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TENSOR PRODUCT OPERATORS INDUCE DYNAMICAL
SYSTEM ON WEIGHTED LOCALLY CONVEX SPACE

D.SENTHILKUMAR (), PCHANDRA KALA (2) AND T.PRASAD ©

ABSTRACT. In this paper we obtained dynamical system induced by tensor prod-
uct of composition and multiplication operators on tensor product of weighted lo-
cally convex space of cross-sections LVy(X)(orLV,(X)) and holomorphic functions

HVy(X,Y) (or HVy(X,Y).

1. INTRODUCTION

Let X and Y be Banach spaces and H(X,Y) be the space of all holomorphic
functions from X to Y. If X =Y we write H(X) for H(X,Y). Let X ® Y be the
tensor product of X and Y. Then each mapping ¢ : X — X gives rise to a linear
transformation H, from H(X,Y) itself, defined as

Cof = fop, forevery f e HX,Y),

and it is called a composition operator on H(X,Y') induced by ¢. Let 7 : X — Cbe
a mapping. Then the scalar multiplication gives rise to a linear transformation M,

from H(X,Y) itself, defined as

M. f =nf, forevery f € H(X,Y),
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where the product of functions is defined pointwise and is called a multiplication
operator on H(X,Y). R.K.Singh and J.S.Manhas studied dynamical systems induced
by multiplication operator and composition operator on continuous, holomorphic
functions and cross-sections. For more details see [1, 3, 4, 5, 6, 8, 9, 10, 11]. Let X
and Y be a non-zero complex Banach spaces. The single tensor product of x € X

and y € Y is a conjugate bilinear functional z ® y : X ® Y — C defined by
(z @ y)(u,v) =< x;u ><y;v > forall (u,v) € X ®Y.

The tensor product space is the completion of the inner product space consisting of

all(finite) sums of single tensors, which is a Hilbert space with respect to the inner

product

< ZaﬁZ@yi; ij®zj >= Z Z < xjwj >< y;;2; > forall Zx,@yi and ij@)zj in X®Y,
i j i i j

( The norm on X ® Y is the one generated by the above inner product.) By an

operator on a normed space X we mean a bounded linear transformation of X into

itself. Let B[X] be the normed algebra(equipped with the induced uniform norm) of

all operators on X. The tensor product of two operators A and B on X and Y is the

transformation A ® B defined by

(A®B)in®yi:ZAxi®Byi for every in@)yi EXR®Y,

which is an operator in B[X ® Y. For an expository paper containing the essential

properties of tensor products [2, 7]. Now, for f € H(X,Y), we have

|f @ gll = sup{[|f(=)[lllg(y)]| : € X and y € Y'}.

Then it has basis of closed absolutely convex neighbourhoods of the origin of the form

B={f®g:fge HX,Y)> |foyg| <1}.
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Let GG be a topological group with e as the identity, let X be a topological space and
m: G x X — X be the continuous map such that (i) 7(e,x) = z for every x € X.
(ii) (s + t,x) = w(s,nw(t,z)) for every t,s € G,z € X. Then the triple (G, X, 7) is
called a transformation group, X is a state space. If G = (R, +) the correspond-
ing transformation group is called a dynamical system. The transformation group
(R, X, ) is known as continuous dynamical system. If X is a Banach space and
7(t,ax + By) = an(t,x) + Br(t,y)for t € Ry, 5 € C,z,y € X then (RY, X, 7) is
called a linear dynamical system.

In this paper we studied a tensor product of two operators like composition opera-
tor and multiplication operator on holomorphic function spaces and tensor product of
weighted locally convex space of cross-sections LVy(X)(or LV, (X))(For definition see
section 2) and holomorphic functions HV,(X,Y)(or HV5(X,Y)( For definition see sec-
tion 3). Then we proved that this operator induce dynamical system on holomorphic
function spaces and tensor product of weighted locally convex space of cross-sections
LVy(X)(orLVy(X)) and holomorphic functions HV,(X,Y)(orHVo(X,Y).

This paper contains three sections, in the first section we obtained dynamical system
induced by product of composition and multiplication operator on tensor product of
holomorphic function spaces. Section two consists the product of composition and
multiplication operator induce dynamical system on tensor product of weighted lo-
cally convex space of cross-sections. In the last section we wide up with the product of
composition and multiplication operator induce dynamical system on tensor product

of weighted locally convex space of holomorphic functions.

2. TENSOR PRODUCT OF COMPOSITION AND MULTIPLICATION OPERATOR ON

HOLOMORPHIC FUNCTION SPACES

Let 7 : X — R defined by m(z) = €@ for all t € R and = € X, where
h € Hy(X,R) (the Banach algebra of all bounded analytic functions from X to R)
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and ||h||e = sup{||h(z)|| : x € X}. Also ¢; : R — R is defined by ¢;(w) =t + w the
self-map.
Theorem 1.1 Let ¢ : X — X and m; : X — C be a continuous functions. Then

(Cp @ My, )(f ® g) is bounded for every t e R, f® g € H(X)® H(X).

Proof. We shall show that C,f ® My, g is continuous at the origin. We claim that
C, ® M, (B) C B. We have

|Cof @ Mgl
= sup ||Cuf(2)||||Mr,g(x)| for every t € R, for every z @z € X @ X
= sup ||f o p(@)||||m(x)g(x)| for every z @z € X @ X

sup || f(o(2)) 1™ l]lg (=)

sup || f(z) | e"I1*=]|g ()]

sup || f(2)[[[lg(z)[| as t — 0

I(f @ g)()]]

1.

VAN VAN VAN VA

IN

Therefore C,, ® M, is continuous at the origin. Hence proved.

0

Theorem 1.2 Let B(FE) be the Banach algebra of all bounded linear operators on E.
Let H*(X, B(E)) be the space of bounded functions from X to B(FE). Let hq(p;,)

converges to h(y;) in H*(X, B(F)) and let f, be a sequence converging to f in
H(X, E). Then the product of f,h, (¢, ) converges to fh(p:) in H(X, E)® H(X, F).
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Proof. Let hy (g, ) converges to h(p;) in H*(X, B(E)). Then

[ fnhin(pr,) — fh(ed)l e

= sup{[|fu(@)hn(er, (y)) = f(@)h(p: ()] 1 2 @y € X ® E}
sup{[|fn(2)n (01, (1) = fu(@) (@) : 2@y € X @ B}
+sup{[| fu(2)h(ee(y) — f@)h(@W)| : z®y € X ® B}
sup{[|.fu (@) [ (01, (1)) = (e (W))] 2 @y € X ® E}
+sup{[[fu(z) — f(@) 1Al : 2@y € X ® E}

1P (1) = (@)ool full 2 + [Pl @) ool fr = flle — 0

IN

IN

IA

as |[hn(pr,) = h(@t)llc = 0 and|| fr — fllz — 0.

Theorem 1.3 Let 7 : R x H(R) ® H(R) — H(R) ® H(R) be the function defined
by V(t, f®g)=C,, @M (f®g)forallt e Rand f®g e H(R)® H(R). Then v/
is a linear dynamical system on H(R) ® H(R).

Proof. Since C,, ® M, is a tensor product on H(R) ® H(R) for every ¢ € R and
frg € HR) ® H(R).It can be easily seen that \7(0, f ® g) = f®g and (t+ s, f ®
g9) = v(t,v(s, f ® g).In order to show that v/(¢, f ® ¢g) is a dynamical system on
H(R) ® H(R), it suffies to show that 57 is continuous.

Let g, — g and let (t,, fa®ga) be anet in R x H(R)® H(R) such that (t,, foa®ga) —
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(t, f ® g). We shall show that \/(ta, fo ® go) — V(t, f ® g). Then

| 7 (ta; fa ® ga) = V(t, f @ 9)|

= Hctptafa@)Mfr ga_CgOtf@MmgH

to

= sup{||C,,. falw)Mxz, ga(E)

O, (@) My, g(&)]| for every w 2 € eROR }

< sup{|[Cl,, fa(w) = Coo f(W)[[[ Mz, 9a(E)]]
Vw® e RR}
+sup{[|Co, f (W) [[[ Mz, 9a(&) — Mz, g(&)l
Vw®& e RR}
< sup{[lfal(pra (W) = fl@e(@)llga(E N7 (E)]
Vw® e RR}
= sup{||f(@r(W))[ll|7e. (€))9a(&) — 7. (€))9 (&)l
Vw®&e RRR}
-0
as |ga — g/ — 0 and f(gr,) — f(@1)-
Therefore (¢, f ® ¢) is a dynamical system on H(R) ® H(R). O

Theorem 1.4 Let ¢ : X — X and m; : X — C be a continuous functions. Then
(M, ® Cy,)(f ® g) is bounded for every t e R, f® g€ H(X)® H(X).

Theorem 1.5 Let 77 : R x H(R) ® H(R) — H(R) ® H(R) be the function defined
by V(t, f®g) =M @Cy,,(f®g) forallt e Rand f®g € H(R)® H(R). Then vy
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is a linear dynamical system on H(R) ® H(R).

Proof. Since M., ® C,, is a tensor product on H(R) ® H(R) for every ¢ € R and
f®ge HR)® H(R). It can be easily seen that 7(0, f ® g) = f ® g and /(t +
s, f®@g)=<(t, (s, f®g). In order to show that 7(¢, f ® g) is a dynamical system
on H(R) ® H(R), it suffies to show that 3/ is continuous. Let (t,, fo ® go) be a
net in R x H(R) ® H(R) such that (ts, fa ® go) — (t, f ® g). We shall show that
V(tas fa®ga) — V(t, f®g). Then 7 (¢, f®g) is a dynamical system on H(R)® H(R).
Since by theorem 1.3. O

3. DYNAMICAL SYSTEM INDUCED BY TENSOR PRODUCT OPERATORS ON

WEIGHTED SPACES OF CROSS-SECTIONS

Let X be a Hausdorff topological space.A vector-fibration over X is a pair (X, (F}))zex,
where each F is a vector space over the field K (where K=R (or)C). A cross-section
over X is then any element of the Cartesian product m,cx F,. The Cartesian product
Trex Iy 18 a made a vector space in the usual way and a vector space of cross-section
over X is by definition any vector subspace of m,.cx F,.By a weight on X,we mean a
function v on X such that v(z) is a semi-norm on F, for each z € X. By v < u,we
mean that v, < u, for each x € X. A set V of weights on X is said to be directed
if, V pair u,v € V and A > 0, 3w € V such that Au < w and Av < w. Here after
we assume that each set of weights is directed. We write V' > 0, if given x € X
and y € F,, there is some v € V for which v,(y) > 0. A set V of weights on X
which additionally satisfies V' > 0 will be referred to as a system of weights on X.
If f is a cross-section over X and v is a weight on X, then we will denote by v][f]

the positive-valued function on X which takes x into v,[f(y)]. We denote by L(X) a
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vector space of cross-sections over X. Now the weighted spaces of cross-sections over

X with respect to the system of weights V' on X are introduced as follows:

LVo(X) ={f®g € L(Y) : v[f®g] is upper semi continuous and vanishes at infinity on
X for each v € V'}

and

LVy(X)={f®ge L) :v[f ® g] is a bounded function on X for each v € V'}.

Then LVy(X) and LV,(X) are vector spaces and LVy(X) C LV,(X). Now for v € V
and f € L(X), if we put ||f ® g, = sup{v,[f(z) ® g(x)] : x € X}, then ||.||, can be
regarded as a seminorm on either LVy(X) or LV,(X), and the family of seminorms
{l|-]lv : v € V} defines a Hausdorff locally convex topology on each of these spaces.
This topology is denoted by ¢, and the vector space endowed with ¢, are called
weighted locally convex spaces of cross-sections. Since V' is a directed set of weights,

L, has a basis of closed absolutely convex neighborhood of the form

B,={f®gecLVy(X): f,gc LV(X,Y)>|fll, <1}.

Theorem 2.1 Let ¢ : X — X and 7, : X — C be two mappings. Then C, f @ My, g
is bounded for every t € R, f ® g € LV(X) ® LVu(X).

Theorem 2.2 Let B(FE) be the Banach algebra of all bounded linear operators on
E. Let L*(X, B(F)) be the space of bounded functions. Let h,(¢,) converges to
h(p:) in L>®°(X, B(E)) and let f, be a sequence converging to f in LVy(X, FE). Then
the product of foha(ps,) converges to fh(y:) in LVo(X, F) @ LVy(X, E).

Theorem 2.3 Let 77 : Rx LVH(R)® LV (R) — L(R) ® H(R) be the function defined
by V(t, f®g) =Cp,, @M, (f®g) forallt e Rand f®g € L(R)® LVy(X, E). Then
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v/ is a linear dynamical system on LV;(R) ® LVy(R).

Proof. Since Cy,, ® My, is a tensor product on LVy(R) @ LVy(R) for every t € R
and f,g € LVo(R) ® LV,(R). It can be easily seen that 7(0, f ® g) = f ® g and
V(t+s, fog) =v(t,v(s, f®g). Inorder to show that 5/ (¢, f ® g) is a dynamical
system on LVy(R) ® LVy(R), it suffies to show that 57 is continuous. Let (t4, fo ® gu)
be a net in R x LVy(R) @ LVy(R) such that (ta, fo ® ga) — (¢, f ® g). We shall show
that \/(ta, fo ® ga) — V(t, [ ® g). Therefore /(t, f ® g) is a dynamical system on
LVp(R) @ LVy(R). Since by theorem 1.3.

U

Theorem 2.4 Let ¢ : X — X and m; : X — C be a continuous functions. Then
M, f ® C,g is bounded for every t € R, f ® g € LV{(R) ® LV,(R).

Theorem 2.5 Let 7 : R x LVH(R) ® LVH(R) — L(R) ® L(R) be the function defined
by V(t, f®g) =M @C,(f®g) forallt e R and f®g € L(R) ® L(R). Then vy

is a linear dynamical system on L(R) ® L(R).

Proof. Since M,, ® C,, is a tensor product on L(R) ® L(R) for every ¢ € R and
f®g e LVi(R) ® LVu(R). It can be easily seen that 7(0,f ® g) = f ® g and
V(t+s fg) =v(t,v(s, f®g). Inorder to show that v/ (¢, f ® ¢) is a dynamical
system on LV,(R) ® LVy(R), it suffies to show that 57 is continuous. Let (t4, fo ® gu)
be a net in R x LV3(R) ® LVy(R)) such that (t., fo ® ga) — (¢, f ® g). We shall
show that \/(ta, fo ® ga) — V(t, f ® g). Then (¢, f ® g) is a dynamical system on
H(R) ® H(R). Since by theorem 1.3. O

Note 2.6
All results in thsi section hold if we replace LV, (X, E) instead of LVy(X, E).
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4. DYNAMICAL SYSTEMS AND TENSOR PRODUCT OPERATOR ON

WEIGHTHED LOCALLY CONVEX SPACE OF HOLOMORPHIC FUNCTIONS

Let X be a Hausdorff topological space and H (X, E') be the collection of holomor-
phic functions from X into E. Let V be a set of non-negative upper-semi continuous
functions on X. If V is a set of weights on X such that given any x € X, there is some
v € V for which v(z) > 0. We write V"> 0. A set V of weights on X is said to be
directed upward provided for every pair u, us in V and a > 0 there exists v € V such
that au; < v (pointwise on X) for i = 1, 2. By a system of weights,we mean a set V' of
weights on X with additionally satisfies V' > 0. Let cs(E) be the set of all continuous
functions from X into E. If V is a system of weights on X, then the pair (X, V)
is called the weighted topological system. Associated with each weighted topologi-

cal system (X,V), we have the weighted spaces of holomorphic E-valued functions

defined as:
HVy(X,E) ={f®g € HX,E)®H(X, E) : vf®g vanishes at infinity on X for eachv € V'}

HVy(X,E)={f®g € HX,E)H(X,FE) : vf(x)®g(x) is bounded in E for allv € V'}.

LetveV gecs(E)and f@ge H(X,E)® H(X, E). If we define

1f @ gllo = supfo(@) [ F(@)[llg(W)] - © € X and y € Y},

then ||.||, can be regarded as a seminorm on either HVy(X, E), HV,(X, E) and the
family {||.|loq : v € V,q € ¢s(E)} of seminorms defines a Hausdorff locally convex
topology on each of these spaces. This topology will be denoted by w, and the
vector spaces HVy(X, E) and HV,(X, E) endowed with w, are called the weighted
locally convex space of vector-valued holomorphic functions. It has a basis of closed

absolutely convex neighborhoods of the origin of the form,

Byg={f®g:f,ge HX,Y) 3 ||f ®@gllvq < 1}.
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Also, HV(X, E) is a closed subspace of HV,(X, E).

Theorem 3.1 Let B(F) be the Banach algebra of all bounded linear operators on
E. Let H*(X, B(F)) be the space of bounded functions. Let h,(¢:,) converges to
h(p:) in H*(X, B(E)) and let f, be a sequence converging to f in HVy(X, E). Then
the product of foha(¢r,) converges to fh(p:) in HVo(X, E) ® HVy(X, E).

Theorem 3.2 Let 7 : Rx HV(R)@ HVp(R) — H(R)® H(R) be the function defined
by V(t,f®g) =Cp, @ My, (f®g) forallt € Rand f® g € HR) ® HVp(X, E).
Then vy is a linear dynamical system on HVy(R) ® HV,(R).

Proof. Since C,, ® M, is a tensor product on HV,(R) @ HVy(R) for every t € R
and f,g € HVp(R) @ HVp(R). Tt can be easily seen that (0, f ® g) = f ® g and
V(it+s, fog) =v(t,v(s, f®g). Inorder to show that v/ (¢, f ® ¢) is a dynamical
system on HVy(R)® HVy(R), it suffies to show that 37 is continuous. Let (¢4, fo ®ga)
be a net in R x HVy(R) ® HV,(R) such that (ta, fo ® ga) — (t, f ® g). We shall show
that 7 (ta, fo ® ga) — V(t, f ® g). Therefore (¢, f ® g) is a dynamical system on
HVy(R) ® HVy(R). Since by theorem 1.3.

U

Theorem 3.3 Let 7 : R x HV(R) ® HVp(R) — H(R) @ H(R) be the function
defined by /(t, f ® g) = My, @ Cp,,(f ® g) forallt € R and f® g € H(R) ® H(R).
Then 77 is a linear dynamical system on H(R) ® H(R).

Proof. Since M, ® C,, is a tensor product on H(R) ® H(R) for every ¢ € R and
f®g e HVH(R) @ HV(R). It can be easily seen that 7(0,f ® g) = f ® g and
V(t+s, f®g) =t V(s f®g). Inorder to show that 7(¢, f ® g) is a dynamical
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system on HVy(R)® HVy(R), it suffies to show that 57 is continuous. Let (tn, fo ® ga)
be a net in R x HVy(R) ® HVy(R)) such that (ta, fo ® go) — (£, f @ g). We shall
show that 7 (ta, fo ® 9o) — V(t, f ® g). Then v/ (¢, f ® g) is a dynamical system on
H(R) ® H(R). Since by theorem 1.3. O

Note 3.4
All results in this section hold if we replace HV,(X, E) instead of HVy(X, E).
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