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A CLASS OF PRIMARY SUBSEMIMODULES

P. V. SRINIVASA RAO®) AND M. SIVA MALA®

ABSTRACT. The partial functions under disjoint-domain sums and functional com-
position is a so-ring, an algebraic structure possessing a natural partial ordering, an
infinitary partial addition and a binary multiplication, subject to a set of axioms.
In this paper we introduce the notion of primary subsemimodule with respect to
a prime subsemimodule in partial semimodules and singular partial semiring with

respect to a partial semimodule.

1. INTRODUCTION

The study of pfn(D, D)(the set of all partial functions of a set D to itself),
M fn(D, D)(the set of all multi functions of a set D to itself) and M set(D, D)(the set
of all total functions of a set D to the set of all finite multi sets of D) play an impor-
tant role in the theory of computer science, and to abstract these structures Manes

and Benson[4] introduced the notion of sum ordered partial semirings (so-rings). In
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[5], we have obtained the ideal theory of so-rings. In [6], [7] we characterize prime,
semiprime and primary subsemimodules with prime, semiprime and primary partial
ideals respectively. In this paper we introduce the singular partial semiring with re-
spect to a partial semimodule and we generalize the results of T. K. Dutta and M.
L. Das[2] and we characterize primary subsemimodules wrt a prime subsemimodule

with primary partial ideal wrt a prime partial ideal.

2. Preliminaries

In this section we collect some important definitions and results for our use in this
paper.
Definition 2.1. [8] A partial semiring is a quadruple (R, 3, -, 1), where (R, X) is a
partial monoid, (R,-,1) is a monoid with multiplicative operation - and unit 1, and
the additive and multiplicative structures obey the following distributive laws. If
Y(z;:1 € 1) is defined in R, then for all y in R, X(y-2; :i € 1) and X(z; -y i € I)
are defined and
Y- [Bi] = Sy - w); [Biws] -y = Si(zi - y).
In addition to that, if (R,-, 1) is a commutative monoid then the partial semiring

(R,%,-, 1) is called a commutative partial semiring.
Throughout this paper R stands for a commutative partial semiring.

Definition 2.2. [1] Let R be a partial semiring. A subset N of R is said to be a
partial ideal of R if the following are satisfied

(I1). if (x; : i € I) is summable family in R and z; € N for every ¢ € [ then Xz; € N,
(I2). if z € N and r € R then ar,rz € N.

Definition 2.3. [1] A proper partial ideal P of a partial semiring R is said to prime
if and only if for any partial ideals A, B of R, AB C P implies A C P or B C P.
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Spec(R) denotes the set of all prime partial ideals of a partial semiring R. For
convenience we denote the set {H € spec(R) | I C H} by V().

Theorem 2.1. [5] If I is a partial ideal of a commutative partial semiring R then

AV (I)={a € R|a™ €I for some positive integer n}.

Definition 2.4. [8] Let (R,%,-, 1) be a partial semiring and (M,3) be a partial
monoid. Then M is said to be a left partial semimodule over R if there exists a
function * : R x M — M : (r,z) — r * x which satisfies the following axioms for
z,(x;:iel)in M and ry,79,(r;:j € J)in R

i). if Xz; exists then r x (S;1) = Si(r * 2;),

ii). if ¥;7; exists then (X;7;) * x = X;(r; * ),

(
(
(iii). 7 % (rg x x) = (11 - 19) * @,
(iv). lg*xx =z,

(

v). Op * 2 = Opf.

Definition 2.5. [6] Let (M,X) be a left partial semimodule over a partial semiring
R. Then a nonempty subset N of M is said to be a subsemimodule of M if and only

if N is closed under ¥ and .

Definition 2.6. [6] Let N be a subsemimodule of a left partial semimodule M over

R. Then (N : M) =({(N :m) | m € M} is called the associated partial ideal of N.

Definition 2.7. [6] Let M be a partial semimodule over R. Then M is said to be
multiplication partial semimodule if for all subsemimodules N of M there exists a

partial ideal I of R such that N = I M.

Definition 2.8. [6] Let M be a multiplication partial semimodule over R and N, K
be subsemimodules of M such that N = IM and K = JM for some partial ideals I, J
of R. Then the multiplication of N and K is defined as NK = (IM)(JM) = (I1J)M.
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Definition 2.9. [6] Let M be a multiplication partial semimodule over R and
mi, mg € M such that Rm, = I M and Rmy = I, M for some partial ideals I, I of R.
Then the multiplication of m; and my is defined as mymy = (I; M) (I, M) = (I115) M.

Definition 2.10. [6] Let M be a partial semimodule over R and N be a proper
subsemimodule of M. Then N is said to be prime subsemimodule of M if for any

re Randn e M, r+«n & N impliesr € (N : M) orn e N.

Theorem 2.2. [6] Let M be a multiplication partial semimodule over R and N be a
subsemimodule of M. Then N is prime subsemimodule of M if and only if (N : M)

1s a prime partial ideal of R.

Definition 2.11. [7] A proper partial ideal I of R is said to be primary if for any

a,b € R, ab € I implies a € I or b" € I for some n € Z7.

Lemma 2.1. [7] If I is a primary partial ideal of R then VT is a prime partial ideal
of R.

Definition 2.12. [7] A proper subsemimodule N of a partial semimodule M over
R is said to be primary if for any a € R, * € M, a*xx € N implies x € N or
ac V(N :M)).

Lemma 2.2. [7] Let M be a multiplication partial semimodule over R and N be a

subsemimodule of M. Then (\V((N : M))=(V(N): M).

Definition 2.13. [7] Let M be a partial semimodule over R and N be a subsemi-
module of M. Then define (N :1py7) ={m € M | r+«m € N} for any r € R.
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3. Singular partial semiring wrt a partial semimodule

Definition 3.1. Let M be a partial semimodule over a partial semiring R. Then for
any r € R, define (0:p; ) = {m € M | r xm = 0y}, called the annihilator of {r} in
M, denoted by Ay (r).

Remark 1. Aj/(r) is a subtractive subsemimodule of M.

Definition 3.2. Let N be a nonzero subsemimodule of a partial semimodule M over
R. Then N is said to be an essential subsemimodule if N has nonzero intersection

with all nonzero subsemimodules of M.

Definition 3.3. Let M be a partial semimodule over R. Then define
Su(R) ={r € R| Ap(r) is an essential subsemimodule of M }.
ie, Sy(R)={re R| Au(r)[N # 0y for every nonzero subsemimodule N of M }.

Theorem 3.1. Sy (R) is a subtractive partial ideal of R.

Proof. Since Ap;(0Og) is an essential subsemimodule of M, Og € Sy (R).

Let (r; : @ € I) be asummable family in R and r; € Sy;(R), i € I. Then ¥;r; exists and
Apn(ri) N # 03 ¥V nonzero subsemimodule N of M, i € I. = ([ An(7:)) (VN # O
V nonzero subsemimodule N of M. = Ay (X;r;) (VN # 0p V¥ nonzero subsemimodule
N of M and hence Ay (X;r;) € Sy (R).

Now let r € Sy(R) and ' € R. Then Ay (r) is an essential subsemimodule of M.
Now for any nonzero subsemimodule N of M, r'* N is a nonzero subsemimodule of M.
Since Apr(r) is essential, Ay (r) ('« N) # 0pr. = 300 #1"xn € Ap(r) (7' * N)
where Opy #n € N. = (rr')xn =1 (r'*n) = 0y. = 0y #n € Ay (rr’) (| N.
= Ap(rr’) is an essential subsemimodule of M. = rr’ € Sy (R). Hence Sy (R) is a

partial ideal of R.
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Let r,7" € R be such that r,r + 1" € Sy (R). Then Ay(r) and Ay (r + 1') are
essential subsemimodules of M. Now for any nonzero subsemimodule N of M,
Av(r)NAu(r+7)OAN # Oy = 0y #n € Ay(r)NVAu(r+7'). = rsxn =0y
and (r+r)xn=0y. = r'«sn=0y. = 0y #n € Ay()(N. = Ay(r') is an
essential subsemimodule of M. = " € Sy/(R). Hence Sy(R) is a subtractive partial

ideal of R. O

Definition 3.4. Let M be a partial semimodule over R. Then Sy (R) is called

singular partial ideal of R with respect to M.

Theorem 3.2. Sy (R) ={x € R| x*x N = 0 for some essential subsemimodule N

of M}.

Proof. Take S = {z € R | x * N = 0 for some essential subsemimodule N of
M}. Let x € Sy (R). Then Ap(z) is an essential subsemimodule of M. Moreover
xx Ay(x) = 0y = x € S. Now for any z € S, z« N = 0y for some essential
subsemimodule N of M. = N C Ay (x). Since N is essential, Ay/(x) is an essential

subsemimodule of M. = z € Sy(R). Hence Sy (R) = S. O

Theorem 3.3. Sy(R) = {x € R | x x N = 0y for some essential subtractive

subsemimodule N of M}.

Proof. Take S" = {x € R | x * N = 0) for some essential subtractive subsemimodule
N of M}. By above theorem, S C S C Sy (R). Now let z € Sy(R). Then
x % N = 0, for some essential subsemimodule N of M. Let N be the subtractive
closure of N. i.e., N={me M |3Im' € N>m+m' € N}. Since N C N and N is
essential, N is an essential subtractive subsemimodule of M. Now let m € N. Then
dm' e Nom+m' e N. = zxm' =0y andxx (m+m')=0y. = zxm=0yV

meN. =zxN=0y. =28 Hence Sy (R) = 5" O
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Definition 3.5. Let M be a partial semimodule over R. Then R is said to be singular

partial semiring with respect to M (in short., singular wrt M) if Sy (R) = R.

Theorem 3.4. If R is a nil partial semiring then R is singular wrt every partial

semimodule over R.

Proof. Let M be a partial semimodule over R, a € R and N be a nonzero sub-
semimodule of M. Then 3 a positive integer m such that a™ = 0r. = for any
Opy #n € N, 0y # Rn € N. = a™Rn = 0j. Let n be the least posi-
tive integer such that a"Rn = 0y and a"'Rn # 0y = a" 'Rn C Apy(a). =
Op # a" *Rn C Ay(a)(\N. = Ap(a) is an essential subsemimodule of M. =
a € Sy (R). Hence Sy (R) = R. Therefore R is singular wrt any partial semimodule
M. U

Remark 2. If I is a partial ideal of a partial semiring R then Sy(I) = I () Su(R).
Remark 3. If K is a partial ideal of a partial semiring R then K Sy (R) C Sy (K).

Proof. Let x € KSy(R). Then z = ¥;z;y; where z; € K, y; € Sy(R), i € I. =
x;y; € K and Ap(y;) is an essential subsemimodule of M, i € I. Now for any i € I,
An(yi) € An(ziy;). = An(zyy;) is an essential subsemimodule of M, i € . =

xy; € Sy(K),i€l. = x =2y, € Sy(K). Hence the remark. O

Definition 3.6. Let M, M’ be partial semimodules over R. Then a surjective homo-

morphism v : M — M’ is said to be semiisomorphism if kery = 0.

Theorem 3.5. Ifv: M — M’ is a semiisomorphism and

Su(R) = R then Sy (R) = R.

Proof. Suppose if Sy (R) C R. Then 30#r € R> r & Sy (R). Since r € Sy (R),
3 a nonzero subsemimodule N' of M" 5 Ayp(r)(\N' =0. = 0#n" € N C M.



258 P. V. SRINIVASA RAO AND M. SIVA MALA

Since 7y is onto, 30 #n € M > y(n) =n’ € N'. Take N = {a € M | v(a) € N'}.
Then N is a nonzero subsemimodule of M. = Ay (r)(\N #0. = 30#be N >
rxb=0.=r*xy(b) =v(rxb)=0. = y(b) € Ay (r) (NN =0. = b€ kery=0. =
b =0, a contradiction. Hence Sy (R) = R. O

Theorem 3.6. Ifv: M — M’ is a semiisomorphism and Sy (R) =0
then Sy (R) = 0.

Proof. Suppose if Sy (R) #0. Then 30#r€ R>r € Sy(R). = 0#r € R and
Ap(r) is an essential subsemimodule of M. Since Sy (R) = 0, 7 € Sy(R). = J a
nonzero subsemimodule N' of M' 3 Ayp(r) (YN’ =0. Since N’ #0,30#n" € N' C
M'. Since yisonto,30#n e M > vy(n) =n' € N'. Take N = {a € M | y(a) € N'}.
Then N is a nonzero subsemimodule of M. = Ay (r)(\N #0. = 30#be N
Srxb=0. = () € Ay(r)(NN' =0. = b € kery = 0, a contradiction. Hence
Su(R) =0. O

Theorem 3.7. Ify: M — M’ is a semiisomorphism and Sy (R) = 0 then Sy (R) =
0.

Proof. Suppose if Sy (R) # 0. Then 30 #r € R>r € Sy (R). = App(r) is
an essential subsemimodule of M’. Since Sy (R) = 0, r € Sy (R). = 3 a nonzero
subsemimodule N of M > Ay (r)()N =0. Since N #0,30#ne N. If y(n) =0
then n € kery = 0, a contradiction. Hence y(n) # 0. = N’ = v(N) is a nonzero
subsemimodule of M'. = Aypr(r)(\N' #0. = 30#z€ N >rxzx=0 =3
0O#£a€e N>y =zandr*vy(a) =0. = vy(r*xa) =0. = r=*a € kery =0. =
a € Ay(r)(N =0, a contradiction. Hence Sy (R) = 0. O

Definition 3.7. A prime subsemimodule N of M is said to be associated prime of

Rif N = (0:p r) = Ap(r) for some 0 # r € R.
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Denote the set of all associated primes of R by APy (R) or simply AP(R).
Remark 4. If N € AP(R) then N is a subtractive subsemimodule of M.

Lemma 3.1. Any mazimal element of {An(r) | 0 # r € R} is a prime subsemimod-

ule of M.

Proof. Let Apr(z) = (0 :pr ) be a maximal element of {Ay(r) | 0 # r € R}. Let
re Randme M >rsxsme Ay(z) and r € (Ay(z) : M). = o (r*xm) =0 and
rM & Ay(z). = (xzr)s*m =0and z % (rM) #0. = (rz)*m =0 and rz # 0. =
m € Ap(rx). Clearly Ay (z) C Ap(rz). Since Ap(z) is maximal, Ay (x) = Ay (rax).

= m € Ay (z). Hence Ay () is a prime subsemimodule of M. O
Theorem 3.8. If M is Noetherian then AP(R) # 0 if and only if R # 0.

Proof. Suppose R # 0. Then 3 0 # s € R. Take A = {Ay(r) | 0 # r € R}.
clearly Ap/(s) € A. = A is a nonempty family of subsemimodules of M. Since M is
Noetherian, A has a maximal element. Let it be Ay (x) for some 0 # x € R. Then
by above lemma, Ay(z) € AP(R) and hence AP(R) # 0.

Conversely suppose AP(R) # 0. = 3 a prime subsemimodule N = Ay, (x) for
some 0 # z € R. Hence R # 0. O

4. Primary subsemimodules wrt a prime subsemimodule

Definition 4.1. Let I be a partial ideal and P be a prime partial ideals of R. Then
I is said to be primary with respect to P (in short., primary wrt P) if for any a,b € R

Sabe I and b ¢ P then a™ € I for somen € Z7.

Theorem 4.1. If I is a primary partial ideal of R then I is primary wrt (\V (I).
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Proof. Suppose I is primary. Then by lemma 3.6 of [7], (| V(I) is prime partial ideal
of R. Let a,b € R>abe I and b & (\V(I). Then ab € I and b" & I for all n > 1.

Since [ is primary, a € I. Hence I is primary wrt (\ V(). O

Theorem 4.2. Let I be a partial ideal and P be a prime partial ideal of R. Then I
is primary wrt P if and only if for any partial ideals A, B of R, ABC I and B¢ P

implies a™ € I for somen € Z*,V a € A.

Proof. Suppose [ is primary wrt P and let A, B be partial ideals of R 5 AB C [ and
BZ P Thendbe B>b¢ P. Now foranya € A,abe ABC T andb ¢ P. =
a" € I for some n € Z™.

Conversely suppose for any A, B of R, AB C I and B ¢ P implies a™ € [ for some
neZ" VaeA Leta,be€ R>abe I and b ¢ P. Now (aR)(bR) = (ab)R C I and
bR P. = (ar)™ € I for some n € Z*, ¥V ar € aR. = a" € I for some n € Z™.

Hence [ is primary wrt P. U

Definition 4.2. Let N be a proper subsemimodule and P be a prime subsemimodule
of a partial semimodule M. Then N is said to be primary wrt P if for any a € R,

m € M,axm € N and m ¢ P implies a" € (N : M) for some n € Z.

Remark 5. The intersection of any two primary subsemimodules wrt P of a partial

semimodule M is primary wrt P.

Proof. Let Ny, Ny be two primary subsemimodules wrt P of M andleta € R, m € M
>a*xm € Ni(\Ny and m € P. Then a" € (N, : M) and a* € (N, : M) for some
n,k € Z*. Take | = max{n, k}. Then a' € (Ny : M)((Ny: M) = (N No : M) for
some [ € Z". Hence Ny[)N; is primary wrt P. O
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Theorem 4.3. Let M be a partial semimodule over R, N be a proper subsemimodule
and P be a prime subsemimodule of M. If N is primary wrt P then its associated

partial ideal (N : M) is a primary partial ideal wrt (P : M) of R.

Proof. Suppose N is primary wrt P of M. Since P is prime subsemimodule of M,
(P : M) is a prime partial ideal of R. Let a,b € R > abe (N : M) and b & (P : M).
Then a(bM) = (ab)M C N and bM € P. = a" € (N : M) for some n € Z*. Hence
(N : M) is a primary partial ideal wrt (P : M) of R. O

The following is an example of a partial semimodule M over R in which the converse

of above theorem is not true in general.

Example 4.1. Let R be the partial semiring N with finite support addition and usual
multiplication. Then M = N x N is a left partial semimodule over R by the scalar
multiplication *(z,(a,b)) — (xa,zb). Then K = 0 x 4N is a subsemimodule of
M and P = N x 3N is a prime subsemimodule of M. Here (K : M) = 0 and
(P:M)={reN|r«x(NxN)CN x 3N} = 3N which is a prime partial ideal of
R. Clearly (K : M) is primary wrt (P : M). Since 2% (0,2) € K, (0,2) &€ P and
2" (K : M)V neZ", K is not primary subsemimodule wrt P of M.

Now we show that the converse of above theorem is true for the multiplication

partial semimodules.

Theorem 4.4. Let M be a multiplication partial semimodule over R, N be a sub-

semimodule and P be a prime subsemimodule of M. Then N is primary wrt P if and

only if (N : M) is primary wrt (P : M).

Proof. By above theorem, we get the necessary part. for sufficient part, suppose

(N : M) is primary wrt (P : M). Leta € R, m € M >axm € N and m ¢ P.
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Since M is multiplication partial semimodule, 3 a partial ideal I of R 5 Rm = IM.
= (al)M = a(IM) =ax(Rm) C N and IM = Rm € P. = al C (N : M) and
IZ(P:M)= a™€ (N : M) for some n € Z*. Hence N is primary wrt P. O

Theorem 4.5. Let M be a multiplication partial semimodule over R, N be a sub-
semimodule and P be a prime subsemimodule of M. Then the following conditions
are equivalent:

(1). N is primary wrt P,

(2). for any subsemimodules U,V of M, UV C N and V ¢ P implies u* € N for
some

neZ ", VYueU,

(8). for any mi,ms € M, mimy € N and my € P implies m? € N for some

n € 7Z+.

Proof. (1)=(2): Suppose N is primary wrt P and let U,V be subsemimodules of M
SUV C NandV ¢ P. Since M is multiplication partial semimodule, 3 partial ideal
ILLJof RoaU=IMandV =JM. = UV =(IJ) M CNandV =JM ¢ P. =
IJC(N:M)and J Z (P : M). Since (N : M) is primary wrt (P : M), " € (N : M)
for somen € Zt,Viel. = u" = (ixm)" € iM)" = (iM)" ="M C N for some
neZ" \VuelU=1IM.

(2)=-(3): Suppose for any subsemimodules U,V of M, UV C N and V' ¢ P implies
u" € N for some n € Z*,V u € U. Let my,my € M > mymy € N and my & P.
Since M is multiplication semimodule, 3 partial ideals I,J of R 3 Rmy = IM and
Rmy = JM. = mymy = (Rmy)(Rms) = (IJ)M C N and Rmy = JM € P. =
(rsmy)"™ € N for some n € Z*,V r*m; € Rm; and hence m} € N for some n € Z*.

(3)=-(1): Suppose for any mq, mqg € M, mymy € N and my ¢ P implies m} € N for
some n € Z*. We prove (N : M) is primary wrt (P : M). Let I, J be partial ideals of
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R>IJC(N:M),i"¢(N:M),VneZ", forsomeiec [ and JZ (P: M). Then
(INMCN,"MZNand JMZP. =3j€J, m,mseM>i*+my € IM\N
and jxmg € JM \ P. Now (i * m1)(j *mg) € (IM)(JM) = (IJ)M C N and
jxmg & P. = (ixmy) € N for some | € ZT. = i'xm; = (i*my) € N, a

contradiction. Hence (N : M) is primary wrt (P : M). = N is primary wrt P. [

Theorem 4.6. If N is primary subsemimodule of a multiplication partial semimodule

M then N is primary wrt (Y V(N).

Proof. Since N is primary, (N : M) is primary partial ideal of R (by theorem 4.3).
= (N : M) is primary wrt (V((IV : M)) (by theorem 3.2). = (N : M) is primary
wrt (V(N) : M) (by lemma 1.16). = N is primary (| V (V) (by theorem 4.4). O
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