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WEIGHTED LIPSCHITZ ESTIMATES FOR MULTILINEAR
COMMUTATOR OF MARCINKIEWICZ OPERATOR

ZHAO QIAO ZHEN ) AND WANG JUN FENG(?)

ABSTRACT. In this paper, the weighted boundedness for the multilinear com-
mutator of the Marcinkiewicz operator and the weighted Lipschitz functions are

obtained.

1. INTRODUCTION

As the development of the singular integral operators, their commutators and
multilinear operators have been well studied. In [5][11-12], the authors proved that
the commutators and multilinear operators generated by the singular integral op-
erators and BMO functions are bounded on LP(R") for 1 < p < oco. In [4][9-10],
the boundedness for the commutators and multilinear operators generated by the
singular integral operators and Lipschitz functions on LP(R™)(1 < p < oo) and
Triebel-Lizorkin spaces are obtained. And the weighted boundedness for the com-
mutators generated by the singular integral operators and BM O or Lipschitz func-
tions on LP(R™)(1 < p < 00) spaces are obtained(see [2][7]). Motivated by these,
we will discuss the weighted boundedness for multilinear operators associated to the
multilinear commutator of the Marcinkiewicz operator and the weighted Lipschitz
functions.
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2. PRELIMINARIES AND LEMMAS

Let us introduce some notations(see [5][8][11][14][15]). In this paper, @) will denote
a cube in R"™ with sides parallel to the axes. For a locally integrable function f on
R™ and a cube Q, let fo = Q]! fQ x)dz and the sharp function of f is defined
by
1) = g7 V) = Sl
It is well-known that (see [8])

1# () ~ sup int |Q|/|f — cldy.

an ceC

For1<p<ooand 0 <n<mn,let

1 ) 1/p
My (f)() = sup (W/Q\f(y)! dy) :

The A, weight is defined by (see [§])

A, = {w sup (|22| / (:E)dx) (ﬁ/q)w(m)‘l/(p‘”dx)pl < oo}, 1<p<oo,

Ay ={w>0: Mw)(x) < Cw(zx),ae.},

and A. = Up>14,. We know, for w € A;, w satisfies the doubly condition, that is,

for any cube @,
w(2Q) < Cw(Q).

The A(p, q) weight is defined by (see [10])

Ap,q) = {w >0 sup (’ o / (x)qu) l/q(ré' /Q w(x)_p/(p_l)da:) R oo},

1<p,qg<oo.
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Given a weight function w. For 1 < p < oo, the weighted Lebesgue space LP(w) is

the space of functions f such that

Il = ([ @) <o

For a weight function w, # > 0 and p > 1, let Fpﬁ’o"(w) be the weighted homogeneous
Triebel-Lizorkin space. For 0 < § < 1, the weighted Lipschitz space Lips(w) is the

space of functions f such that

Il = 500 oz | 170) — faldy < o0

Given some function b; € Lipg(w),l < j < m, we denote by C7" the family of

all finite subsets 0 = {o(1),- - -,0(j)} of {1,---,m} of j different elements and

o(i) < o(j) whenever i < j. For o € CF", set 0¢ = {1,---,m} \ 0. For b =
(b, by) and o = {o(1),- -, 0(j)} € C, set by, = (bo1), * *, boz)); b H Do
and [bs||Lips () = [[bo) | Lipsw) =+ [1Do) || Lips (w)-

In this paper, we will study a multilinear commutator as follows.

Definition 2.1. Let 0 < v < 1, Suppose that S"~! is the unit sphere in R"(n > 2)
equipped with normalized Lebesgue measure do = do(x'). Let Q(x) be homogeneous
of degree zero and satisfy the following two conditions:

(1) Q(z) is contionuous on S"! and satisfies the Lip, condition on S™™ !, i.e.

Q") = Uy < Mla" —y']", 2’y e 5"

f gn1 dxr’ = 0; The Marcinkiewicz multilinear commutator is defined
by
o= [/ [, oears]
fn+3
where

—

F)(f)(,y) :/y » |y—z|” T [1:[ ]f(z)dz.
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Set
Uy — 2)

_ Z|n—1

mn@zf f(2)dz

y—zl<t Y

- ( /] . |Ft<f><y>|2f,i’f§)”2,

which is the Marcinkiewicz operator (see [16]).

We also define that

In order to prove our conclusion, we need the following lemmas.

Lemma 2.1. (see [7][9]) For 0 < <1, w € Ay, b € Lipg(w) and 1 < p < o0, we

have

8 1/p
|10]] Lips (w) A sUDW(Q) ™" (w(Q)‘1 / [b(x) — lepw(y)l"’dfv) .
Q Q

Lemma 2.2. (see [8][9]) For 0 < 8 <1, w € Ay, b € Lipg(w) and any cube Q, we

have

B
Sggw(ﬂ?)—bd < C|1b]] Lipg(wyw(Q) T =]Q) .

Lemma 2.3. For 0 < 3 <1, w € Ay, b € Lipg(w) and any cube QQ, we have, for
T eqQ,
- 8
[barq — bl < Chw(T)w(2"Q) ™ |[b]] Lipy (w)-

Lemma 2.4. (see [11]) For0 < <1, we Ay, 1 <p < oo and m >0, we have

Q

1 Loy

sup| Q1 / (@) — folde

LP(w)

sup inf |Q|” _/ |f(z) — cldz

Q>3 c€Cq

LP(w)
Lemma 2.5. (see [6]) Suppose that 1 < s < p < n/n, 1/q¢ = 1/p —n/n and
w € A(p,q). Then

[ My, s ()| zaqwey < Clf e wr)-
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3. PrROOFS OF THEOREMS

Now we shall state our theorems as follows.

Theorem 3.1. Let 0 < 8 < 1, w € Ay and b; € Lipg(w) for 1 < j < m. Suppose

1<p<n/mp and% = %—mTﬁ. Then ,uf’; is bounded from LP(w) to LI(w!=™" ).

(¢— 1)mﬁ

Theorem 3.2. Let 0 < f <1, w € Ay and b; € Lipg(w) for 1 < j < m. Suppose
1-

1 <p<oo. Then ,ug is bounded from LP(w) to F;”ﬁpo( mﬁ)

Proof. of Theorem 3.1: We first prove that for any 1 < r < oo and fix a cube

Q = Q(xo, d), there exists some constant Cy > 0 such that for f € LP(w),

1 Jo HE(F) (@)= Coldw < CI[Bl]Lipg a0y (@)™ (M o (£) @)+ Mins o (5 (£))(£)).
We write fi = fxao and fo = fxg)y- We will consider the cases m = 1 and

m > 1, and choose Cy = pg(((b1)20 — b1) f2) (o).
We first consider the Case m = 1. For Cy = T'(((b1)2g — b1) f2)(x0), we write
f

FP () (,y)= (b () = (b1)2@) Fi () () = Fo (b1 = (b1)2) 1) () = Fi (b1 = (b1)2g) f2) (1)
Then

g (f) (@) = Col
= |[xr@E ()@ ) = [Ixreo Fl((br)2g — b1) f) ()]
e E () (@, 5) = Xego) Er(((01)2g — b1)f2) ()]
[IXr@) (b1(2) = (b1)2) Fr(F) W] + [Ixr@ Fi((br = (b1)20) f1) ()]
Hlxr@ Fi((br = (b1)20) f2) () = Xr(o) Fi((01 — (b1)20) f2) (9)]]

= A(z)+ B(z) + C(x).

IN

IN
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For A(x), by Hélder’s inequality and Lemma 2.2, we have

|Q\/‘A Dlde < yQ|/|bl = (b)2qll1s(f) ()| dx

< ]} </ b1 (z) — (b1)20]" dx) (/ s (f |dx)
= |2Q!f;12%|b1() (b)agllQI (/ s (f rdx)
C . L s 1 ) 1
< il (@10 Q1 a1 5(@12& [ st da:)
1+8
< Clbillzims) (%) Mp o(ps(f))(@)

< Cllbr| iy eyw(@) 7 M, (15 ())(E).

For B(x), using the boundness of ;g and Lemma 2.2, we obtain

1 1 - g
o |1l < g ([ st~ e o) 1@
C

( o [(b1) () — (b1)2Q|r‘fl($)’rd$> G ]Q\%/

IA

@

IN

g7 2 1)) = (el | ) |f<x>|rda:)’l" Q

1

_ 1 1
b4l iy 0 (20) 120 |2@|—5<|2Q‘1_w /ZQIf(x)Vdfr) Q

IN

QI

I

w(2 o
Cllllinr (o) Mar (£

~ B ~
C‘ ’bl‘|Lz’pg(w)w(x)1+nMﬂ,r<f) (.’L‘)

IN

IA

For C(x), we know that

; dydt]?
_ b 2
- [ e nrs|
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By the Minkowski’s inequality,we obtain

1/2
dydt
Cx) < (// — XT(ao)) F1((b1 — <b1)2Q)f2(y)H)2tn+3>
< C Ibl() (b1)20]1f(2)] %
Xr(=) (Y, t)dydt Xr(x) (y, t)dydt 1/2d
ly — 2|2 2n+3 |y — 2|2 2gn+3 <
lz—y|<t 1Y lzo—y|<t 1Y
< [ o) - GrllG)] %
(2Q)°
I
- z
wl<tlody—z<t | [T +y — 272 |zo +y — 272 | 03

<

|z — 0] —n—3 12
b (b1)20||f (2 (// " dydt dz,
/(zQ)c 01(2) = (b QQH ly|<t,|z+y—z|<t |z +y — 2z[*!

note that |[v — z| < 2t |Jx +y — 2| > |z —2|—t > |v — 2] — 3t, when |y| < t,

|z +y — z| <t, then, for z € Q,

O(x) < c/ 1b1(2) — B)agllF()l — 0] 2

Lo )"
z
ly|<t,|z+y—z|<t |z +y — 2|2

< c/ 1b1(2) — ()aollf ()] — o]
(2Q)c
trdydt 172
| _ | _ 3t)2n+2 dZ
ly|<t,|z+y—z|<t \[T — %
< c/ 1b1(2) — ()aollf ()] — ol
(2Q)¢

00 dt 1/2
d
X(ﬂﬁwux—d—sw%ﬁ) :
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|l‘o—$!1/2
< o[ ) - ol
< O [ ol - o) — (gl (2
o 2l+1Q\2lQ
< sz—l/2!2z+1Qy—1/ 1b1(2) — (b1)20]] f(2)|dz
=1 2l+1Q
S 1
< 2—l/2 b -
- C; 120+1Q)] 21+1Q|(1)2”1Q bi(2)|f(2)ldz
- 1
2,1/2— b B
+Cl21 2H1Q)| 21+1Q|( Danig = (01)agl[f(2)]dz
- v 1
1 N :
< C 2*1/2 / b —b " d / "
< 0L ( | @2 = 0@z ) [Nl
s 1
1 - )
2712 1o — r 1S
+OY 2 g = Gl ( [ 1)10=) 2l
- 1
< C 9-L/2 b b L[t = —/ rq
< lz; IGSQIZIRQ| 1(2) = (b1) 2191277 Q) |2l+1Q|1—¥ 21+1Q|f(z)| z
00 7 , %
C 2712 (p — (b ol+1 =2 —/ r
+ lz:; |( 1)2l+1Q ( 1)2Q|| Ql ’21+1|1—% g |f(z)| dz
< O 27 [by | iy w (21 Q) 2 Q T (2 QU M, (£) ()
=1
o i =7 —B/n N
—|—CZQ lmlw(z)w(?“@) - HblHLipg(w)‘QHlQ‘ Mﬁ,r(f>($)
=1
QZ—HQ 1+8/n )
< Cliballziny 22 ”2( 21+1Q|)) M;, (1))

2l+1 B/n
FClblliin 312 2a@) (B2 ) A (1))
=1

< C‘ |b1‘|Lipg(w)w(j')1+ﬁ/nMﬂ,r(f)(j)7

so, we obtain

3=
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@1 Jo |C@)ldz < ClIbal|Lips(wyw(@) 77" M 5 (f)(E).

Now, we consider the Case m > 2. For b = (b, - ,b,,),we have,
; AUy —2) |17
R | | CORUON O
‘y72|§t |y Z| le

_ /| 0@ = ()z0) = () = (b)) -

(bn(2) — (b)) — (bun(2) — (Bun)z))] S@gf’lﬂz)d
= X ) - Bhoke [ (02) = Baoer (2
=0 cecr ly—z|<t ly — 2|
= (b1 (@)~ (01)20) (b () — (b)) F ) )+ (1) Fo( (b1~ (51)20) (b (b)) ) (9)
= N i y—2) .
35T ()P (b() - (Ba)s /| ) =

S0,

& () (@) = ps(((br)ag = br) -+ ((bm)ag — b)) fo) ()|

< e L), 9) = Xro Fr(51)ag — b1) -+ (bm)ag — bm) f2) ()]
< e (01(2) = (01)29) -+ (b (@) = (bn)2@) F (/) )]
+Z 3" Ixew bn)20)o F27° (f) (@, 9)|
i= 1aeCm

Hxr@ Fi((br = (b1)2q) -+ (b = (bm)20) 1) (¥)]|
Hxre Fi((01r = (b1)2q) - - (b = (bm)2) f2)(9)
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Xr(2o) Fr((01 — (b1)2q) - (b — (bim)20) f2) (9)]]

= Li(x)+ L(x) + I3(x) + Ly(x).

For I;(x), by Holder’s inequality with exponent % +---4+ -1 +1=1and Lemma

Tm

2.2, we get,

ﬁ /Q L)l < ’_1| /Q T10s @) = (0)20)l s () (@) e

/Qij(%‘) bj)2ql" dff) </ s (f Td&i)
sup (o) = (4ol 201 )(/ s (f |da:)

C . n - 1 _mg/n r %
511 10511 ipayw(2Q)9/12Q] 7 |QI -+ B”(W ), Ins( >|dx)

IA
o
s

1m
< poll

<

< CIIblILipmw)w(?Q)m*mﬁ/"I2Q|_m_mﬂ/"Mmﬁ,r(Ms(f))(ff)

. 9 m+mg/n
< Cllblluipon) (%} Mg (15()) (@)

< C110]| pipy (wyw (@)™ My (s () ().

For I5(x), similar to B(z), using the boundness of g and Lemma 2.2, we get

1
1 T

1 m ,, ,
@/le(x)dx < ]} </n \MS(H(b] — (bj)20) f1) ()] d:v) Q|7

J=1

1
T

Q
- i 1
1Ql (/,L'Jlj[l(bj(x)_(bj)m)fl(x)!’"dq:) Q"
C

Sa(/m

IN

1

3

ICEE (bj)2Q)|T’f(iU)|de) op

|
j=1



WEIGHTED LIPSCHITZ ESTIMATES FOR... 307

- °n

< 7qr L sup st QQ‘(/ fa ’”dﬂc) Cllg

< g LTI Q201 1?4 (g [ s )

. m+mpB/n
< CllE i (ﬁ%)) Moo () (@)
< 11l iy () M () ().

For I3(x), by Holder’s inequality and Lemma 2.2, we get

ol /Q Iy()|dr < 50l / bj(a

j= 1 O'EC"L

Z%ﬂ 20| (/ s 'd’”)

20)o| |15 ((b; = (b)2@)oe ) ()| dx

=

( sttt = G)ao)oes ><x>rdx)i

<

m—1

€YY s I5(o) = (Bs)aa) |21 sup [(a) ~
j:lUEC’J’-”

QQ o
r€2Q z€2Q

([ st |dx)

1 - g
CD2 3 gl Pollmatuno QY 12Q1 el s,

7j=1 UEC;.”

1
m—j3)+(m—3)3/n L+l _mgB/n—(m—j 1 T v
w(aQ) el (o [ (o)

. w m+mg3/n
Ol (So)  Mosalis(D)D

w(@)"™ I My (15 (£))(2).

IA

< ClIbl]zips )
For I,(x), similar to the proof of C'(z) in the Case m = 1, we obtain

Ly(x) < C/(QQ)C [wo — [ 2lzg — 2~ TT(05(2) = (B)20)1f (2)]d2

=1
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s<7(/ 20 — 2]y — 2|12 by)20)l 1 (2)|dz
; 21+1Q\2lQ ]r:[l
< Y rieprig / TL0:(2) — (a1 F(2)ld
=1 2H1Q G5
S 022—”2’214-1@’—1
=1
II(/ M@)—@ﬁwwﬂv@wk+K%HﬂQ—@Md>/‘ ()l
j=1 2l+1Q 21+1Q
< C 2l/221+1 1 (/ b. (b Vo Ucrld)rl(/ rd)r
< Z Q'H O R O e S I W Ol
L (t—mpB/n ]' r %
+W@ww%wmwm@ﬁ“QHXQ%@WWMLWU@WO
(m—j)+mB/n
. (QZHQ) J ~
< Clilaoote? (el M (D@
< O] Lip ey w0 (@)™ Mo (£) ().
Thus, we get

el / 1(2)dx < Ol im0 ™ ™ Moo () (F).

Combining all the estimates, we finish the case m > 2 .

So, for m > 1 and any cube @), there exists Cy such that for f € LP(w),

&

’Q‘/Ws — Coldz < C[8]|wip(uyw (@)™ (Mongr () (&) + Mg (15(f)(E))

and

mp

Hs(F)#(E) < ClIBl im0 (@)™ (M (F)(E) + Mg (p15(F))(7))-
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Now, choose 1 < r < p and by Lemma 2.5, we have

(e S [ P———

IN

Cl |M(M%(f)) | |Lq(w1—m+(q—1)m6/n)

IN

ClCHg () * 1 pagut-ma-mssm)

IN

CHbHLlpﬂ (meerﬁ/nM (f)HLfI(w1*M+(q*1)mﬁ/")

+| ‘wm+mﬁ/anﬁ,T(/’LS(f)) | ‘Lq(wlfmw‘»(qfl)mﬁ/n))

IN

LlI( p

C11B|ip ) ([ Mo ()] 1Mo (s () 8)
< C11®ll i) (1 o) + 125 ()| 2o(w)
< CllbllzimsIfllzow)
This completes the proof of Theorem 3.1. O

Proof. of Theorem 3.2: Similar to Theorem 3.1, for any 1 < r < oo and cube

Q = Q(xo,d), there exists some constant Cj such that for f € LP(w) and 7 € Q,

|mk'/Ws — Coldi < OB iy w (@)™ 5 (M () (E) + My (s () ().

Further, we have

sup inf 0] W/ms J—eldz < ClIF||uipouyw(E)™ % (M (F) ()4 M, (us( 1) ().

Choose 1 < r < p and by lemma 2.4, we obtain

suplnfM9|1_"““1/2|u§(fﬂx)—-ddx

e ceC

| |Ng‘(f) | |F;1f67°°(w1—m—mﬁ/n) ~
Lp(wl—m—mﬁ/n)

< ClNBl i) ([0 M ()| oot —mmirmy + 0™ M (15 () ot —mmrmivim)
< CY1Bl ipg () (|| M ()| o) + (M (15 ()| o)

< ClIbl zipsuy (1 F 1oy + 115 ()l [20w)

< C11bll i) || F10w)
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This completes the proof of Theorem 3.2. 0
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