], Definition 1.2.4) Let (X, T) be a fuzzy topological space. The
fuzzy point x; in X is said to be contained in a fuzzy set p or to belong to u, denoted
by ©; € p, if and only if t<u(z), for each x € X. Evidently every fuzzy set u can be

expressed as the union of all the fuzzy points which belong to L.

Definition 2.15. ([12], Definition 8.2.3) A fuzzy topological space (X, T) is called a
FTy space if and only if every fuzzy point is a fuzzy closed set.

Definition 2.16. [13] Let (X, 7) be a fuzzy topological space. A fuzzy set u is quasi-
coincident with a fuzzy set v, denoted by pqu, if there exists x€X such that p(x) +

v(z)>1. If p is not quasi-coincident with v, then we write uqy. It is known that p<v

if and only if pg(1—v).
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Definition 2.17. [13] Let (X, 7) be a fuzzy topological space. A fuzzy point x, in X
is quasi-coincident with a fuzzy set v, denoted by z,qv, if and only if « + v(z)>1. If

Ty 1S not quasi-coincident with v, then we write x,qu.

Lemma 2.18. [2] For a fuzzy set A of a fuzzy topological space (X, T), the following
hold:

(1) (int(\))" = cl(\');
(2) (cI\)} = int(\L).

3. A-GENERALIZED FUZZY CLOSED SETS

Definition 3.1. A fuzzy set p of a fuzzy topological space (X, T) is called a A-fuzzy
set if p = 1, where i = AN{\ : p<X, A\et}.

Remark 3.2. For a fuzzy set p of a fuzzy topological space (X, 7), the following
properties hold:
(1) p<ip
(2) If per, then i = p and hence is a A-fuzzy set.
(3) If i = p, then the following Example 3.3 shows that p need not be fuzzy open.
(4) If u<o, then 1<o.
(5) If u is any fuzzy subset of X, then fi = .

Proof. (1), (2), (3), (4) Obvious.
(5) If per then pu<pei<p by the definition of ji and (1). Hence i = fi and /i is a
A-fuzzy set.

Example 3.3. Let X be a nonempty set. Define C, : X— [0, 1] such that C,(z) =
a for all € X and a€ [0, 1]. Then 7 = {Cy, Cy, C, : 3/10 < a < 4/10} is a fuzzy
topology on X and (X, 7) is a fuzzy topological space. Now C'g/m = NMp: peT and
Cs10<p} = Cp where b = N{a | 8/10 < a <4/10} and hence b = 3/10 and 6’3/10:
Cs/10. Thus Cs)10 1s a A-fuzzy set but not fuzzy open in X.
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Proposition 3.4. In a FT) space (X, 7), every fuzzy subset of X is a A-fuzzy set.

Proof. Let u be any fuzzy subset of X such that x,gu. Then pu(x)<1—t. Since (X,
7) is a FT;-space, x; is a fuzzy closed set of X. Hence x; is fuzzy open containing p.
By definition of /i, 1<x; and therefore x;gfi. Thus p(x)<1—t=-/i(x)<1—t and hence
f(x)<p(x). Then i = p and hence p is a A-fuzzy set.

Definition 3.5. A fuzzy set pu of a fuzzy topological space (X, T) is said to be A-fuzzy
closed (briefly, Af-closed) if u can be put in the form p = aAf where o is a A-fuzzy
set and (3 is fuzzy closed in X.

The complement of a \f-closed set is Af-open. The collection of all Af-open sets in
(X, 7) is denoted by A\FO(X).

Lemma 3.6. In a fuzzy topological space (X, T), the following properties hold:

(1) If p; is Mf-closed for each i€, then Nieap; is Af-closed.
(2) If p; is Mf-open for each i€A, then Vicap is Af-open.

(3) Intersection of two Af-open sets is not necessarily Af-open.

Proof. (1) Since p; is M-closed, p; = a;AB; where «; is a A-fuzzy set and f; is
fuzzy closed for each i. Therefore Ajeafti = Niea(aiAB;) = [Nieaci] A[NieaBi]-
Now A;jea;<a; for each i and by (4) of Remark 3.2.

We have [Ajeaq;]"<a; for each i since each «; is a A-fuzzy set.

Hence [Aieai]"<Ajeaq; and thus Ajeaq; is a A-fuzzy set.

Since 0; is fuzzy closed for each i, A;ea[; is fuzzy closed and hence A;eap; is
M-closed.

(2) Taking complements the proof follows from (1).

(3) Let X = {a, b} and A; : X — [0, 1] be defined as A;(a) = 0.4 and A;(b) =
0.6. Then 7 ={0x, 1x, A} is a fuzzy topology on X with A; = {(a, 0.4), (b,
0.6)}. In (X, 7), A; and Ay = A;! are M-open subsets by (4) of Remark 3.7.
(A;AAR)! is not M-closed, since the only A-fuzzy sets of X are Ox, A; and
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1x and the only fuzzy closed sets of X are Ox, Ao, 1x. Thus A;AA, is not
M-open.

Remark 3.7. The following statements are true for any fuzzy topological space.

(1) Every A-fuzzy set of X is Af-closed in X.

(2) Every fuzzy closed set of X is Af-closed in X.

(3) Every fuzzy LC set of X is Af-closed in X.

(4) Every fuzzy open set of X is both Af-open and \f-closed.

Proof. (1) Let pu be a A-fuzzy set. Then u = puAlx where Iy is fuzzy closed of X.
Hence p is Af-closed in X.

(2) Let u be a fuzzy closed set of X. Then p = IxAu where Ix is a A-fuzzy set of
X. Hence p is Af-closed in X.

(3) Let p be a fuzzy LC set. Then p = aAf where « is a fuzzy open set and 3
is a fuzzy closed set of X. By (2) of Remark 3.2, «v is a A-fuzzy set of X and
hence p is Af-closed in X.

(4) Let u be a fuzzy open of X. By (2) of Remark 3.2 and (1) of Remark 3.7, u is
AM-closed. Again by (2) of Remark 3.7, u is Mf-open. Thus pu is both Af-closed
and Af-open in X.

The converse of each statement in Remark 3.7 is not true can be shown by

the following Example.

Example 3.8. (1) In Example 3.3, Csno is fuzzy closed since Cyro€T. By (2)
of Remark 3.7, Cgpo is Af-closed. But 06/10 = C1#Cs/10 and thus it is not a
A-fuzzy set.

(2) In Evample 3.3, Cs/10 is a A-fuzzy set since 03/10 = C310 and hence by (1)
of Remark 3.7, C310 is Af-closed but not fuzzy closed in X.

(3) In Example 3.3, Cs/1o is Mf-closed by (1) of Remark 3.7. But Cs)19 is not a
fuzzy LC set. If G319 = a/\B where o is fuzzy open and 3 is fuzzy closed in X,
then G319 = GyA\Cq. Since Gy is fuzzy open, b > 3/10 and Cy is fuzzy closed
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implies d>6/10. Thus 3/10 = min{b,d} which is a contradiction, proving that
Cs/10 18 not a fuzzy LC set of X.

(4) In Ezample 3.3, Cgj10 is Af-closed by (2) of Remark 3.7. Since Cyjg is fuzzy
open, by (4) of Remark 3.7, Cypo is Mf-closed and hence Cgjio is Af-open.
Thus Cgj1o 1s both Af-closed and Af-open but not fuzzy open.

Remark 3.9. From (1) and (2) of Example 3.8, it is easy to see that A-fuzzyness

and fuzzy closedness are independent.

Lemma 3.10. For a fuzzy set p of a fuzzy topological space (X, T), the following
conditions are equivalent.

(1) p is Af-closed.

(2) = LAcl(u) where L is a A-fuzzy set.

(3) 1= pincel(p).

Proof. (1)=(2). Obvious since cl(p) is fuzzy closed containing p.
(2)=-(3). Obvious since i is a A-fuzzy set, by (5) of Remark 3.2.
(3)=(1). Follows since [ is a A-fuzzy set.

Lemma 3.11. A fuzzy set p of a fuzzy topological space (X, T) is gf-closed if and
only if cl(u)<f.

Proof. Let p be gf-closed in X. Then cl(u)<A, whenever u<\ for any A\ér. Thus
cl(p)<A{A : p<X and AeT} = [

Conversely. Let u<\ and Aer. By the definition of i, g<A. Then cl(u)<a<A.
Thus cl(p) <A whenever u<A and A€r, which proves that p is gf-closed.

Theorem 3.12. For a fuzzy set p of a fuzzy topological space (X, 7), the following

conditions are equivalent.
(1) p is fuzzy closed.
(2) w is gf-closed and a fuzzy LC set.
(3) w is gf-closed and \f-closed.
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Proof. (1)=(2). Since every fuzzy closed set is gf-closed and also a fuzzy LC set, the
proof follows immediately.

(2)=(3). By (3) of Remark 3.7, every fuzzy LC set is Af-closed and hence the proof.
(3)=(1). Since p is gf-closed, then by Lemma 3.11, cl(u)<pi. But p is AM-closed,
hence by Lemma 3.10, i = fiAcl(p). Therfore p = cl(p) and thus p is fuzzy closed.

Definition 3.13. For a fuzzy set p of a fuzzy topological space (X, ), cly (1) is defined

as the intersection of all \f-closed sets containing p and is called the A\f-closure of .

Remark 3.14. The following properties hold in any fuzzy topological space:
(1) For a fuzzy set p, p<cl(u).
(2) ¢l (1) is Af-closed for a fuzzy set p.
(3) If u is Mf-closed, then p = cly(u).
(4) If n<o, then cly(u)<cl (o).
(5) For a fuzzy set p, cly(pn)<cl(u).

Definition 3.15. A fuzzy set u of a fuzzy topological space (X, 7) is called A-
generalized fuzzy closed (briefly, Agf-closed) (respectively, A-gf-closed, gf-A-closed)
if cl(u)<B (respectively, cly(1)<B, cly(un)<B) whenever n<p and (3 is Af-open (re-
spectively, 3 is Af-open, 3 is fuzzy open).

As a consequence of the above definition, we have the following Proposition.

Proposition 3.16. For a fuzzy topological space (X, T), then the following properties
hold.

(1) Every fuzzy closed set is Agf-closed.
(2) Every Agf-closed set is gf-closed.
(3) Every Af-closed set is A-gf-closed.
(4) Every A-gf-closed set is gf-A-closed.
(5) Ewvery Agf-closed set is A-gf-closed.
(6)

6) Every gf-closed set is gf-A-closed.
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Proof. (1) Let p be a fuzzy closed set and A be any Af-open set containing p. Then
cl(pu) = p<A. Thus cl(p)<A and hence p is Agf-closed.
(2) Since any fuzzy open set \ is M-open by (2) of Remark 3.7, the proof follows.
3) Proof follows from (3) of Remark 3.14.
2) of Remark 3.7.
5 )
6 )

of Remark 3.14.

5) of Remark 3.14.

)
(3)
(4) Proof follows from
(5)
(6) Proof follows from

(
Proof follows from (5
(

Remark 3.17. From the above discussions, we have the following diagram:

fuzzy closed — Agf-closed gf-closed

L

Af-closed ——~ A-gf-closed ——  gf-A-closed

Remark 3.18. From the single Example 3.3 it is seen that none of the above impli-

cations is reversible.

The different types of fuzzy sets other than Cy and Cy in Ezample 3.3 are

fuzzy open sets = {C, : 3/10 < a < 4/10};

fuzzy closed sets = {C, : 6/10 < a < 7/10};

A-fuzzy sets = {C, : 3/10 < a < 4/10};

A-closed sets = {C, : 8/10 < a < /10, 6/10 < a < 7/10};

AM-open sets = {C, : 3/10 < a < 4/10, 6/10 < a < 7/10};

gf-closed sets = {C, : 4/10 < a < 1};

A-gf-closed sets = {C, : 0< a< 7/10, 7/10 < a < 1};

Agf-closed sets = {C, : 4/10 < a < 7/10, 7/10 < a < 1};

and gf-A-closed sets = {C, : 0 < a < 1}.

(1) Agf-closed—= fuzzy closed.

The Mf-open sets containing Cso are {C, : 6/10 < a < 7/10}. But cl(Cs0)
= G0 < {Cy ¢ 6/10 < a < 7/10}. Thus cl(Csj10)<\ whenever Csjig<A



40

K. BALASUBRAMANIYAN, S. SRIRAM AND O. RAVI

and X is Af-open, which proves that Cs o is Agf-closed. But Cs ;g is not fuzzy

closed.

(2) gf-closed - Agf-closed.

For Crp10, Cy is the only fuzzy open set containing Crpo and hence Crjig
is gf-closed. Since Cqp0 is Af-open set containing Cr0 we have Cr/10<Cq/10.
But cl(Cr10) = Ci%Crpro. Hence Crpig is not Agf-closed. Thus Cq1g is gf-
closed but not Agf-closed.

(3) A-gf-closed-+ \f-closed.

Cs/10 18 Agf-closed and therefore A-gf-closed. But Csjio is not Af-closed.

(4) gf-A-closed-A-gf-closed.

By (2) Crpo is gf-closed and therefore gf-A-closed. Now Crj1o is Af-open and
C710< Cr 1. But cly (Cr o) = C’lfc%/lo and hence Crz/19 is not A-gf-closed.

(5) Af-closed— fuzzy closed.

Cs/10 is a A-fuzzy set and therefore it is Mf-closed, but Cs/1q is not fuzzy closed.

(6) A-gf-closed—+Agf-closed.

By (5) Csj10 is Af-closed and hence A-gf-closed. But Cyjio is fuzzy open and
hence Af-open with Cs;10< Cy10 whereas cl(Cspi0) = Copro% Cajro which proves
that Cs/10 1s not Agf-closed.

(7) gf-A-closed— gf-closed.

cl(Cyj10) = Cujro and hence cly(Cyo)<A whenever Cypo<A and X is fuzzy
open. Thus Cyjig is gf-A-closed. But Cyjig is fuzzy open and Cyj10< Cyjro
whereas 01(04/10) = 06/10$ Cy10- This proves that Cy is not gf-closed.

Remark 3.19. The following concepts are independent. This fact can be seen from

the Examples given.

(1) Agf-closedness and Af-closedness.

Example (1) : In Example 3.3, C5p¢ is Af-closed. But Cs/1g is not Agf-closed
by (6) of Remark 3.18.
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Example (2) : In Example 3.3, Cs o is Agf-closed by (1) of Remark 3.18. But
Cs/10 s not Af-closed.

(2) A-gf-closedness and gf-closedness.
Ezample (1) : In Example 3.3, Cyo is A-gf-closed since cly(Cijr0) = Caijno
by (7) of Remark 3.18. But it is not gf-closed by (7) of Remark 3.18.
Example (2) : In Evample 3.3, C7/19 is gf-closed by (2) of Remark 3.18. But
Cr 10 45 not A-gf-closed by (4) of Remark 3.18.

(3) Af-closedness and gf-closedness.
Ezample (1) : In Example 3.3, C5p10 is Mf-closed by (5) of Remark 3.18. But
Cs/10 s not gf-closed for Cyjio ts fuzzy open such that Cz/10<Cy/10 whereas
05(03/10) = C6/10$C4/10-
Example (2) : In Example 3.3, C7p is gf-closed by (2) of Remark 3.18. By
(4) of Remark 3.18, Cqp¢ is not A-gf-closed and hence not Af-closed.

Remark 3.20. (1) Decomposition of a fuzzy closed set in terms of Af-closedness
and gf-closedness.
By Theorem 3.12, a fuzzy set i is fuzzy closed< i is Af-closed and gf-closed.
By (3) of Remark 3.19, \f-closedness and gf-closedness are independent.
(2) Decomposition of a fuzzy closed set in terms of Af-closedness and A gf-closedness.
Let 1 be fuzzy closed in (X, 7). By Proposition 3.16, p is Agf-closed. Also
by (2) of Remark 3.7, i is Af-closed. Hence p is Agf-closed and \f-closed.
Conversely. Let u be Agf-closed and Af-closed. By Proposition 3.16, u
1s gf-closed and hence by Theorem 3.12, 1 is fuzzy closed. Thus p is fuzzy
closed=p is Agf-closed and \f-closed. By (1) of Remark 3.19, Agf-closedness

and \f-closedness are independent.
Theorem 3.21. The union of two Agf-closed sets is Agf-closed.

Proof. Let A and B be any two Agf-closed sets of a fuzzy topological space (X, 7). Let
AVB < U, where U is M-open. Then A<U and B<U. Since A and B are Agf-closed,
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cl(A)<U and cl(B)<U. Hence cl(AVB) = cl(A)Vvcl(B)<U. Thus AVB is Agf-closed
in X.

Remark 3.22. The intersection of two Agf-closed sets need not be Agf-closed as can
be verified by the following Example.

Example 3.23. Let X={a, b} and A : X— /0, 1] be defined as A(a) = 0.2, A(b) =
0.2. Then (X, 7) is a fuzzy topological space with T ={0x, 1x, A}. The A-fuzzy sets
in X are Ox, 1x and A. The fuzzy closed sets are Ox, 1x and A'. Hence the \f-closed
sets are Ox, 1x, A and A'. The Af-open sets are Ox, 1x, A and A' where A = {(a,
0.2), (b, 0.2)} and A = {(a, 0.8), (b, 0.8)}. 1 = {(a, 0.2), (b, 1)} is Agf-closed
since 1x is the only Af-open set in X containing pi. And ps = {(a, 1), (b, 0.2)}
15 also Agf-closed since 1x is the only Af-open set in X containing po. But py/Aps
={(a, 0.2), (b, 0.2)} which is fuzzy open and hence \f-open, with {(a, 0.2), (b,
0.2)}<{(a, 0.2), (b, 0.2)} whereas cl{(a, 0.2), (b, 0.2)} = {(a, 0.8), (b, 0.8)}4{(a,
0.2), (b, 0.2)}. This verifies that 1 Aus is not Agf-closed, inspite of p1 and ps being
Agf-closed in X.

Proposition 3.24. If A is a Agf-closed set of (X, T7) and A<B<cl(A), then B is a
Agf-closed set of (X, 7).

Proof. Let B<U where U is AMf-open in X. Since A<B, A<U. But A is Agf-closed set
in X, then cl(A)<U. Also, B<cl(A), cl(B)<cl(A)<U. Therefore B is Agf-closed in X.

Theorem 3.25. If A is a Mf-open and Agf-closed set of (X, T), then A is fuzzy closed
mn X.

Proof. Since A is M-open and Agf-closed, then cl(A)<A and hence A is fuzzy closed
in X.

Theorem 3.26. Let A be a Agf-closed set in (X, 7).

(1) If A is fuzzy regular open, then scl(A) and pint(A) are Agf-closed sets.
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(2) If A is fuzzy regular closed, then pcl(A) and sint(A) are Agf-closed sets.

Proof. (1) By the definitions, scl(A) > A and pint(A) < A. But A is fuzzy regular
open, then A = int(cl(A)). Therefore A is fuzzy semiclosed and fuzzy preopen. Thus A
is fuzzy semiclosed and hence A = scl(A). Similarly we obtain A = pint(A). Therefore
scl(A) and pint(A) are Agf-closed sets.

(2) By the definitions, pcl(A) > A and sint(A) < A. But A is fuzzy regular closed,
then A = cl(int(A)). Therefore A is fuzzy preclosed and fuzzy semiopen. Thus A =
pcl(A) and A = sint(A). Therefore pcl(A) and sint(A) are Agf-closed sets.

Theorem 3.27. Let (X, 7) be a fuzzy T space. Then the following conditions are
equivalent.

(1) A is fuzzy closed.

(2) A is Agf-closed.

(3) A is gf-closed.

Proof. Obvious.

Definition 3.28. A fuzzy set A in (X, 7) is said to be Agf-open in (X, 7) if and only
if A is Agf-closed in (X, 7).

It is evident that every fuzzy open set of (X, T) is Agf-open in (X, T) but not
conversely.

In Example of Remark 3.18, Cs/19 is Agf-open but not fuzzy open in X.
Theorem 3.29. The intersection of two Agf-open sets in (X, T) is Agf-open.

Proof. This is obvious by Theorem 3.21.

The following Example shows that arbitrary union of Agf-closed sets is not neces-

sarily Agf-closed.

Example 3.30. In Ezample 3.3, Agf-closed sets = {C, : 4/10 < a < 7/10 and 7/10
< a < 1} by Remark 3.18. C, is Agf-closed for each a such that 4/10 < a < 7/10
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and vV Cq = Gy where b = Vi{a | 4/10 < a < 7/10}. Hence V C, = Cr/19, where 4/10
< a < 7/10, which is not Agf-closed.

Theorem 3.31. A fuzzy set A is Agf-open in (X, 7) if and only if F<int(A) whenever
F is M-closed in (X, ) and F<A.

Proof. Sufficiency. We first prove that A! is Agf-closed. Let A'<G, where G is M-
open. Hence G'<A and G! is M-closed. Then by the assumption G!'<int(A) which
implies that (int(A))'<G, so cl(A')<G. Hence A' is Agf-closed i.e., A is Agf-open.
Conversely. Let A be Agf-open. Then A! is Agf-closed and let F be a Af-closed set
contained in A. Then A'<F!. But A! is Agf-closed, then cl(A')<F!. This implies
that F<(cl(A'))! = int(A). Thus F<int(A).
Proposition 3.32. If int(A)<B<A and A is Agf-open in (X, 7), then B is Agf-open
in (X, 7).
Proof. Suppose int(A)<B<A and A is Agf-open in (X, 7). Then A’<B'<cl(A') and
Al is Agf-closed. By Proposition 3.24, B! is Agf-closed in (X, 7) and hence B is
Agf-open in (X, 7).

4. FuZzZY FUNCTIONS

We begin with the following notions:

Definition 4.1. A fuzzy function f: (X, 7)— (Y, o) is said to be
(1) Mf-irresolute if f1(V) is AMf-open in X for every Af-open set V of Y.
(2) Mf-closed if f(F) is Mf-closed in Y for every Af-closed set F of X.

Theorem 4.2. Let f: (X, 7)—(Y, ) be a Mf-irresolute fuzzy closed function. If A
is Agf-closed in X, then f(A) is Agf-closed in Y.

Proof. Let A be a Agf-closed set of X and V be a AM-open set of Y containing f(A).
But f is Mf-irresolute, then f~1(V) is M-open in X and A< f7}(V). Since A is Agf-
closed, hence cl(A)<f~1(V) and f(A)<f(cl(A))<V. Since f is fuzzy closed, we obtain
cl(f(A))<V. This shows that f(A) is Agf-closed in Y.
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Lemma 4.3. A function f: (X, 7)— (Y, 0) is Af-closed if and only if for each fuzzy
subset B of Y and each UENFO(X) containing f~'(B), there exists VENFO(Y) such
that BV and (V)< U.

Proof. Necessity. Suppose that f is a Af-closed function. Let B<Y and UeAFO(X)
containing f~1(B). Put V = (f(U'))!. Then we obtain VEAFO(Y), BV and f~1(V)<U.

Sufficiency. Let F be any M-closed set of (X, 7). Set f(F) = B, then F< {71(B)
and f~1(BY)<F'eAFO(X). By hypothesis, there exists VEAFO(Y) such that B'<V
and f~1(V)<F'. Therefore we obtain V'<B = f(F)<V'. Hence {f(F) = V! and f(F)
is M-closed in (Y, o). Therefore, f is Af-closed.

Theorem 4.4. Let f: (X, 7)— (Y, 0) be a fuzzy continuous Af-closed function. If B
is a Agf-closed set of (Y, o), then f1(B) is Agf-closed in (X, 7).

Proof. Let B be a Agf-closed in (Y, o) and U be a AM-open set of (X, 7) containing
f~1(B). Since f is M-closed, then by Lemma 4.3 there exists a M-open set V of (Y,
o) such that B<V and f~1(V)<U. But B is Agf-closed in (Y, o), then cl(B)<V and
hence f~1(B)<f~!(cl(B))<f}(V)<U. Since f is fuzzy continuous, ~*(cl(B)) is fuzzy
closed and hence cl(f~!(B))<U. This shows that f~!(B) is Agf-closed in (X, 7).
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