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CHEN INEQUALITIES FOR SUBMANIFOLDS OF SOME SPACE
FORMS ENDOWED WITH A SEMI-SYMMETRIC NON-METRIC
CONNECTION

YUSUF DOGRU

ABSTRACT. In this paper, we prove Chen inequalities for submanifolds of complex
space forms and respectively Sasakian space form, endowed with a semi-symmetric

non-metric connection.

1. Introduction

In [9], H.A. Hayden introduced the notion of a semi-symmetric metric connection
on a Riemannian manifold. K. Yano studied in [17] some properties of a Riemannian
manifold endowed with a semi-symmetric metric connection.

In [18], Agashe and Chafle introduced the idea of semi-symmetric non-metric con-
nection on a Riemannian manifold. This was further developed by Agashe and Chafle
[19], De and Kamilya [21], De, Sengupta and Binh [11], De and Sengupta [12].

On the other hand, one of the basic problems in submanifold theory is to find
simple relationships between the extrinsic and intrinsic invariants of a submanifold.
B. Y. Chen [5], [6], [10] established some fundamental inequalities in this respect,
well-known as Chen inequalities.

Afterwards, many geometers studied similar problems for different submanifolds in

various ambient spaces, for example see [13]-[15], [16], [1] and [4].
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Recently, in [2] , [3] and [8] , the authors studied Chen inequalities for submanifolds
of real space forms ,complex space forms and Sasakian space forms with a semi-
symmetric metric connection and Chen inequalities for submanifolds of real space
forms with a semi-symmetric non-metric connections, respectively.

In this paper we will study Chen inequalities for submanifolds in complex and
Sasakian space forms endowed with semi-symmetric non-metric connections, respec-
tively. The paper is organized as follows. In Section 2, we give a brief introduction
about a semi-symmetric non-metric connection, Chen Lemma and Ricci curvature. In
Section 3, for submanifolds of complex space forms endowed with a semi-symmetric
non-metric connection we establish Chen first inequality. In Section 4, we state
a relationships between Ricci curvature of a submanifold M™ of a complex space
form N?™(4c) of constant holomorphic sectional curvature, endowed with a semi-
symmetric non-metric connection, and the squared mean curvature || H||* .In Section
5, for submanifolds of Sasakian space forms endowed with a semi-symmetric non-
metric connection we establish Chen first inequality. In Section 6, we state a rela-
tionship between the sectional curvature of a submanifold M™ of a Sasakian space
form N?™*1(c) of constant p-sectional curvature ¢ endowed with a semi-symmetric
non-metric connection V and the squared mean curvature |\ H H2 Using this inequal-
ity, we prove a relationship between the Ricci curvature of M™ and the squared mean

curvature ||H|*.

2. Preliminaries

Let N™ be an (n+p)-dimensional Riemannian manifold and V a linear connection

on N™P_ If the torsion tensor T of V, defined by

T(X,7)=VeV - VeX - [X,V],
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for any vector fields X and Y on N™P, satisfies
T ()? ?) — (V)X — o(X)Y

for a 1-form ¢, then the connection V is called a semi-symmetric connection.

Let g be a Riemannian metric on N™*?. If %g = 0, then V is called a semi-
symmetric metric connection on N"*P, If 69 # 0, then V is called a semi-symmetric
non-metric connection on N™*P.

Following [12], a semi-symmetric non-metric connection V on N™P is given by

TV VT 4 0(V)X — g(X,T)P - p(X)F — y(7) X,

for any vector fields X and Y on NP , where V denotes the Levi-Civita connection

with respect to the Riemannian metric g and P is a vector field associated with the

1-form ¢ defined by

(2.1) 6(X) = g(X,P)

and F is a vector field associated with the 1-form

(2.2) n(X) = g(X,E).

We will consider a Riemannian manifold N™*? endowed with a s%mi—symmetric
non-metric connection V and the Levi-Civita connection denoted by V.

Let M™ be an n-dimensional submanifold of an (n + p)-dimensional Riemannian
manifold N**?. On the submanifold M"™ we consider the induced semi-symmetric
non-metric connection denoted by V and the induced Levi-Civita connection denoted
by %

Let R be the curvature tensor of N™+P with respect to V and R the curvature

[e)

tensor of N"P with respect to V. We also denote by R and R the curvature tensors

o

of V and V, respectively, on M".
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The Gauss formulas with respect to V and V can be written as:

VY = ViV +h(X,Y), X,Y € x(M),

VY = VyY +h(X,Y), X,Y € x(M),

where h is the second fundamental form of M™ in N7 and h is a (0, 2)-tensor on M™.
According to the formula (17) from [22] h is also symmetric. The Gauss equation for

the submanifold M™ into an (n + p) dimensional Riemannian manifold N"*? is

o
(o}

(2.3) RIX,Y,Z,W) = R(X,Y,Z,W)+ g(h(X, Z),h(Y,WV))

o

—g(h(X, W), h(Y, Z)).

One denotes by H the mean curvature vector of M™ in NP,
Then the curvature tensor R with respect to the semi-symmetric non-metric con-

nection V on N™* can be written as (see [12])

o

(2.4) R(X,Y,ZW) = R(X,Y,Z,W)—a(Y,Z)g(X,W)
+a(X, Z)g(Y,W) — a(X,W)g(Y, Z)
+a(Y,W)g(X, Z) + B (Y, X) g(Z, W)
—B(X.Y)g(Z W)+ B(Y,Z) g(X, W)
—B(X,Z) g(Y, W),

for any vector fields X, Y, Z, W € x(M"), where o and (3 are (0, 2)-tensor field defined
by

(25) 2 (%,Y) = (Vx8) Y = 900)0(1) + Jo(Plg (X.).

(2.6) OX = VxP — o(X)P + %¢(P)X
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—(X)n(Y) +n(P)g(X,Y).

Denote by A the trace of o and « the trace of 3.

Let # C T,M", x € M", be a 2-plane section. Denote by K(m) the sectional
curvature of M"™ with respect to the induced semi-symmetric non-metric connection
V. For any orthonormal basis {ej,...,e,} of the tangent space T,M™, the scalar
curvature 7 at z is defined by

Tx)= ) K(eine)
1<i<j<n

Recall that the Chen first invariant is given by
dyn(z) =7(x) —inf {K(7) | 7 C T,M",x € M",dimm = 2},

(see for example [10]), where M™ is a Riemannian manifold, K (m) is the sectional
curvature of M™ associated with a 2-plane section, # C T, M",x € M"™ and 7 is the

scalar curvature at z.

The following algebraic Lemma is well-known.
Lemma 2.1. [5] Let a1, as, ..., a,,b be (n+ 1) (n > 2) real numbers such that
n 2 n
(Zai> =(n-1) (Za? +b> :
i=1 i=1
Then 2a1as > b, with equality holding if and only if a1 + as = az = ... = ay,.

Let M™ be an n-dimensional Riemannian manifold, L a k-plane section of T, M",
xr € M", and X a unit vector in L.

We choose an orthonormal basis {ey, ..., ex} of L such that e; = X.
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Ones define [7] the Ricci curvature of L at X by
RZCL(X) = K12 + K13 + ...+ Klk,

where K;; denotes, as usual, the sectional curvature of the 2-plane section spanned
by e;,e;. For each integer k, 2 < k < n, the Riemannian invariant ©; on M" is

defined by:

Ok () inf Ricp(X), € M",

- k—1LX
where L runs over all k-plane sections in T, M™ and X runs over all unit vectors in

L.

3. Chen First Inequality for submanifolds of complex space forms

Let N?™ be a Keahler manifold and .J the canonical almost complex structure. The
sectional curvature of N?™ in the direction of an invariant 2-plane section by J is
called the holomorphic sectional curvature. If the holomorphic sectional curvature
is constant 4c for all plane sections 7 of T, N?™ invariant by J for any # € N?™,
then N?™ is called a complex space form and is denoted by N*™(4c). The curvature

o o

tensor R with respect to the Levi-Civita connection V on N 2m(4c) is given by

[e)

(3.1) R(X,Y,Z,W) = clg(X,W)g(Y,Z) — g(X, Z)g(Y, W) —
—g9(JX, Z)g(JY, W) + g(JX,W)g(JY, Z) —

—29(X, JY)g(Z, JW)].

If N?™(4c) is a complex space form of constant holomorphic sectional curvature
4¢ with a semi-symmetric non-metric connection V, then from (2.4) and (3.1), the

curvature tensor R of N 2m(4c) can be expressed as
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(32)  RX,)Y,Z,W) = clg(X,W)g(Y,Z) —g(X, Z)g(Y, W) —
—9(JX, Z)g(JY, W) + g(JX,W)g(JY, Z) —
—29(X, JY)g(Z, JW)] — a(Y, Z)g(X, W) +
+a(X, Z2)g(Y, W) —a(X,W)g(Y, Z) +
+a(Y,W)g(X,2)+ B (Y, X) g(Z, W) —
—BXY)g(Z W)+ (Y, Z)g(X, W) -
—B(X,Z) g(Y,W).

Let M"™n > 3, be an n-dimensional submanifold of an 2m-dimensional complex

space form N?™(4c) of constant holomorphic sectional curvature 4c. For any tangent

vector field X to M™, we put

JX =TX + FX,

where T'X and FX are the tangential and normal components of JX, respectively.

We define

ITI1* =) g*(Jei ;).

ij=1

Following [20], we denote by ©2(wr) = ¢g*(Tey,es) = g*(Jey, es) and where {ey, s}

is an orthonormal basis of a 2-plane section 7. ©%(rw) is a real number in [0, 1],
independent of the choice of ey, e,.

Denote by

(3.3) Q(e2) = B2 + n(h(er, €2)),
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for any orthonormal basis {ej, ..., e,} of the tangent space T,,M™. Detailed explana-
tions will be given in the proof of Theorem 3.1 and Theorem 5.1.

For submanifolds of complex space form endowed with a semi-symmetric non-
metric connection we establish the following optimal inequality, which will call Chen

first inequality:

Theorem 3.1. Let M™, n > 3, be an n-dimensional submanifold of an 2m-dimensional
complex space form N?™(4c) of constant holomorphic sectional curvature 4c, endowed
with a semi-symmetric non-metric connection V. We have:

- n—2 n?
- 2 |(n-1)

(3.4) 7(x) — K(7) ||H||2 +(n+1)c— 2)\} —

~6ea) + T (o () -

c
—[66%(r) = 3| T|]"]5 — trace (am) ,
where T is a 2-plane section of T,M"™, x € M" .

Proof. From [22], the Gauss equation with respect to the semi-symmetric non-metric

connection is

(3.5) RX,)Y,ZW) = R(X,Y,Z, W)+ g(M(X,Z),h(Y,V)) —
_g(h(Y> Z)7 h<X7 W)) - U(h(Y» Z))g<X7 W)

+n(h(X, 2))g(Y, W).

Let € M™ and {ey, e, ...,e,} and {e,11, ..., €nyp} be orthonormal basis of T, M"
and T;-M™, respectively. For X = W = ¢;,Y = Z = ¢;, i # j, from the equation
(3.2) it follows that:

(3.6) R(e;,ej,ej5,e;) = c[l + 39%(Jei, e;)] — ale;, e;) —ale;, e;) + Blej, e;).
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From (3.5) and (3.6) we get

c[1+3¢*(Jei, e5)] — ale, e;) — alej,ej) + Bleje;) = Rleiej,ej,e) +

+g(h(ei, e;), hiei, ef)) —

—g(h(es, ei), hiej, e;)) —

—n(h(ej, e;))-

By summation after 1 < 1,7 < n, it follows from the previous relation that

(3.7) cn® —n + 3Zg2(Jei,ej)] +(n—1D[-2X+1] =

ij=1
=27 +||h|> = n? |H|* = (n® — n)n(H),

where we recall that A is the trace of a and + is the trace of § and denote by

IRI* =" g(hles, e5), hles, e))),

321

ij=1
1
H = —traceh.
n
One takes
n2(2 — TL) 2 2 2
(3.8) e = 2T+ﬁ |H||"—nn—1)n(H)—[n"—n+3||T|"]c—(n—1)[-2XA+~].

Then, from (3.7) and (3.8) we get

(3.9) n? |H|* = (n = 1) (1] + <)

Let x € M™, w# C T,M", dim7 =2, m = sp{e1,ea}. If H =0 at x, one may choose

eén+1 to be any unit normal vector at x. From the relation (3.9) we obtain:

n n n+p

Q_m)? = =1 Y (W) +e),

i=1 i,j=1r=n+1
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or equivalently,

n

(3.10) (Z an R (g 1){2 pi1y2 Z (h1y?
i=1 i=1 i#j

n n+p

+> Y () + e}

1,j=1 r=n+2

By using Lemma 2.1 we have from (3.10):

n n+p
(3.11) 2R R > (R YT N (h
iF£] i,j=1 r=n+2

The Gauss equation for X = Z =e¢;,Y = W = ey gives

K(m) = R(ey, ez, €9,61) = c[1 + 392(J61, er)] — afer, er) — ales, ea)+

p

+0(ea, e2) + n(h(ez, e2)) + Y [Wyhy — (hiy)*] 2

r=n+1

> c[1+3¢°(Jer, e2)] — aler, e1) — alea, ea) + B(ea, e2) +n(h(ez, e2))+

2m 2m
+; Z hith)? + Z Z +el+ Z hihay — Z (hi)? =
1#£j 1,j=1r=n-+2 r=n+2 r=n+1

= c[l +3¢%(Jer, )] — aler, 1) — afez, ea) + Blea, €a) +n(h(ez, €2))+

n 2m 2m 2m
+5 Z hn“ % Z Z (h;j>2 + %5 + Z hi1hyy — Z (hiy)? =
z;éj 1,j=1r=n+2 r=n+2 r=n+1

= c[1+3¢%(Jer, e2)] — aler, e1) — ales, e2) + Blea, €2) +1(h(ea, €2))+
1 2m 1 2m 1
n+1 r\2 r n+1 n+1
= Z 522(%‘) +§Z (B + )+ [(R)2+ (R )l +5e >
z;ﬁ] r=2mi,j>2 r=2m 7>2
€
> c[l +3¢%(Jeq, e2)] — aler, e1) — afea, ea) + B(ea, ea) + n(h(ea, e2)) + 3

which implies

K(m) > c[l +3g%(Jey, e2)] — aler, e1) — ales, ea) + B(eg, e2) + n(h(ez, e2)) +

DO ™
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We remark that
aler,er) + afeg, e2) = X — trace (04|7TL> :

By using (3.8) and (3.3) we get

(n—2) n?
K(m) > T (n+1)c—2/\+(n_1)

HHHQ] T Qes) -

(n—-1)
2

(v + n(H)) + [662(x) = 3| T|1*) + trace (o, ) .

which represents the inequality to prove. O

Recall the following important result (Theorem 3.2) from [22].

Proposition 3.1. The mean curvature H of M™ with respect to the semi-symmetric
non-metric connection coincides with the mean curvature H of M™ with respect to

the Levi-Chwita connection if and only if the vector field P is tangent to M™.

Remark 1. According to the formula (17) from [22] (see also Proposition 3.2) it follows
that h = h if P is tangent to M"™.In this case inequality proved in (Theorem 3.1)

becomes

2
+ (n+1)c—2A

o

" __\|H

n—2 2
7(r) — K(r) < [(n—l)

— Q(@Q) +

+

5 ! (7 + nn(ﬁf)> — [60*(7) — 3 ||T||2]g — trace <O‘\,,L> .

Theorem 3.2. Under the same assumptions as in Theorem 3.1, if the vector field P
1s tangent to M™, then the equality case of inequality from Theorem 3.1 holds at a

point x € M™ if and only if there exists an orthonormal basis {ey, e, ...,e,} of Ty M™
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and an orthonormal basis {€ny1, ..., €am} of T-M™ such that the shape operators of

M™ in N*™(4c) at x have the following forms:

a 00 --- 0
0O 0 --- 0
A€n+1 = 0 0 B 0 ) a+b:,u,
00 0 "
hi; hiy O 0
A= 0 0 o0 - 0|, n+2<i<om,
0 0 0 - 0

where we denote by hi; = g(h(e;, e5),e,), 1 <i,j5 <n andn+2 <r < 2m.

Proof. The equality case holds at a point x € M™ if and only if it achieves the equality

in all the previous inequalities and we have the equality in the Lemma.
n+l . o
hz] _OJ VZ%],Z,j>2,
hi; =0, Vi#j,0,j>2,r=n+1,..,2m,
hi, + hsy =0, Vr=n+2 ..,2m,
h’f;rl :hgjﬂ =0, Vj>2,
R+ R = Ayt = = pth
We may chose {ej, e»} such that 75 = 0 and we denote by a = h%,,b = hb,y, 1 =
hig ' = ... = hitt

It follows that the shape operators take the desired forms. U
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4. Ricci curvature for submanifolds of complex space forms

In this section we prove relationships between Ricci curvature of a submanifold
M™ of a complex space form N?"(4c) of constant holomorphic sectional curvature,
endowed with a semi-symmetric non-metric connection V and the squared mean

curvature ||H||*. We suppose that the vector field P is tangent to M™.

Theorem 4.1. Let M™, n > 3, be an n-dimensional submanifold of an 2m-dimensional
complex space form N?™(4c) of constant holomorphic sectional curvature 4c endowed
with a semi-symmetric non-metric connection V such that the vector field P is tan-

gent to M™. Then we have

(4.1) 1= >

2T 1 3¢ )
1) 17"

—n(n_l)—E[nc—2)\—|—7]—n(H)—n(n )

Proof. Let z € M™ and {ey, e, ..., €, } and orthonormal basis of T, M™. The relation

(3.7) is equivalent with

(4.2) 2? | H|* = 27 + ||h]|* = e[n® = n+ 3| TII") = (n — D)[=2A +1] = (n* = n)n(H).

We choose an orthonormal basis {ej, ..., €n,€n11, ..., €2m} at x such that e, 4
is parallel to the mean curvature vector H(x) and ey, ..., e, diagonalize the shape

operator A, . Then the shape operators take the forms

aq 0 ... 0

0 s ... 0
(43) Aen+1 : . . . )

0O 0 an,

(4.4) Ae, = (h;

y) i =1 nr =n+2,..,2mtrace A, = 0.



326 YUSUF DOGRU

From (4.2), we get

45)  n?|H|* = 2T+Za + Z Z —(n—1)[-2\+1] —

r=n+21i,j=1

—(n* = n)n(H) — cln® —n + 3| T|).

On the other hand, since

O<Z —aj (n—1) Za —ZZalaJ,

1<j 1<j

we obtain

n

(4.6) n | H|? = () a)’ Za +2) a4 §nz a2,
=1 i=1

1<J
which implies

n

(4.7) S a2 > |H|P.

=1

We have from (4.5)

(4.8) n|H|I” = 2r+nl||H|* = (n—1)[-2\+~] —
—(n* = n)n(H) = c[n® —n+ 3T,

ie. (4.1)

2T 1 3c

HHHQ_m—ﬁ[”C—D\JFV]—U(H)— 1 7).

Using Theorem 4.1, we obtain the following

Theorem 4.2. Let M™,n > 3, be an n-dimensional submanifold of an 2m-dimensional

complex space form N*™(4c) of constant holomorphic sectional curvature jc endowed



CHEN INEQUALITIES 327

with a semi-symmetric non-metric connection %, such that the vector field P is tan-

gent to M"™. Then, for any integer k, 2 < k <n, and any point x € M™, we have

I

(1.9 [H]? (2) 2 Ou(a) ~ e~ 22 +7] ~ o

n(n —1)

Proof. Let {ey, ..., } be an orthonormal basis of T, M. Denote by L;, ; the k-plane

section spanned by e;,, ..., ;. By the definitions, one has
1 .
(4.10) T(Liy.i) = 3 > Ricy, , (),
i€{i1,...,ik }

(4.11) T(x):# S (L),

n=2 1<i1<...<ip<n

From (4.1), (4.10) and (4.11), one derives

(4.12) T(x) > nin—1)

> 5 O(z),

which implies (4.9). O

5. Chen First Inequality for submanifolds of Sasakian space forms

A (2m + 1)-dimensional Riemannian manifold (N?™*! g¢) has an almost contact
metric structure if it admits a (1, 1)-tensor field ¢, a vector field £ and a 1-form w

satisfying:

O’X = -X+wX)E, wé)=1
9(eX, Y) = g(X,Y) —w(X)w(Y),
90X, €) = w(X),
for any vector fields X,Y on T'N. Let ® denote the fundamental 2-form in N?™*! given

by ®(X,Y) = g(X,¢Y), forall X, Y on TN. If ® = dw, then N*™*1 is called a contact

metric manifold. The structure of N?™*! is called normal if
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[, 0] +2dw ® & =0,

where [p, ¢| is the Nijenhuis torsion of ¢. A Sasakian manifold is a normal contact
metric manifold.

A plane section 7 in T, N*™! is called a @-section if it is spanned by X and X,
where X is a unit tangent vector field orthogonal to . The sectional curvature of
a w-section is called y-sectional curvature. A Sasakian manifold with constant -
sectional curvature c is said to be a Sasakian space form and is denoted by N?™1(c).

The curvature tensor R with respect to the Levi-Civita connection V on N2m+1(¢) is

expressed by

[e)

(61) RXY.ZW) = S0 W)g(Y, 2) - (X, Z)g(¥, W)] +
c—1

1 WwX)w(Z)g(Y, W) — w(Y)w(Z)g(X, W) +
+o(YV)w(W)g(X, Z) — w(X)w(W)g(Y, Z) +
+9(X, 0Z)g(eY, W) — g(Y, 0Z)g(0X, W) +

+29(X, oY )g(pZ, W)].

for vector fields X,Y, Z, W on N?"*1(c).
If N?™t1(c) is a (2m + 1)-dimensional Sasakian space form of constant (-sectional

curvature ¢ endowed with a semi-symmetric non-metric connection V, then from (2.4)
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and (5.1) it follows that the curvature tensor R of N*™1(¢) can be expressed as

(62) RXY.ZW) = S0 W)g(Y, 2) - (X, 2)g(¥, W) +
W (X)e(2)g(Y, ) — (¥ ) Z)g(X, W) +

+w(YV)w(W)g(X, Z) = w(X)w(W)g(Y, Z) +
+9(X,0Z)g(eY, W) = g(Y, 0Z)g(p X, W) +
+29(X, 0Y)g(pZ, W)] — a(Y, Z)g(X, W) +
+a(X, 2)g(Y, W) — a(X, W)g(Y, Z) +
+a(Y,W)g(X,Z)+ (Y, X) g(Z, W) —
—B(XY)g(Z W)+ B(Y,Z) g(X, W) -
—B(X, Z2)g(Y,W).
Let M"n > 3, be an n-dimensional submanifold of an (2m + 1)-dimensional

Sasakian space form of constant p-sectional curvature N™*?(¢) of constant sectional

curvature c. For any tangent vector field X to M™, we put
X =TX + FX,

where T'X and F X are the tangential and normal components of X, respectively
and we decompose

=€ +gt
where ¢7 and ¢+ denotes the tangential and normal parts of £.

Recall that ©%(7) = ¢g*(Tey, e2) = g*(e1, e2) and where {ej, €5} is an orthonormal
basis of a 2-plane section 7. ©2(7) is a real number in [0, 1], independent of the choice
of ey, es.

For submanifolds Sasakian space forms endowed with a semi-symmetric non-metric

connection we establish the following optimal inequality.
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Theorem 5.1. Let M™,n > 3,be an n-dimensional submanifold of an (2m + 1)-
dimensional Sasakian space form N*™*1(c) of constant p-sectional curvature endowed

with a semi-symmetric non-metric connection V. We have:

()~ K(m) < (1-2) |5 I+ (0 D52 = A
FE L BITIE — 60%(m) — 20— 1) |67 + 211 ] -
—Q(eq) + (n ; D (v+mnn(H)) — trace <am> ,

where m 1s a 2-plane section of T, M"™ x € M" .

Proof. From [22], the Gauss equation with respect to the semi-symmetric non-metric

connection is

(5.4) R(X,)Y,Z,W) = R(X,Y,Z, W)+ g(h(X,Z),h(Y,V)) —
—g(h(Y, Z), (X, W)) = n(h(Y, Z))g(X, W)
+n(h(X, Z))g(Y, W).
Let x € M™ and {ey, e, ..., e, } and {€,11, ..., €2m11} be orthonormal basis of T, M™

and T;-M™, respectively. For X = W = ¢;,Y = Z = ¢;, i # j, from the equation
(5.2) it follows that:

- 3 —1
(55) R(e,»,ej,ej,ei) - CZ +C4

—a(e;, e;) — alej, ;) + Blej, e;).

[~w(e)® —wle))* + 3% (Tej )] —

From (5.4) and (5.5) we get

c+3+c—1
4 4

[—w(e)® —w(e;)? +3g%(Tej, e)] — ale e5) — aley, e;) + Blej, e5) =

= R(ei,ej, ¢, ) + g(h(ei, e;), hei, e;))g(h(ei, €:), hej, e5)) — n(h(e;, e;)).
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By summation after 1 <, j < n, it follows from the previous relation that

c+3+c—1
4 4

(5.6) (n*-n) (200 — 1) €77+ BITI] + (0 — D)[-27+ 7] =

=27+ ||hl* = n* | H|* = (n* = n)n(H).
We take
where we recall that A is the trace of o and + is the trace of g and denote by

Rl1* =" g(h(es, ;) hles, e5)),

1,j=1

1
H = —traceh.
n

One takes

c—|—3_
4

2
92—
G7) e = 24N

]~ n(n — V() ~ (0 )

c—1
4

=20 =) [¢7]* + 3ITI] = (n = D)[-2A+1].
Then, from (5.6) and (5.7) we get
(5.8) 2 |H|P = (n— 1) (0] +¢).

Let x € M", # C T,M", dimm = 2, m = sp{ei,ea}. We define e, = ﬁ and

from the relation (5.8) we obtain:

n n  2m+1
QUm=m=-1(_ >
=1 1,9=1r=n+1

or equivalently,

(5.9) Zh"“ = (n—1){ Zn: R 4> () +
i=1

i)
n  2m+1

+> 0 (h)? + e}

t,j=1r=n+2
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By using algebraic Lemma we have from the previous relation

n  2m-+41
(5.10) 2R > C(RET YT N (h
i#£] i,j=1 r=n+2
If we denote by &, = pr.& we can write
—w(er)? = w(es)® = — [I&].

The Gauss equation for X = Z =¢1,Y = W = e, gives

c+3 c—1
Rm) = Blewensensen) = == & = [l 4+ 30" (Ten, )]
p
—afer,e1) — afez, e2) + Blea, e2) + nlh(ea, e2)) + D [Miyhby — (h75)*] >
r=n+1
c+3 c—1
> S 6 4 363 (Ter,e0)] — aler, 1) — ales,e2) + Blea, e2)+
1 n  2m+1 2m+1 2m+1
+77(h(62,€2>>+2 Z (h5th)? + Z Z +el+ Z hithg, — Z (hi)? =
i#£j i,j=1r=n+2 r=n+2 r=n+1
c+3 c—1
=1t [— 161> + 3g%(Ter, e2)] — aler, e1) — a(ea, e2) + Bea, e2)+
1 n  2m+1 2m+1 2m+1
Fnlhesea)) + WP+ 1SS G e S M- 3 () =
1] 1] 1 r=n+2 r=n-+2 r=n+1
c+3 c—1
=— t—2 [— & 11* +39°(Tex, e2)] — aulex, e1) — au(ea, €2) + B(ea, €2) +n(h(ez, e2))+
2m—+1 2m—+1 1
el 3 el S O Yl 0 e =
7,7&] r=n+21,j>2 r=n+2 j>2
c+3 c—1 c
z [—||§7r||2+392(T61,62)]—04(61761)—04(62a62)+ﬁ(€2762)+77(h(€2762))+§»

which implies

K(m) 2 S0 2 [ el +30 (Ter, ea)]—aler, e)—alen, e2)+(ex, e2)bnlihler, ) +5.

- 4 4
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We remark that
aler,e1) + afes, e9) = X — trace (a|ﬂl> :

By using (5.7) and (3.3) we get

K(r) > T—m—zwﬂgfﬁuHW+@H4f+3_A]_

c—1 2
~S5 [BITIP - 60%(m) — 2n = D|ET| + 21 7] + Qfea) -
(n—1)
B (v+mnn(H)) + trace (a‘ﬂL> :
which represents the inequality to prove. 0

Corollary 5.1. Under the same assumptions as in Theorem 5.1, if £ is tangent to

M", we have

2
n 2 C+3
sy 11+ (1) A}+

BITI® — 6€%(m) = 2(n — 1) + 2 ||&*] — Q(e2) +

(—)
2

c—l

_I_

(v +nn(H)) — trace (am> :

If € is normal to M™, we have

2
n 9 c+3
— ||H||" + 1

) (v +mnn(H)) — trace (oz‘#) )

- )\] — Q(es) +
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Remark 2. According to the formula (17) from [22] (see also Proposition 3.2) it follows
that h = h if P is tangent to M™. In this case inequality proved in (3.1) becomes

2 2

o

i c+3

+(n+1)———A

3 +

r(z) - K(r) < (n—2) [h

c—1
+

[BIT) = 60%(r) — 20 — D ||€7|* + 2 &1 — ea) +

oD (7 T m;(fir)) ~ trace (o)

Theorem 5.2. If the vector field P is tangent to M™, then the equality case of
inequality (5.3) holds at a point x € M™ if and only if there exists an orthonormal
basis {e1, €2, ...,en} of TuM™ and an orthonormal basis {€n11, ..., €ntp} of T M™ such

that the shape operators of M™ in N*"*1(c) at x have the following forms:

a 00 0
0 b 0 0
A6n+1 — 0 0 M o« e O s CL—’—():/JL7
000 m
hip hip 0 - 0
hi —hiy O 0
A= 0 0 0 0], n+t2<i<2m+1,
0O 0 0 --- 0

where we denote by hi; = g(h(e;, e;),e,), 1 <i,j <n andn+2<r <2m+ 1.
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Proof. The equality case holds at a point € M™ if and only if it achieves the equality

in all the previous inequalities and we have the equality in the Lemma.
h’ij _07 VZ%]727]>27
hi; =0, Vi#j,0,j>2,r=n+1,..,2m+1,
hiy+hsy =0, Vr=n+2..2m+1,
Wt =gt =0, Vj>2,
h’ff’l + hg;l = hg?jl = .. = h’]l:{l.
We may chose {e;, es} such that k5 = 0 and we denote by a = h},,b = hby, pn =

n+l __ _ 1n+l
Pt = = e

It follows that the shape operators take the desired forms. [l

6. Ricci curvature for submanifolds of Sasakian space forms

We first state a relationship between the sectional curvature of a submanifold M"
of a Sasakian space form N?"1(c) of constant ¢-sectional curvature ¢ endowed with
a semi-symmetric non-metric connection V and the squared mean curvature ||H ||,
Using this inequality, we prove a relationship between the k-Ricci curvature of M™
(intrinsic invariant) and the squared mean curvature |H||> (extrinsic invariant), as
another answer of the basic problem in submanifold theory which we have mentioned
in the introduction.

In this section we suppose that the vector field P is tangent to M™.

Theorem 6.1. Let M",n > 3, be an n-dimensional submanifold of an (2m + 1)-
dimensional Sasakian space form N*™t1(c) of constant @-sectional curvature ¢ en-

dowed with a semi-symmetric non-metric connection V such that the vector field P
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s tangent to M"™. Then we have

(6.1) 1B > 55275—%pax+ﬂ_ () - 2
e 11>[—201—40|an2+-3nTnﬂ.

Proof. Let x € M™ and {ey, e, ..., e, } and orthonormal basis of T, M". The relation

(5.6) is equivalent with

(6.2)  n*[H|* = 27 +[|hl]* = (n = )[-2XA + ] — (n* = n)n(H) —
c+3 c¢c—1
4 4

—(n* —n)

[—Z(n — 1) ||€7|]* +3 ||T||2] .

We choose an orthonormal basis {ey, ..., €n, €ni1, ..oy €nip} at & such that e,
is parallel to the mean curvature vector H(z) and ey, ..., e, diagonalize the shape

operator A Then the shape operators take the forms

€n+41-°
aq 0O ... 0
0 as ... 0
(63) A6n+l . . A . Y
0 0 an,
(6.4) A, = (h), 4,5 =1,.,nsr =n+2,...,.2m + 1, trace A., = 0.

From (6.2), we get

(6.5)  n*|H|]® = 2¢+Za§+ S (h)? = (n—D[-2A+9] -

r=n+21,j=1
c+3
4

=200 = 1) [l€7]" + 3171P] .

—(n* —n)n(H) — (n* —n)

c—1
4
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which implies

(6.6)  n’|H|* = 27 +n|H|® ~(n—1)[=2A+1] = (n* —n)n(H) —
ct+3 c—-1
4 4
because Y27, a? > n || H||*(see (4.7)).

—(n* —n)

—2(n— )€ + 30T

Last inequality represents (6.1) O
Using Theorem 6.1, we obtain the following

Theorem 6.2. Let M™ n > 3, be an n-dimensional submanifold of an (2m + 1)-
dimensional Sasakian space form N*™t1(c) of constant @-sectional curvature ¢ en-
dowed with a semi-symmetric non-metric connection 6, such that the vector field P

1s tangent to M™. Then, for any integer k, 2 < k < n, and any point x € M", we

have
1 c+3
(6.7 I () > Oule) ~ H[-2A 4] —n(H) — 22 -
C — 1 2 2
— [ 2(n—1)||¢" T\ -

o (20 DT+ 30

Proof. 1t follows immediately from (6.1) and (4.12). O
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