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WEIGHTED LIPSCHITZ ESTIMATES FOR MULTILINEAR
COMMUTATOR OF MARCINKIEWICZ OPERATOR

ZHAO QIAO ZHEN (1) AND WANG JUN FENG(2)

Abstract. In this paper, the weighted boundedness for the multilinear com-

mutator of the Marcinkiewicz operator and the weighted Lipschitz functions are

obtained.

1. Introduction

As the development of the singular integral operators, their commutators and

multilinear operators have been well studied. In [5][11-12], the authors proved that

the commutators and multilinear operators generated by the singular integral op-

erators and BMO functions are bounded on Lp(Rn) for 1 < p < ∞. In [4][9-10],

the boundedness for the commutators and multilinear operators generated by the

singular integral operators and Lipschitz functions on Lp(Rn)(1 < p < ∞) and

Triebel-Lizorkin spaces are obtained. And the weighted boundedness for the com-

mutators generated by the singular integral operators and BMO or Lipschitz func-

tions on Lp(Rn)(1 < p < ∞) spaces are obtained(see [2][7]). Motivated by these,

we will discuss the weighted boundedness for multilinear operators associated to the

multilinear commutator of the Marcinkiewicz operator and the weighted Lipschitz

functions.

2000 Mathematics Subject Classification. 40H05, 46A45.
Key words and phrases. Multilinear commutator, Marcinkiewicz operator, Weighted Lipschitz

space, Triebel-Lizorkin space.
Copyright c© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.

Received: Sept. 17, 2012 Accepted : May. 22 , 2013 .
297



298 ZHAO QIAO ZHEN AND WANG JUN FENG

2. Preliminaries and Lemmas

Let us introduce some notations(see [5][8][11][14][15]). In this paper, Q will denote

a cube in Rn with sides parallel to the axes. For a locally integrable function f on

Rn and a cube Q, let fQ = |Q|−1
∫

Q
f(x)dx and the sharp function of f is defined

by

f#(x) = sup
Q3x

1

|Q|
∫

Q

|f(y)− fQ|dy.

It is well-known that (see [8])

f#(x) ≈ sup
Q3x

inf
c∈C

1

|Q|
∫

Q

|f(y)− c|dy.

For 1 ≤ p < ∞ and 0 ≤ η < n, let

Mη,p(f)(x) = sup
Q3x

(
1

|Q|1−pη/n

∫

Q

|f(y)|pdy

)1/p

,

The Ap weight is defined by (see [8])

Ap =

{
w : sup

Q

(
1

|Q|
∫

Q

w(x)dx

)(
1

|Q|
∫

Q

w(x)−1/(p−1)dx

)p−1

< ∞
}

, 1 < p < ∞,

A1 = {w > 0 : M(w)(x) ≤ Cw(x), a.e.},

and A∞ = ∪p≥1Ap. We know, for w ∈ A1, w satisfies the doubly condition, that is,

for any cube Q,

w(2Q) ≤ Cw(Q).

The A(p, q) weight is defined by (see [10])

A(p, q) =

{
w > 0 : sup

Q

(
1

|Q|
∫

Q

w(x)qdx

)1/q(
1

|Q|
∫

Q

w(x)−p/(p−1)dx

)(p−1)/p

< ∞
}

,

1 < p, q < ∞.
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Given a weight function w. For 1 < p < ∞, the weighted Lebesgue space Lp(w) is

the space of functions f such that

||f ||Lp(w) =

(∫

Rn

|f(x)|pw(x)dx

)1/p

< ∞.

For a weight function w, β > 0 and p > 1, let Ḟ β,∞
p (w) be the weighted homogeneous

Triebel-Lizorkin space. For 0 < β < 1, the weighted Lipschitz space Lipβ(w) is the

space of functions f such that

||f ||Lipβ(w) = sup
Q

1

w(Q)1+β/n

∫

Q

|f(y)− fQ|dy < ∞.

Given some function bj ∈ Lipβ(w), 1 ≤ j ≤ m, we denote by Cm
j the family of

all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·, m} of j different elements and

σ(i) < σ(j) whenever i < j. For σ ∈ Cm
j , set σc = {1, · · ·,m} \ σ. For ~b =

(b1, · · ·, bm) and σ = {σ(1), · · ·, σ(j)} ∈ Cm
j , set ~bσ = (bσ(1), · · ·, bσ(j)), bσ =

j∏
i=1

bσ(i)

and ||~bσ||Lipβ(ω) = ||bσ(1)||Lipβ(w) · · · ||bσ(i)||Lipβ(w).

In this paper, we will study a multilinear commutator as follows.

Definition 2.1. Let 0 < γ ≤ 1, Suppose that Sn−1 is the unit sphere in Rn(n ≥ 2)

equipped with normalized Lebesgue measure dσ = dσ(x′). Let Ω(x) be homogeneous

of degree zero and satisfy the following two conditions:

(1) Ω(x) is contionuous on Sn−1 and satisfies the Lipγ condition on Sn−1, i.e.

|Ω(x′)− Ω(y′)| ≤ M |x′ − y′|γ, x′, y′ ∈ Sn−1;

(2)
∫

Sn−1 Ω(x′)dx′ = 0; The Marcinkiewicz multilinear commutator is defined

by

µ
~b
S(f)(x) =

[∫ ∫

Γ(x)

|F~b
t (f)(x, y)|2dydt

tn+3

]1/2

,

where

F
~b
t (f)(x, y) =

∫

|y−z|≤t

Ω(y − z)

|y − z|n−1

[
m∏

j=1

(bj(x)− bj(z))

]
f(z)dz.
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Set

Ft(f)(y) =

∫

|y−z|≤t

Ω(y − z)

|y − z|n−1
f(z)dz.

We also define that

µS(f)(x) =

(∫ ∫

Γ(x)

|Ft(f)(y)|2dydt

tn+3

)1/2

,

which is the Marcinkiewicz operator (see [16]).

In order to prove our conclusion, we need the following lemmas.

Lemma 2.1. (see [7][9]) For 0 < β < 1, w ∈ A1, b ∈ Lipβ(w) and 1 ≤ p ≤ ∞, we

have

||b||Lipβ(w) ≈ sup
Q

w(Q)−
β
n

(
w(Q)−1

∫

Q

|b(x)− bQ|pw(y)1−pdx

)1/p

.

Lemma 2.2. (see [8][9]) For 0 < β < 1, w ∈ A1, b ∈ Lipβ(w) and any cube Q, we

have

sup
x∈Q

|b(x)− bQ| ≤ C||b||Lipβ(w)w(Q)1+ β
n |Q|−1.

Lemma 2.3. For 0 < β < 1, w ∈ A1, b ∈ Lipβ(w) and any cube Q, we have, for

x̃ ∈ Q,

|b2kQ − bQ| ≤ Ckw(x̃)w(2kQ)
β
n ||b||Lipβ(w).

Lemma 2.4. (see [11]) For 0 < β < 1, w ∈ A1, 1 < p < ∞ and m > 0, we have

||f ||Ḟ mβ,∞
p (w) ≈

∣∣∣∣
∣∣∣∣sup
Q3x̃

|Q|−1−mβ
n

∫

Q

|f(x)− fQ|dx

∣∣∣∣
∣∣∣∣
Lp(w)

≈
∣∣∣∣
∣∣∣∣sup
Q3x̃

inf
c∈CQ

|Q|−1−mβ
n

∫

Q

|f(x)− c|dx

∣∣∣∣
∣∣∣∣
Lp(w)

.

Lemma 2.5. (see [6]) Suppose that 1 ≤ s < p < n/η, 1/q = 1/p − η/n and

w ∈ A(p, q). Then

||Mη,s(f)||Lq(wq) ≤ C||f ||Lp(wp).
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3. Proofs of Theorems

Now we shall state our theorems as follows.

Theorem 3.1. Let 0 < β < 1, w ∈ A1 and bj ∈ Lipβ(w) for 1 ≤ j ≤ m. Suppose

1 < p < n/mβ and 1
q

= 1
p
−mβ

n
. Then µ

~b
S is bounded from Lp(w) to Lq(w1−m+

(q−1)mβ
n ).

Theorem 3.2. Let 0 < β < 1, w ∈ A1 and bj ∈ Lipβ(w) for 1 ≤ j ≤ m. Suppose

1 < p < ∞. Then µ
~b
S is bounded from Lp(w) to Ḟmβ,∞

p (w1−m−mβ
n ).

Proof. of Theorem 3.1: We first prove that for any 1 < r < ∞ and fix a cube

Q = Q(x0, d), there exists some constant C0 > 0 such that for f ∈ Lp(w),

1
|Q|

∫
Q
|µ~b

S(f)(x)−C0|dx ≤ C||~b||Lipβ(w)w(x̃)m+mβ
n (Mmβ,r(f)(x̃)+Mmβ,r(µS(f))(x̃)).

We write f1 = fχ2Q and f2 = fχ(2Q)c . We will consider the cases m = 1 and

m > 1, and choose C0 = µS(((b1)2Q − b1)f2)(x0).

We first consider the Case m = 1. For C0 = T (((b1)2Q − b1)f2)(x0), we write

F b1
t (f)(x, y)=(b1(x)−(b1)2Q)Ft(f)(y)−Ft((b1−(b1)2Q)f1)(y)−Ft((b1−(b1)2Q)f2)(y).

Then

|µb1
S (f)(x)− C0|

=
∣∣||χΓ(x)F

b1
t (f)(x, y)|| − ||χΓ(x0)Ft(((b1)2Q − b1)f2)(y)||

∣∣

≤ ||χΓ(x)F
b1
t (f)(x, y)− χΓ(x0)Ft(((b1)2Q − b1)f2)(y)||

≤ ||χΓ(x)(b1(x)− (b1)2Q)Ft(f)(y)||+ ||χΓ(x)Ft((b1 − (b1)2Q)f1)(y)||

+||χΓ(x)Ft((b1 − (b1)2Q)f2)(y)− χΓ(x0)Ft((b1 − (b1)2Q)f2)(y)||

= A(x) + B(x) + C(x).
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For A(x), by Hölder’s inequality and Lemma 2.2, we have

1

|Q|
∫

Q

|A(x)|dx ≤ 1

|Q|
∫

Q

|b1(x)− (b1)2Q||µS(f)(x)|dx

≤ 1

|Q|
(∫

Q

|b1(x)− (b1)2Q|r′dx

) 1
r′

(∫

Q

|µS(f)(x)|rdx

) 1
r

≤ 1

|2Q| sup
x∈2Q

|b1(x)− (b1)2Q||Q| 1
r′

(∫

Q

|µS(f)(x)|rdx

) 1
r

≤ C

|Q| ||b1||Lipβ(w)w(Q)1+ β
n |Q|−1|Q| 1

r′ |Q| 1r− β
n

(
1

|Q|1− rβ
n

∫

Q

|µS(f)(x)|rdx

) 1
r

≤ C||b1||Lipβ(w)

(
w(Q)

|Q|
)1+ β

n

Mβ,r(µS(f))(x̃)

≤ C||b1||Lipβ(w)w(x̃)1+ β
n Mβ,r(µS(f))(x̃).

For B(x), using the boundness of µS and Lemma 2.2, we obtain

1

|Q|
∫

Q

|B(x)|dx ≤ 1

|Q|
(∫

Rn

|µS((b1 − (b1)2Q)f1)(x)|rdx

) 1
r

|Q| 1
r′

≤ C

|Q|
(∫

Rn

|(b1)(x)− (b1)2Q|r|f1(x)|rdx

) 1
r

|Q| 1
r′

≤ C

|Q| sup
x∈2Q

|(b1)(x)− (b1)2Q|
(∫

2Q

|f(x)|rdx

) 1
r

|Q| 1
r′

≤ C

|Q| ||b1||Lipβ(w)w(2Q)1+ β
n |2Q|−1|2Q| 1r− β

n

(
1

|2Q|1− rβ
n

∫

2Q

|f(x)|rdx

) 1
r

|Q| 1
r′

≤ C||b1||Lipβ(w)

(
w(2Q)

|2Q|
)1+ β

n

Mβ,r(f)(x)

≤ C||b1||Lipβ(w)w(x̃)1+ β
n Mβ,r(f)(x̃).

For C(x), we know that

µ
~b
S(f)(x) =

[∫ ∫

Γ(x)

|F~b
t (f)(x, y)|2dydt

tn+3

]1/2

,
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By the Minkowski’s inequality,we obtain

C(x) ≤
(∫ ∫

Rn+1
+

||(χΓ(x) − χΓ(x0))Ft((b1 − (b1)2Q)f2(y)||)2dydt

tn+3

)1/2

≤ C

∫

(2Q)c

|b1(z)− (b1)2Q||f(z)| ×
∣∣∣∣
∫ ∫

|x−y|≤t

χΓ(z)(y, t)dydt

|y − z|2n−2tn+3
−

∫ ∫

|x0−y|≤t

χΓ(z)(y, t)dydt

|y − z|2n−2tn+3

∣∣∣∣
1/2

dz

≤
∫

(2Q)c

|b1(z)− (b1)2Q||f(z)| ×
(∫ ∫

|y|≤t,|x+y−z|≤t

∣∣∣∣
1

|x + y − z|2n−2
− 1

|x0 + y − z|2n−2

∣∣∣∣
dydt

tn+3

)1/2

dz

≤
∫

(2Q)c

|b1(z)− (b1)2Q||f(z)|
(∫ ∫

|y|≤t,|x+y−z|≤t

|x− x0|
|x + y − z|2n−1

t−n−3dydt

)1/2

dz,

note that |x − z| ≤ 2t,|x + y − z| ≥ |x− z| − t ≥ |x− z| − 3t, when |y| ≤ t,

|x + y − z| ≤ t, then, for x ∈ Q,

C(x) ≤ C

∫

(2Q)c

|b1(z)− (b1)2Q||f(z)||x− x0|1/2

×
(∫ ∫

|y|≤t,|x+y−z|≤t

t−ndydt

|x + y − z|2n+2

)1/2

dz

≤ C

∫

(2Q)c

|b1(z)− (b1)2Q||f(z)||x− x0|1/2

×
(∫ ∫

|y|≤t,|x+y−z|≤t

t−ndydt

(|x− z| − 3t)2n+2

)1/2

dz

≤ C

∫

(2Q)c

|b1(z)− (b1)2Q||f(z)||x− x0|1/2

×
(∫ ∞

|x−z|/2

dt

(|x− z| − 3t)2n+2

)1/2

dz
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≤ C

∫

(2Q)c

|b1(z)− (b1)2Q||f(z)| |x0 − x|1/2

|x0 − z|n+1/2
dz

≤ C

∞∑

l=1

∫

2l+1Q\2lQ

|x0 − x|1/2|x0 − z|−(n+1/2)|b1(z)− (b1)2Q||f(z)|dz

≤ C

∞∑

l=1

2−l/2|2l+1Q|−1

∫

2l+1Q

|b1(z)− (b1)2Q||f(z)|dz

≤ C

∞∑

l=1

2−l/2 1

|2l+1Q|
∫

2l+1Q

|(b1)2l+1Q − b1(z)||f(z)|dz

+C

∞∑

l=1

2−l/2 1

|2l+1Q|
∫

2l+1Q

|(b1)2l+1Q − (b1)2Q||f(z)|dz

≤ C

∞∑

l=1

2−l/2 1

|2l+1Q|
(∫

2l+1Q

|(b1)2l+1Q − b1(z)|r′dz

) 1
r′

(∫

2l+1Q

|f(z)|rdz

) 1
r

+C

∞∑

l=1

2−l/2 1

|2l+1Q| |(b1)2l+1Q − (b1)2Q|
(∫

2l+1Q

|f(z)|rdz

) 1
r

|2l+1Q| 1
r′

≤ C

∞∑

l=1

2−l/2 sup
x∈2l+1Q

|b1(z)− (b1)2l+1Q||2l+1Q|−β
n

(
1

|2l+1Q|1− rβ
n

∫

2l+1Q

|f(z)|rdz

) 1
r

+C

∞∑

l=1

2−l/2|(b1)2l+1Q − (b1)2Q||2l+1Q|−β
n

(
1

|2l+1|1− rβ
n

∫

2l+1Q

|f(z)|rdz

) 1
r

≤ C

∞∑

l=1

2−l/2||b1||Lipβ(w)w(2l+1Q)1+β/n|2l+1Q|−1|2l+1Q|−β/n
Mβ,r(f)(x̃)

+C

∞∑

l=1

2−l/2lw(x̃)w(2l+1Q)
−β
n ||b1||Lipβ(w)|2l+1Q|−β/n

Mβ,r(f)(x̃)

≤ C||b1||Lipβ(w)

∞∑

l=1

2−l/2

(
w(2l+1Q)

|2l+1Q|
)1+β/n

Mβ,r(f)(x̃)

+C||b1||Lipβ(w)

∞∑

l=1

l2−l/2w(x̃)

(
w(2l+1Q)

|2l+1Q|
)β/n

Mβ,r(f)(x̃)

≤ C||b1||Lipβ(w)w(x̃)1+β/nMβ,r(f)(x̃),

so, we obtain
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1
|Q|

∫
Q
|C(x)|dx ≤ C||b1||Lipβ(w)w(x̃)1+β/nMr,β(f)(x̃).

Now, we consider the Case m ≥ 2. For b = (b1, · · · , bm),we have,

F b̃
t (f)(x, y) =

∫

|y−z|≤t

Ω(y − z)

|y − z|n−1

[
m∏

j=1

(bj(x)− bj(z))

]
f(z)dz

=

∫

|y−z|≤t

[((b1(x)− (b1)2Q)− (b1(z)− (b1)2Q)) · ··

((bm(x)− (bm)2Q)− (bm(z)− (bm)2Q))]
Ω(y − z)

|y − z|n−1
f(z)dz

=
m∑

j=0

∑
σ∈Cm

j

(−1)m−j(b(x)− (b)2Q)σ

∫

|y−z|≤t

(b(z)− (b)2Q)σc

Ω(y − z)

|y − z|n−1
f(z)dz

= (b1(x)−(b1)2Q)···(bm(x)−(bm)2Q)Ft(f)(y)+(−1)mFt((b1−(b1)2Q)···(bm−(bm)2Q)f)(y)

+
m−1∑
j=1

∑
σ∈Cm

j

(−1)m−j(b(x)− (b)2Q)σ

∫

|y−z|≤t

(b(z)− b(x))σc

Ω(y − z)

|y − z|n−1
f(z)dz

= (b1(x)−(b1)2Q)···(bm(x)−(bm)2Q)Ft(f)(y)+(−1)mFt((b1−(b1)2Q)···(bm−(bm)2Q)f)(y)

+
m−1∑
j=1

∑
σ∈Cm

j

cm,j(b(x)− (b)2Q)σF
b̃σc

t (f)(x, y),

so,

|µb̃
S(f)(x)− µS(((b1)2Q − b1) · · · ((bm)2Q − bm))f2)(x0)|

≤ ||χΓ(x)F
b̃
t (f)(x, y)− χΓ(x0)Ft(((b1)2Q − b1) · · · ((bm)2Q − bm)f2)(y)||

≤ ||χΓ(x)(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(f)(y)||

+
m−1∑
j=1

∑
σ∈Cm

j

||χΓ(x)(b̃(x)− (bm)2Q)σF
b̃σc

t (f)(x, y)||

+||χΓ(x)Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f1)(y)||

+||χΓ(x)Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(y)
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−χΓ(x0)Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(y)||

= I1(x) + I2(x) + I3(x) + I4(x).

For I1(x), by Hölder’s inequality with exponent 1
r1

+ · · · + 1
rm

+ 1
r

= 1 and Lemma

2.2, we get,

1

|Q|
∫

Q

|I1(x)|dx ≤ 1

|Q|
∫

Q

|
m∏

j=1

(bj(x)− (bj)2Q)||µS(f)(x)|dx

≤ C

|2Q|
m∏

j=1

(∫

2Q

bj(x)− (bj)2Q|rjdx

) 1
rj

(∫

Q

|µS(f)(x)|rdx

) 1
r

≤ 1

|2Q|
m∏

j=1

(
sup
x∈2Q

|bj(x)− (bj)2Q||2Q|
1
rj

)(∫

Q

|µS(f)(x)|rdx

) 1
r

≤
C

|Q|
m∏

j=1

(||bj||Lipβ(w)w(2Q)1+β/n|2Q|−1)|Q|(1− 1
r
)+( 1

r
−mβ/n)

(
1

|Q|r−rmβ/n

∫

Q

|µS(f)(x)|rdx

) 1
r

≤ C||~b||Lipβ(w)w(2Q)m+mβ/n|2Q|−m−mβ/nMmβ,r(µS(f))(x̃)

≤ C||~b||Lipβ(w)

(
w(2Q)

|2Q|
)m+mβ/n

Mmβ,r(µS(f))(x̃)

≤ C||~b||Lipβ(w)w(x̃)m+mβ/nMmβ,r(µS(f))(x̃).

For I2(x), similar to B(x), using the boundness of µS and Lemma 2.2, we get

1

|Q|
∫

Q

I2(x)dx ≤ 1

|Q|

(∫

Rn

|µS(
m∏

j=1

(bj − (bj)2Q)f1)(x)|rdx

) 1
r

|Q| 1
r′

≤ C

|Q|

(∫

Rn

|
m∏

j=1

(bj(x)− (bj)2Q)f1(x)|rdx

) 1
r

|Q| 1
r′

≤ C

|Q|

(∫

2Q

|
m∏

j=1

(bj(x)− (bj)2Q)|r|f(x)|rdx

) 1
r

|Q| 1
r′
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≤ C

|Q|
m∏

j=1

sup
x∈2Q

|bj(x)− (bj)2Q|
(∫

2Q

f(x)|rdx

) 1
r

|Q| 1
r′

≤ C
1

|Q|
m∏

j=1

||bj||Lipβ(w)w(2Q)1+β/n|2Q|−1)|2Q| 1
r′+

1
r
−mβ/n

(
1

|2Q|1−rmβ/n

∫

2Q

|f(x)|rdx

) 1
r

≤ C||~b||Lipβ(w)

(
w(2Q)

|2Q|
)m+mβ/n

Mmβ,r(f)(x̃)

≤ ||~b||Lipβ(w)w(x̃)m+mβ/nMmβ,r(f)(x̃).

For I3(x), by Hölder’s inequality and Lemma 2.2, we get

1

|Q|
∫

Q

|I3(x)|dx ≤
m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|
∫

2Q

|bj(x)− (bj)2Q)σ||µS((bj − (bj)2Q)σcf)(x)|dx

≤
m−1∑
j=1

∑
σ∈Cm

j

1

|2Q|
(∫

2Q

|bj(x)− (bj)2Q)σ|r′dx

) 1
r′

(∫

2Q

|µS((bj − (bj)2Q)σcf)(x)|rdx

) 1
r

≤

C

m−1∑
j=1

∑
σ∈Cm

j

1

|2Q| sup
x∈2Q

|(bj(x)− (bj)2Q)σ||2Q| 1
r′ sup

x∈2Q
|(bj(x)− (bj)2Q)σc |

(∫

2Q

|µS(f)(x)|rdx

) 1
r

≤ C

m−1∑
j=1

∑
σ∈Cm

j

1

|2Q| ||
~bσ||Lipβ(w)w(2Q)j+jβ/n|2Q|−j||~bσc ||Lipβ(w)

×w(2Q)(m−j)+(m−j)β/n|2Q| 1
r′+

1
r
−mβ/n−(m−j)

(
1

|2Q|1−rmβ/n

∫

2Q

|µS(f)(x)|rdx

) 1
r

≤ C||~b||Lipβ(w)

(
w(2Q)

|2Q|
)m+mβ/n

Mmβ,r(µS(f))(x̃)

≤ C||~b||Lipβ(w)w(x̃)m+mβ/nMmβ,r(µS(f))(x̃).

For I4(x), similar to the proof of C(x) in the Case m = 1, we obtain

I4(x) ≤ C

∫

(2Q)c

|x0 − x|1/2|x0 − z|−(n+1/2)|
m∏

j=1

(bj(z)− (bj)2Q)||f(z)|dz
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≤ C

∞∑

l=1

∫

2l+1Q\2lQ

|x0 − x|1/2|x0 − z|−(n+1/2)|
m∏

j=1

(bj(z)− (bj)2Q)||f(z)|dz

≤ C

∞∑

l=1

2−l/2|2l+1Q|−1

∫

2l+1Q

|
m∏

j=1

(bj(z)− (bj)2Q)||f(z)|dz

≤ C

∞∑

l=1

2−l/2|2l+1Q|−1

m∏
j=1

(∫

2l+1Q

|bj(z)− (bj)2l+1Q)||f(z)|dz + |(bj)2l+1Q − (bj)2Q|
) ∫

2l+1Q

|f(z)|dz

≤ C

∞∑

l=1

2−l/2|2l+1Q|−1

m∏
j=1

(∫

2l+1Q

|bj(z)− (bj)2l+1Q)σc |r′dz

) 1
r′

(∫

2l+1Q

|f(z)|rdz

) 1
r

+|((bj)2l+1Q − (bj)2Q)]|2l+1Q| 1
r′+( 1

r
−mβ/n) ×

(
1

|2l+1Q|1−rmβ/n

∫

2l+1Q

|f(z)|rdz

) 1
r

≤ C||~b||Lipβ(w)w(x)j

(
w(2l+1Q)

|2l+1Q|
)(m−j)+mβ/n

Mmβ,r(f)(x̃)

≤ C||~b||Lipβ(w)w(x̃)m+mβ/nMmβ,r(f)(x̃).

Thus, we get

1

|Q|
∫

Q

I4(x)dx ≤ C||~b||Lipβ(w)w(x̃)m+mβ/nMmβ,r(f)(x̃).

Combining all the estimates, we finish the case m ≥ 2 .

So, for m ≥ 1 and any cube Q, there exists C0 such that for f ∈ Lp(w),

1

|Q|
∫

Q

|µ~b
S(f)(x)−C0|dx ≤ C||~b||Lipβ(w)w(x̃)m+mβ

n (Mmβ,r(f)(x̃) + Mmβ,r(µS(f))(x̃))

and

µ
~b
S(f)#(x̃) ≤ C||~b||Lipβ(w)w(x̃)m+mβ

n (Mmβ,r(f)(x̃) + Mmβ,r(µS(f))(x̃)).
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Now, choose 1 < r < p and by Lemma 2.5, we have

||µ~b
S(f)||Lq(w1−m+(q−1)mβ/n)

≤ C||M(µ
~b
S(f))||Lq(w1−m+(q−1)mβ/n)

≤ C||(µ~b
S(f))#||Lq(w1−m+(q−1)mβ/n)

≤ C||~b||Lipβ(w)(||wm+mβ/nMmβ,r(f)||Lq(w1−m+(q−1)mβ/n)

+||wm+mβ/nMmβ,r(µS(f))||Lq(w1−m+(q−1)mβ/n))

≤ C||~b||Lipβ(w)(||Mmβ,r(f)||
Lq(w

q
p )

+ ||Mmβ,r(µS(f))||
Lq(w

q
p )

)

≤ C||~b||Lipβ(w)(||f ||Lp(w) + ||µS(f)||Lp(w))

≤ C||~b||Lipβ(w)||f ||Lp(w).

This completes the proof of Theorem 3.1. ¤

Proof. of Theorem 3.2: Similar to Theorem 3.1, for any 1 < r < ∞ and cube

Q = Q(x0, d), there exists some constant C0 such that for f ∈ Lp(w) and x̃ ∈ Q,

|Q|−1−mβ
n

∫

Q

|µ~b
S(f)(x)−C0|dx ≤ C||~b||Lipβ(w)w(x̃)m+mβ

n (Mr(f)(x̃)+Mr(µS(f))(x̃)).

Further, we have

sup
Q3x̃

inf
c∈C

|Q|−1−mβ
n

∫

Q

|µ~b
S(f)(x)−c|dx ≤ C||~b||Lipβ(w)w(x̃)m+mβ

n (Mr(f)(x̃)+Mr(µS(f))(x̃)).

Choose 1 < r < p and by lemma 2.4, we obtain

||µ~b
S(f)||Ḟ mβ,∞

p (w1−m−mβ/n) ≈
∣∣∣∣
∣∣∣∣sup
x̃∈Q

inf
c∈C

|Q|−1−mβ/n

∫

Q

|µ~b
S(f)(x)− c|dx

∣∣∣∣
∣∣∣∣
Lp(w1−m−mβ/n)

≤ C||~b||Lipβ(w)(||wm+mβ/nMr(f)||Lp(w1−m−mβ/n) + ||wm+mβ/nMr(µS(f))||Lp(w1−m−mβ/n))

≤ C||~b||Lipβ(w)(||Mr(f)||Lp(w) + ||Mr(µS(f))||Lp(w))

≤ C||~b||Lipβ(w)(||f ||Lp(w) + ||µS(f)||Lp(w))

≤ C||~b||Lipβ(w)||f ||Lp(w).
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This completes the proof of Theorem 3.2. ¤
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[17] C. Pérez, Endpoint estimate for commutators of singular integral operators, J. Func. Anal.,

128(1995), 163-185.

[18] C. Pérez and G. Pradolini, Sharp weighted endpoint estimates for commutators of singular

integral operators, Michigan Math. J., 49(2001), 23-37.

[19] Y. Shen and L. Z. Liu, Lipschitz estimates for multilinear commutator of Littlewood -Paley

operator, Italian J. of Pure and Applied Math., 27(2010), 209-224.

[20] E. M. Stein, Harmonic analysis: real variable methods, orthogonality and oscillatory integrals,

Princeton Univ. Press, Princeton NJ, 1993.

[21] A. Torchinsky and S. Wang, A note on the Marcinkiewicz integral, Colloq. Math., 60/61(1990),

235-244.

(1) Department of Mathematics ,Jiaxing Nanyang Technical and Vocational Col-

lege, Jia xing 314003, P.R. CHINA

E-mail address: zzhaoo@126.com

(2) Information Technology Branch Institute, Jiaxing Vocational Technical Col-

lege, Jia xing 314036, P.R. CHINA

E-mail address: yidaidiguo@gmail.com


