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FINITE LATTICE IMPLICATION ALGEBRAS
R. A. BORZOOEIWAND S. F. HOSSEINY®

ABSTRACT. In this paper, by considering a finite lattice implication algebra L and
A C L, the set of all co-atoms of L, we prove that L is equal to the filter generated
by A, that is L = [A). We give a correspondence theorem between the non-trivial
minimal filters and co-atoms of L. We prove that if A = {a1,a2, - ,a,}, then
L = [a1) X [az) X ... X [a,). Finally, we give a characterization of finite lattice
implication algebras. In particular, we show that there exists only one lattice

implication algebra of prime order.

1. INTRODUCTION

In the field of many-valued logic, lattice-valued logic plays an important role in
two aspects: One is that it extends the chain-type truth-value field of some well-
known presented logic [1, 2] to some relatively general lattices. The other is that the
incompletely comparable property of truth value characterized by a general lattice
can more efficiently reflect the uncertainty of people’s thinking, judging and decision.
Hence, lattice-valued logic is becoming a research field which strongly influences the
development of algebraic logic, computer science and artificial intelligence technology.
In order to establish a logic system with truth value in a relatively general lattice,

in 1993, Xu[6] established the lattice implication algebra by combining lattice and

2000 Mathematics Subject Classification. 06B10, 03G10.
Key words and phrases. Finite lattice implication algebras, co-atoms, minimal filter, lattice im-

plication homomorphism.
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: July 27, 2012 Accepted : Oct. 29 , 2013 .
265



266 R. A. BORZOOEI AND S. F. HOSSEINY

implication algebra, and investigated many useful structures. Lattice implication
algebra provides the foundation in order to establish the corresponding logic system
from the algebraic viewpoint. For the general development of lattice implication
algebras, the filter theory plays an important role. In this paper, we consider a
finite lattice implication algebra L and A C L, the set of all co-atoms of L, then
prove that L is equal to the filter generated by A, that is L = [A). Also, we prove
that if A = {ay,a9, -+ ,a,}, then L = [a1) X [ay) X -+ X [a,). Finally, we give a

characterization of finite lattice implication algebras.

2. PRELIMINARIES

Definition 2.1. Let (L, <) be a lattice. Then;

(i) L is called bounded, if there is a greatest element 1 and least element 0 of L,

(ii) If L is bounded, x € L is called a co-atom, if x < 1 and there is no y € L such
that z <y < 1,

w”

(iii) a unary operation on L is called order reversing involution if for any x,y € L,

x <y implies ¥y <2’ and (2') =z

Definition 2.2. [6] By a lattice implication algebra we mean a bounded lattice

wr» « 2

(L,V,A,0,1) with order-reversing involution and a binary operation “—” sat-

isfying the following axioms: for all z,y, 2z € L;
M)z —=(y—=2)=y—(r—2),
(12) 2 -z =1,
B)z—y=y =2,
4)r—-y=y—z=1=z=y,
(15) (z —y) »y=(y = 2) =,
(L1) (zVy) =z = (x = 2) ANy = 2),
(

L2) (zAy) = z=(z—2)V(y — 2),
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In a lattice implication algebra, we can define a partial ordering “<” by x < y if
and only if x — y = 1. Moreover, x < y means that x < y and there exist no z € L

such that r < z < y.

Definition 2.3. [8] A subset I of a lattice implication algebra L is called a filter of
L if it satisfies

(F1) 1 e F,

(F2) * - y€ Fandx € Fimply y € F, for any z,y € F.

The filter {1} # F' C L is called minimal if and only if there is no filter G C L such
that {1} C G C F.

It is easy to prove that, for any filter F' of a lattice implication algebra L, if z <y
and x € F, then y € F.

Theorem 2.1. [6] Let L be a lattice implication algebra and @ # A C L. Then
[A)={ze L3 a,...,a,€L, neNst.ag— (- — (a, —x) ) =1}
and for any a € L,
[a)={rxreL|IneN, st.a" —2x=1}

where, a" - x=a— (a— (- — (a—z)-+)) anda® - x =1
n;i’me

Proposition 2.1. [6, 9] Let L be a lattice implication algebra. Then the following
hold: for any x,y,z € L;

(P1)x —1=1,

(P z—y<(y—2) — (& —2),

(P3) x <y impliesy > z2<x—zandz -z < z—y.

(P4) 2’ =2 — 0,

(P5) xVy=(z—y)—y,
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(P6)0 — z =1,

(P7)1 — z ==z,

(P8) x —y>a" andx —y >y,

(P9) (x = y)V(y —x)=1,

(P10) x — (yVz) = (x —y) V(= 2),

(P11)x — (yNz) = (z—y) Az — 2),

(P12) (x —2) = (y—2)=y—(xVz)=(2—1z) = (y = 2),
(P13) (z = x) = (z = y) =(xhz) my=(r—2) = (r—y),
(P14) xV (yNz)=(xVy A(zVz).

Definition 2.4. [9] Let L; and L, be lattice implication algebras, f : Ly — Ly a
mapping from L; to Ly. Then

(i) f is called an implication homomorphism, if for all z,y € Ly;
fla—y)=[fz)— fy)
(i) If f is an implication homomorphism and satisfies
flavy)=f@)V [y), fleny)=fl)nfly), f@)=(f(2)

for any x,y € Ly, then f is called a lattice implication homomorphism.

Theorem 2.2. [9] Let Ly and Ly be lattice implication algebras and f : L1 — Lo
a mapping. Then f is a lattice implication homomorphism if and only if f is an

implication homomorphism and f(0) = 0.

Theorem 2.3. [9] Let Ly, Lo,..., L, be lattice implication algebras and L = Ly X
Ly X -+« X Ly,. Then (L,V,\,—,,0,1) is a lattice implication algebra, where binary

operations \V/, \, — and unary operation’ on L are defined as follows:

(l’l,l‘g,"' axn>\/(y1ay27"' 7yn): (xl\/ylva\/yQa"' 7'rnvyn)
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(x17x27“' axn)/\(ylay%'“ 7yn) = (551/\3417552/\?/2,"‘ 7$n/\yn>
(.1'1,1'2,"‘ 7xn) - (y17y27"' 7yn) = (.1'1 — Y1, T2 —7 Y2, ;T _>yn>
($17x27 e 7‘rn), = (xlla 33/2, U inz)
Theorem 2.4. [9] Let Ly, Lo, - - , L, be lattice implication algebras. Then any filter

of Ly X Ly X ... X L, is as F} X Fy x -+ X F,, such that F; s a filter of L;, for any

1< <n.

Note 2.1. From now on, in this paper we let always L be a finite lattice implication

algebra, unless otherwise s stated.

3. CORRESPONDENCE THEOREM FOR MINIMAL FILTERS

Lemma 3.1. Let x,y,z € L. Then the following hold:
(i) If x <y, then y — x is a co-atom,

(i) IftNVy=1, thenz —y=y andy — x =z,

(11i) If z,y < z and x # y, then z — x # z — y.

Proof. (i) Let z,y € L and x < y. Then there exists z € L such that y — = < z < 1,
by contrary. Then, by (P3), z -z < (y — z) — z. x <y, so by (P5), (y — z) —
x=xVy=y. Moreover, by (P8), 2 <z—2x<(y—z) >z=y.

Now, since x <y, z wrx=xorz —z=y. lf z—>x =2 then (z 5 z) >z =20 —

x=1. Since z <y — = < z, we have
z=zVz=(z—uz)—ax=1
which is a contradiction. If 2 — = = y, then by (I1)
o y—a)=y—(E—r)=y—y=1

and so z <y — = < z, which is impossible. Therefore, y — x is a co-atom.

(ii) By (P5), l =2Vy = (r - y) — y and so x — y < y. Moreover, by (P8),
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y <z — y and so by (I4), v — y = y. Similarly, we can show that y — z = x.

(iii) Let z,y < z and  # y but 2 — x = z — y, by contrary. Since z <z Vy < z
and r <z, soxVy=zorxVy=z IfezVy=u2x theny <z < zand y # x, so
y # z, which is impossible. If x V y = z then by (P10),

z—r=(z—x)V(Ez—-y=2—-(cVy =2z—2=1
and so z < z, which is impossible. Therefore, z — x # z — . O

Theorem 3.1. (i) L is a chain if and only if any filters of L is equal to {1} or L,
(i) If a € L is the only co-atom of L, then L = [a).

Proof. (i) (=) Let L be a chain of order n, F' be a filter of L and F' # {1}. Then
there exists a co-atom a € L such that for any 1 ## x € L, x < a. Hence x Va = a
and so (a —»z) > x=a. (a > x) >z <1,sincea <1, and so a — x £ x. Since L

is a chain,
(*) a—x>

Now, we claim that 0 € [a). Let 0 ¢ [a), by contrary. Then for any i € N, a’ — 0 # 1
and so by (*),
i—1 i-1 _, 0

at—0=a— (a"'—0)>a

Hence,

1

a" = 0>a""'>0>...>a>—>0>a—0>0

Now, since B = {a" — 0,a" ' — 0,...,a*> — 0,a — 0,0} C L,son+1=|B| <
|L| = n, which is a contradiction. Thus 0 € [a) and so [a) = L. Now, let x € F. L
is a chain, so © < a and a € F, since F is filter. Hence, L = [a) C F C L and so
F=1L.

(<) Let the only filters of L be {1} and L and there exist x,y € L such that

y £ x. Hence y — = # 1 and so by hypothesis, {1} C [y — z) = L. Now, since
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r —y € L =[y— x), so there exists m € N such that (y — 2)" — (v - y) = 1.
By (P9), (z — y) V (y — x) = 1, so by Lemma 3.1(ii), (y = z) = (x = y) =2 — y

and so

I = (y—a)" — (v —y)
= y—2o)" = ((y—2)— (x—y))

= (y—2)" = (@—y)

= (y—2a)’—(r—y)
= (y—2)—=(y—2) = (z—y))
= (y—z)—(r—y)

Hence x < y. Therefore, L is a chain.
(ii) Let a € L be the only co-atom of L. First we show that L is a chain. For this let
z,y € L such that £ y and y £ x, by contrary. Thenx -y #landy —z# 1. a

is the only co-atom of L, so x — y < a and y — = < a and so by (P9),
l=r—-y)Vy—z)<a<l

which is impossible. Hence z <y or y < z and so L is a chain. Now, by (i), L = [a),
since {1} # [a) C L. O

Theorem 3.2. (i) Let a € L be a co-atom. Then the filter F = [a) is a non-trivial
chain minimal filter,
(i1) Any non-trivial minimal filter of L is the form F = [a), such that a € L is a

co-atom.
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Proof. (i) Let a € L be a co-atom. Obviously, [a) is non-trivial. Now, suppose that
F = [a) is not a chain. Since L is finite, so there exist z,y € F such that x € v,
y£a,x<xVyandy < xVy. Then by Lemma 3.1(i), (xVy) — z and (zVy) =y
are co-atoms of L. Moreover, by Lemma 3.1(iii), (x Vy) — = # (x Vy) — y and this
implies that at least one of them is not equal to a. W.O.L.G, let (zVy) - x =10
and b # a. Since by (P8), b > x and x € F, so b € F and by Theorem 2.1, there
exists n € N, such that ¢ — b = 1. Now, since a and b are co-atoms, so a Vb =1
and by Lemma 3.1(ii), @ — b = b. Hence (a — (a — b)) = a — b =b. By a similar
way, we can prove that 1 =a” - b=a — (... = (a — (a — b))...) = b, which is a
contradiction. Therefore, [a) is a chain.

Now, we show that F' = [a) is a minimal filter of L. Let E be a non-trivial filter of
L such that E C F. Then there exists 1 # x € ENF. We have x € F = [a), so

there exists smallest n € N such that a® — = =1 and so a < ™! — 2. Since a is a

1 1

co-atom, so a” ' — z =1 or a" ! — x = a. n is the smallest, so a® ! — x # 1 and

n—1

a" ' — x = a. But, by (P8) we can prove that

r<a—zr<a—(a—zx)<

L(a—=(..—m(a—(a—2x))...)=d"" —z=0a

and so £ < a. Now since x € E and FE is a filter we have ¢ € F andso E C F =
la) C E. Hence F' = E. Therefore, F' = [a) is a minimal filter of L.

(ii) Let F' be a non-trivial minimal filter of L. Then {1} # F. Now, let 1 # x € F.
There exists a co-atom 1 # a € L such that x < a, since L is finite and so a € F.

Then [a) C F. Since F is minimal and [a) is a filter, so F' = [a). O

Theorem 3.3 (Correspondence Theorem). There exists a bijection map between the

set of all non-trivial minimal filters and the set of all co-atoms of L.

Proof. Let F = {F : F is a non-trivial minimal filter of L}, C = {a : a is a co-atom
of L} and ¢ : C — F be defined by ¢(a) = [a). It is clear that ¢ is well-defined.
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Now, we show that ¢ is one-to-one and onto. Let p(a) = ¢(b), for a,b € C. Then
la) = [b). a € [a), so a € [b) and so there exists smallest n € N such that a” — b= 1.
Similar to the proof of Theorem 3.2(i), we can get that a < b. Now, since b € [b), so
b € [a) and similarly we get that b < a and so a = b. Hence ¢ is one-to-one. Now, let
F € F. Then by Theorem 3.2(ii), there exists a co-atom a € L such that F' = [a).

Now, ¢ is onto, since a € C and p(a) = F. O
4. CHARACTERIZATION OF FINITE LATTICE IMPLICATION ALGEBRAS

Theorem 4.1. Let A be the set of all co-atoms of L. Then [A) = L.

Proof. 1t is clear that [A) C L. Now, let 1 # = € L. Since L is finite, so there exist

m € N and by,b9,...,0, € L such that xt < b; < by < ... <b,, < 1. Then by Lemma

3.1(1),

by =1 = by, by — bt by — by by — @
are co-atoms of L. Moreover,
b = (b = 1) = -+ ((bg = b2) = (b2 = b)) = ((br — @) = 2)))++)
= b = (b = bm1) = - ((bs = b2) = ((b2 = b1) = (b1 V@)))--+) , by (P5)
= by — (b — by) = -+ ((bs — by) — ((by — by) = by))-+-) , since z < by
= b = (b = bm1) = -+ ((bs = b2) = (b2 V1)) --+) , by (P5)

= by = (b = b)) = -+ ((b3 = by) — ba)---) , since by < by

= by — ((bm - bm71> - bmfl)
= byp — (b Vby,_1) , by (P5h)
= b, — b, , since b,_1 < b,

=1
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Now, since {bym, by — bym—1,...,b0 — b1,by — x} C A, we get that x € [A) and so
L C [A). Therefore, L = [A). O
Lemma 4.1. Let F be a filter of L. Then (F,A\,V,—,1,0p = A\ z) is a lattice

zeF
implication algebra.

Proof. We have 1 € F, since F is filter. F is finite, so 0Op = A = € F . Now, let

zeF
r,yeF.x<zVyandx € F,soxVye F. Moreover, by (12), (P8) and (P11),

y<r—oy=1In(E—y)=@—=2)A(r—y)=z—(zAy)

Now, since z,y € F', we conclude that x — (x Ay) € F and x Ay € F. Also, by (P4)
and (P8), 2/ = — 0p > Op and 2’ € F since Or € F. Finally, since y <z — y
and y € F, we have x — y € F. Therefore, F' is closed under V, A, — and ’. Hence

(F,N,V,—,,0p, 1) is a lattice implication algebra. O

Lemma 4.2. Let F| # F5 be two non-trivial minimal filters of L. Then,
(i) Fy N Fy = {1}
(i) If a € Fy and b € Fy, thena —b=">b and b — a = a.

Proof. (1) Fy N Fy is a filter and F} # F», hence F1 N Fy & Fy. Now, Fy N Fy = {1}
since Fj is minimal.

(ii) Let a € Fy and b € F5. aV b € Fj since a < a Vb and F} is filter. Similarly,
aVbeF, HenceaVvVbe FiNF,={l}and so aVb=1. From Lemma 3.1(ii), it

directly is followed that a — b =56 and b — a = a. 0
Theorem 4.2. Let A = {ay,as, -+ ,a,} be the set of all distinct co-atoms of L. Then
L= [al) X [CLQ) X X [an)

Proof. By Lemma 4.1, for all 1 <i < n, the filter [a;) is a lattice implication algebra

and so by Theorem 2.3, [a;) X [az) X+ - - X[a,) is a lattice implication algebra. Moreover,
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by Theorem 4.1, L = [A). Now, it is enough to prove that [A) = [a;) X [ag) X - - - X [ay,).
For this, let ¢ : [a1) X [a2) X -+ X [a,) — [A) be defined by ¢(z1,xs,...,2,) =

Ty ANxa A ... ATy Since for any 1 < i < n, so z; € [a;), there exists m; € N such that

and so by (P11), (I1) and (P1),

Mmn Mnp—1

a,"™" — (ap_q — (- (ag™ — (a™ — (1™ — (1 ANxg Ax3 A+ AN1Xy))))

— anmn N (an_lmn—l N ( .. (a3m3 N (a2

- Aan)))))- )

— ((a]" = 1) A (@™ — (za Az A

= a,""" = (ap_ 1™t = (- (a3™ = (4™ = (TA (@™ — (xa Axg A+ Axy))
M)

= (™ (0™ (@ o (@ ( Ars A A)) )

0 (™ = (e (@™ = (@™ = (@ = (@ Az A A) )

= an"" = (an" 7 = (o (a3™ = (™ = (037 = @) A(ag® — (23 Ao A

= (0™ (@™ = (A = (@A Az) )
— (@™ = (@ = (A Az) )

= (4™ = (a5 = (23 A - Awn)))) )
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Hence, 21 Az A ... Az, € [A) and so ¢ is well-defined.
Now, we prove that ¢ is a homomorphism. Let (1, %o, - ,x,), (Y1, Y2, s Yn) €

[a1) X [ag) X -+ X [a,). By Theorem 2.2, it is enough to prove that
@((‘rhx% T a$n> - (y17y27 T 7yn>> = 90((3717 T2, 71:”)) - W((ylv Y2, ayn))

#((0fa1), Ofaz) -+ Oay)) = 0
First we show that
(*) (@A Aan) = (W A Ayn) = (@1 = y0) A A (T = Yn)
By (P11) and (1.2),
(551/\"'/\217n)—>(y1/\"'/\yn)
= (A Az = y) A A (@A Azn) — o)
= (w1 =y) V- Vi =y) A A =) Ve V(@ = yn))
= (x1=y)Vr V- Vy) A Aya V- VY A(zn — ypn)) , by Lemma 4.2(ii)
= (x1 = y) A AN(Tp = Yn) , since y; < z; — y;
Hence we have (*). So
e(ar ) = @l ) = (@A Am) = (A Ap,)
= (@ —=y) A A(@n = wn), by (%)
= (e —=y), - (20 = )
= o((@y, - san) = (W1, 0n))

Now, let © € L. By Theorem 4.1, L = [ay,as,...,a,), so there exist n € N and

minimal numbers my, ma, ..., m, € NU{0}, such that

(4.2) a™ = (ae"™ — (... (¢, —x)...)) =1
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Now, let for any 1 < i < n,

(4.3)

ri=a™ — (a2™ — (- (a1 = (a1 ™ = (e (@ =) e))) )

Hence, by (P8) and (I1), for all 1 <i <n, z < x; and

a;"" — x;

= ™ (@7 (o (™ = (™ (™ = 1)) )

= a™ = (a™ = (. (@™ = (@™ = (a ™ (@™ =) )) )
=1
and so z; € [a;). Hence (21,22, ...,2,) € [a1) X [ag) X ... X [a,). Now, we claim that
T =21 ANTaA...\NTy, that is p(zq, 29, -+ ,2,) = 2. Foralli e {1,2,...,n}, x < x; so

r <z AxoA...ANx,. Now, we should prove that z; AzaoA. .. Ax, < x or equivalently

(k1 Axa A ... Axy,) — x = 1. First we show that for any 1 <i <mn,

(4.4) a™ = (o (@™ = (@ = (@ = ag) L)) ) = a

For any i < j <nand j # 1, a; V a; =1, so by Lemma 3.1(ii), a; — a; = a; and so

a™ — (. (ai ™ = (@™ = (o (6™ = a) ) )

= a1m1 — ( .. (ai_lmi‘l — (CLH_lmi'H — ( .. (Can"_l — (an — CLZ)) .. ))) .. )
= ™ — (.. (™ = (™ - (L (anm"_l —a;)...)))...)
= a™ = (@™ = (@™ = (@ = (A = @) )) )



278 R. A. BORZOOEI AND S. F. HOSSEINY

Moreover, we must show that for any 1 < i < n,

By using (I1), repeatedly, we have

a; — (alml — ( . (ai_1m¢_1 N (aimifl N (aH_lmH.l N ( .. (an

= o™ — ( .. (ai_lmifl — (aimi N (ai+1mi+l N ( .. (anmn — $) - )))) c )

=1

Then,

Now since a; is a co-atom, we have

a1m1 N ("'(ai—lmFI N (aimi—l _ (ai+1mi+1 N (”‘(anmn —>l‘)))))) —1or a;

If ay™ — ( .. (ai_lmifl N (aimz'*l — (ai+1mi+1 N ( .. (anm” N $) . )))) .. ) =1,

then we have a contradiction by (4.2). Hence a;™ — (---(a;_1™' — (a;™ ! —

(@i ™* — (- (ay™ — x)--+)))) -+ ) = a; and so we have (4.5). Now, let z =
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(x1 Aza A... Axy,) — x. Hence for any 1 <i <mn,

= @ (™ (0 (™ (0™ o V) )

=™ (@™ (@ (™ () ) )
since ¢ < x;

= a™ — (- (@™ = (@™
(aia™" = (@i ™ — (- (an

m;—1
i

(a;i-1™" — (a = (@i ™ = (- (an

— alm N ( . (ai—lmFl N (ai+1m¢+1 N ( .. (an

= a; , by (4.4)

Hence, for any 1 < i <n,
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(46) z—a; <a; <1

Now, if z # 1, then there exists a co-atom a; € A, such that 2 < a; and so z — a; = 1,
which is a contradiction by (4.6). Hence z =1 and so (x; Azg A+ Axp,) — o = 1.
Therefore, z1 Awa A--- Ay, = . Now, if v = 0 then xy AzoA---Awy, = 0. O,y < 24,

Since z; € [a;) and so
OSO[GI)/\---/\O[%) <z AN---ANx,, =0
and this implies that

@((0far)s Oz, + 0fan))) = Ofag) A Opag) A -+ A Ofg,,) =0

Therefore, ¢ is a lattice implication homomorphism.

Now, let x € L. By the above argument, there exist n € N and z; € L, for i €
{1,2,...,n}, such that 21 A zy A -+- Az, = x. Hence p(x1,29, - ,2,) = 21 A 23 A
-+ Az, =z and so ¢ is onto.

In the following, we should prove that ¢ is one-to-one. Let (z1,- -+, 2y), (Y1, ,Yn) €
[a1) x -+ X [a,) and ©((z1, -+ ,2,)) = (Y1, -+ ,yn)). Hence, zy A -+ ANz, =
YL ANYn. ¥ <y =y, forall 1 < <n, soby (*);

L=(@m A ANxp) = (A Ayn) = (@1 = Y1) A A (20 — Yn)

Thus, z; — y; = 1 and so x; < y;, for any 1 < i < n. Similarly, we can prove that
y; < x; for any 1 <7 < n and this implies that x; = y;, for any 1 < ¢ < n. Hence,

(21, ,2n) = (Y1, ,Yn) and so ¢ is an isomorphism. Therefore,

L=ay) x [ag) X ... X [ay)
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Corollary 4.1. Let A = {ay,aq,--- ,a,} be the set of all distinct co-atoms of L.
Then,
(i) For any filter F' of L, there exist a;,,a;,, -+ ,a;, € A such that

F=laiy) x [aiy) x -+ X [ag,,)
(ii) For any a;,,a,,- - ,q;, € A, there ezists a filter F' of L such that

F =a;) % [ag,) x - X [a,)

(i1i) The number of non-isomorphic filters of L is at most equal to 2".

Proof. (i) By Theorem 4.2, L = [a;) X [ag) X - -+ X [a,). Now, let F be a filter of L.
Then there exists a filter £ of [a;) X [a2) X - - X [a,) such that F' = F’. By Lemma
2.4, for any 1 < i < n, there exists a filter F} of |a;) such that F' = F| X Fi x---x F.
Now, since for any 1 < i < n, [a;) is a minimal filter and so is a chain, we have
F" = {1} or |a;). Now, since {1} x F} = F/, so there exist a;,, a;,,- - ,a;, € A such
that

FF 2 F X F, o x Fl, = [ay) X [a) x - x [az,)

(ii) It is easy to see that F”' = [a;,) X [a;,) X - - - X [a;, ) is a filter of [a1) X [ag) X - - - X [ay)
Now, by Theorem 4.2, we have L = [a;) X [ag) X - -+ X [a,), so there exists a filter F’
of L such that F' = ' = [a;,) X [a;,) X -+ X [a;,,).

(iii) By Theorem 4.2, (i) and (ii) the proof is clear. O

Corollary 4.2. If F is a filter of L, then |F|||L].

Proof. If A = {ay,as, -+ ,a,} be the set of all distinct co-atoms of L, then by The-

orem 4.2, L = [ay) X [az) X -+ X [a,) and so |L| = |[a1)|.|[a2)]. - - .|[an)|. Moreover,
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by Corollary 4.1, there exist a;,, ai,, -+ ,a;,, € A such that 1 <m < n and

F= [a’i1> X [ai2) XKoo X [aim)

and so |F| = |[ai,)].|[ai,)]-- -+ -|[ai,)|. Now, since for any 1 < j < m, there exists
1 <k < m such that [a;,) = [ax) and so |[a;;)| = |[ax)|. Hence
1F] = lai)]ai)]. - las,)l|lla)]az)]. -+ |lan)| = |L]
U

Corollary 4.3. There is only one lattice implication algebra of order any prime

number p, up to isomorphism.

Proof. Let |L| = p, while p is a prime number. We know that if |L| > 2, then there
exists at least one co-atom in L. We claim that, in this case there is only one co-atom
in L. Let A ={aj,as,---,a,} (n > 2) be the set of all distinct co-atoms of L, by
contrary. Then by Theorem 4.2, L = [ay) X [ag) X -+ - X [a,) and 1 < |[a;)| < |L|. But,
by Corollary 4.2, |[a;)|||L] = p and so |[a;)| = 1 or p, which is impassible. Then L
has only one co-atom a and so by Theorem 3.1(ii), L = [a). Thus by Theorem 3.1(i),
L is a chain. Since we have only one chain of order p up to isomorphism, there exists

only one lattice implication algebra of order p, up to isomorphism. U
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