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TENSOR PRODUCT OPERATORS INDUCE DYNAMICAL
SYSTEM ON WEIGHTED LOCALLY CONVEX SPACE

D.SENTHILKUMAR (1), P.CHANDRA KALA (2) AND T.PRASAD (3)

Abstract. In this paper we obtained dynamical system induced by tensor prod-

uct of composition and multiplication operators on tensor product of weighted lo-

cally convex space of cross-sections LV0(X)(orLVb(X)) and holomorphic functions

HVb(X, Y )(orHV0(X, Y ).

1. Introduction

Let X and Y be Banach spaces and H(X, Y ) be the space of all holomorphic

functions from X to Y . If X = Y we write H(X) for H(X, Y ). Let X ⊗ Y be the

tensor product of X and Y . Then each mapping ϕ : X → X gives rise to a linear

transformation Hϕ from H(X, Y ) itself, defined as

Cϕf = f ◦ ϕ, for every f ∈ H(X,Y ),

and it is called a composition operator on H(X, Y ) induced by ϕ. Let π : X → C be

a mapping. Then the scalar multiplication gives rise to a linear transformation Mπ

from H(X, Y ) itself, defined as

Mπf = πf, for every f ∈ H(X,Y ),
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where the product of functions is defined pointwise and is called a multiplication

operator on H(X, Y ). R.K.Singh and J.S.Manhas studied dynamical systems induced

by multiplication operator and composition operator on continuous, holomorphic

functions and cross-sections. For more details see [1, 3, 4, 5, 6, 8, 9, 10, 11]. Let X

and Y be a non-zero complex Banach spaces. The single tensor product of x ∈ X

and y ∈ Y is a conjugate bilinear functional x⊗ y : X ⊗ Y → C defined by

(x⊗ y)(u, v) =< x; u >< y; v > forall (u, v) ∈ X ⊗ Y.

The tensor product space is the completion of the inner product space consisting of

all(finite) sums of single tensors, which is a Hilbert space with respect to the inner

product

<
∑

i

xi⊗yi;
∑

j

wj⊗zj >=
∑

i

∑
j

< xi; wj >< yi; zj > forall
∑

i

xi⊗yi and
∑

j

wj⊗zj in X⊗Y,

( The norm on X ⊗ Y is the one generated by the above inner product.) By an

operator on a normed space X we mean a bounded linear transformation of X into

itself. Let B[X] be the normed algebra(equipped with the induced uniform norm) of

all operators on X. The tensor product of two operators A and B on X and Y is the

transformation A⊗B defined by

(A⊗B)
∑

i

xi ⊗ yi =
∑

i

Axi
⊗Byi

for every
∑

i

xi ⊗ yi ∈ X ⊗ Y,

which is an operator in B[X ⊗ Y ]. For an expository paper containing the essential

properties of tensor products [2, 7]. Now, for f ∈ H(X,Y ), we have

‖f ⊗ g‖ = sup{‖f(x)‖‖g(y)‖ : x ∈ X and y ∈ Y }.

Then it has basis of closed absolutely convex neighbourhoods of the origin of the form

B = {f ⊗ g : f, g ∈ H(X,Y ) 3 ‖f ⊗ g‖ ≤ 1}.
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Let G be a topological group with e as the identity, let X be a topological space and

π : G × X → X be the continuous map such that (i) π(e, x) = x for every x ∈ X.

(ii) π(s + t, x) = π(s, π(t, x)) for every t, s ∈ G, x ∈ X. Then the triple (G,X, π) is

called a transformation group, X is a state space. If G = (R, +) the correspond-

ing transformation group is called a dynamical system. The transformation group

(R, X, π) is known as continuous dynamical system. If X is a Banach space and

π(t, αx + βy) = απ(t, x) + βπ(t, y)for t ∈ R, α, β ∈ C, x, y ∈ X then (R+, X, π) is

called a linear dynamical system.

In this paper we studied a tensor product of two operators like composition opera-

tor and multiplication operator on holomorphic function spaces and tensor product of

weighted locally convex space of cross-sections LV0(X)(orLVb(X))(For definition see

section 2) and holomorphic functions HVb(X, Y )(orHV0(X,Y )( For definition see sec-

tion 3). Then we proved that this operator induce dynamical system on holomorphic

function spaces and tensor product of weighted locally convex space of cross-sections

LV0(X)(orLVb(X)) and holomorphic functions HVb(X, Y )(orHV0(X,Y ).

This paper contains three sections, in the first section we obtained dynamical system

induced by product of composition and multiplication operator on tensor product of

holomorphic function spaces. Section two consists the product of composition and

multiplication operator induce dynamical system on tensor product of weighted lo-

cally convex space of cross-sections. In the last section we wide up with the product of

composition and multiplication operator induce dynamical system on tensor product

of weighted locally convex space of holomorphic functions.

2. Tensor product of composition and multiplication operator on

holomorphic function spaces

Let πt : X → R defined by πt(x) = eth(x) for all t ∈ R and x ∈ X, where

h ∈ Hb(X,R) (the Banach algebra of all bounded analytic functions from X to R)



172 D.SENTHILKUMAR, P.CHANDRA KALA AND T.PRASAD

and ‖h‖∞ = sup{‖h(x)‖ : x ∈ X}. Also ϕt : R→ R is defined by ϕt(ω) = t + ω the

self-map.

Theorem 1.1 Let ϕ : X → X and πt : X → C be a continuous functions. Then

(Cϕ ⊗Mπt)(f ⊗ g) is bounded for every t ∈ R, f ⊗ g ∈ H(X)⊗H(X).

Proof. We shall show that Cϕf ⊗ Mπtg is continuous at the origin. We claim that

Cϕ ⊗Mπt(B) ⊆ B. We have

‖Cϕf ⊗Mπtg‖

= sup ‖Cϕf(x)‖‖Mπtg(x)‖ for every t ∈ R, for every x⊗ x ∈ X ⊗X

= sup ‖f ◦ ϕ(x)‖‖πt(x)g(x)‖ for every x⊗ x ∈ X ⊗X

≤ sup ‖f(ϕ(x))‖‖eth(x)‖‖g(x)‖

≤ sup ‖f(x)‖e|t|‖h‖∞‖g(x)‖

≤ sup ‖f(x)‖‖g(x)‖ as t → 0

≤ ‖(f ⊗ g)(x)‖

≤ 1.

Therefore Cϕ ⊗Mπt is continuous at the origin. Hence proved.

¤

Theorem 1.2 Let B(E) be the Banach algebra of all bounded linear operators on E.

Let H∞(X, B(E)) be the space of bounded functions from X to B(E). Let hα(ϕtα)

converges to h(ϕt) in H∞(X, B(E)) and let fα be a sequence converging to f in

H(X, E). Then the product of fαhα(ϕtα) converges to fh(ϕt) in H(X, E)⊗H(X,E).
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Proof. Let hα(ϕtα) converges to h(ϕt) in H∞(X, B(E)). Then

‖fnhn(ϕtn)− fh(ϕt)‖E

= sup{‖fn(x)hn(ϕtn(y))− f(x)h(ϕt(y))‖ : x⊗ y ∈ X ⊗ E}

≤ sup{‖fn(x)hn(ϕtn(y))− fn(x)h(ϕt(y))‖ : x⊗ y ∈ X ⊗ E}

+ sup{‖fn(x)h(ϕt(y))− f(x)h(ϕt(y))‖ : x⊗ y ∈ X ⊗ E}

≤ sup{‖fn(x)‖‖hn(ϕtn(y))− h(ϕt(y))‖ : x⊗ y ∈ X ⊗ E}

+ sup{‖fn(x)− f(x)‖‖h(ϕt(y))‖ : x⊗ y ∈ X ⊗ E}

≤ ‖hn(ϕtn)− h(ϕt)‖∞‖fn‖E + ‖h(ϕt)‖∞‖fn − f‖E → 0

as ‖hn(ϕtn)− h(ϕt)‖∞ → 0 and‖fn − f‖E → 0.

¤

Theorem 1.3 Let 5 : R ×H(R) ⊗H(R) → H(R) ⊗H(R) be the function defined

by 5(t, f ⊗ g) = Cϕt ⊗Mπt(f ⊗ g) for all t ∈ R and f ⊗ g ∈ H(R)⊗H(R). Then 5
is a linear dynamical system on H(R)⊗H(R).

Proof. Since Cϕt ⊗ Mπt is a tensor product on H(R) ⊗ H(R) for every t ∈ R and

f, g ∈ H(R)⊗H(R).It can be easily seen that 5(0, f ⊗ g) = f ⊗ g and 5(t + s, f ⊗
g) = 5(t,5(s, f ⊗ g).In order to show that 5(t, f ⊗ g) is a dynamical system on

H(R)⊗H(R), it suffies to show that 5 is continuous.

Let gα → g and let (tα, fα⊗gα) be a net in R×H(R)⊗H(R) such that (tα, fα⊗gα) →
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(t, f ⊗ g). We shall show that 5(tα, fα ⊗ gα) →5(t, f ⊗ g). Then

‖ 5 (tα, fα ⊗ gα)−5(t, f ⊗ g)‖

= ‖Cϕtα
fα ⊗Mπtα

gα − Cϕtf ⊗Mπtg‖

= sup{‖Cϕtα
fα(ω)Mπtα

gα(ξ)

−Cϕtf(ω)Mπtg(ξ)‖ for every ω ⊗ ξ ∈ R⊗ R }

≤ sup{‖Cϕtα
fα(ω)− Cϕtf(ω)‖‖Mπtα

gα(ξ)‖

: ∀ω ⊗ ξ ∈ R⊗ R}

+ sup{‖Cϕtf(ω)‖‖Mπtα
gα(ξ)−Mπtg(ξ)‖

: ∀ω ⊗ ξ ∈ R⊗ R}

≤ sup{‖fα(ϕtα(ω))− f(ϕt(ω))‖‖gα(ξ)‖‖πtα(ξ))‖

: ∀ω ⊗ ξ ∈ R⊗ R}

− sup{‖f(ϕt(ω))‖‖πtα(ξ))gα(ξ)− πtα(ξ))g(ξ)‖

: ∀ω ⊗ ξ ∈ R⊗ R}

→ 0

as |gα − g| → 0 and f(ϕtα) → f(ϕt).

Therefore 5(t, f ⊗ g) is a dynamical system on H(R)⊗H(R). ¤

Theorem 1.4 Let ϕ : X → X and πt : X → C be a continuous functions. Then

(Mπt ⊗ Cϕ)(f ⊗ g) is bounded for every t ∈ R, f ⊗ g ∈ H(X)⊗H(X).

Theorem 1.5 Let 5 : R ×H(R) ⊗H(R) → H(R) ⊗H(R) be the function defined

by 5(t, f ⊗ g) = Mπt ⊗Cϕt(f ⊗ g) for all t ∈ R and f ⊗ g ∈ H(R)⊗H(R). Then 5
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is a linear dynamical system on H(R)⊗H(R).

Proof. Since Mπt ⊗ Cϕt is a tensor product on H(R) ⊗ H(R) for every t ∈ R and

f ⊗ g ∈ H(R) ⊗ H(R). It can be easily seen that 5(0, f ⊗ g) = f ⊗ g and 5(t +

s, f ⊗ g) = 5(t,5(s, f ⊗ g). In order to show that 5(t, f ⊗ g) is a dynamical system

on H(R) ⊗ H(R), it suffies to show that 5 is continuous. Let (tα, fα ⊗ gα) be a

net in R × H(R) ⊗ H(R) such that (tα, fα ⊗ gα) → (t, f ⊗ g). We shall show that

5(tα, fα⊗gα) →5(t, f⊗g). Then5(t, f⊗g) is a dynamical system on H(R)⊗H(R).

Since by theorem 1.3. ¤

3. Dynamical system induced by tensor product operators on

weighted spaces of cross-sections

Let X be a Hausdorff topological space.A vector-fibration over X is a pair (X, (Fx))x∈X ,

where each Fx is a vector space over the field K (where K=R (or)C). A cross-section

over X is then any element of the Cartesian product πx∈XFx. The Cartesian product

πx∈XFx is a made a vector space in the usual way and a vector space of cross-section

over X is by definition any vector subspace of πx∈XFx.By a weight on X,we mean a

function v on X such that v(x) is a semi-norm on Fx for each x ∈ X. By v ≤ u,we

mean that vx ≤ ux for each x ∈ X. A set V of weights on X is said to be directed

if, ∀ pair u, v ∈ V and λ > 0, ∃ ω ∈ V such that λu ≤ ω and λv ≤ ω. Here after

we assume that each set of weights is directed. We write V > 0, if given x ∈ X

and y ∈ Fx, there is some v ∈ V for which vx(y) > 0. A set V of weights on X

which additionally satisfies V > 0 will be referred to as a system of weights on X.

If f is a cross-section over X and v is a weight on X, then we will denote by v[f ]

the positive-valued function on X which takes x into vx[f(y)]. We denote by L(X) a
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vector space of cross-sections over X. Now the weighted spaces of cross-sections over

X with respect to the system of weights V on X are introduced as follows:

LV0(X) = {f⊗g ∈ L(Y ) : v[f⊗g] is upper semi continuous and vanishes at infinity on

X for each v ∈ V }
and

LVb(X) = {f ⊗ g ∈ L(Y ) : v[f ⊗ g] is a bounded function on X for each v ∈ V }.

Then LV0(X) and LVb(X) are vector spaces and LV0(X) ⊆ LVb(X). Now for v ∈ V

and f ∈ L(X), if we put ‖f ⊗ g‖v = sup{vy[f(x)⊗ g(x)] : x ∈ X}, then ‖.‖v can be

regarded as a seminorm on either LV0(X) or LVb(X), and the family of seminorms

{‖.‖v : v ∈ V } defines a Hausdorff locally convex topology on each of these spaces.

This topology is denoted by ιv and the vector space endowed with ιv are called

weighted locally convex spaces of cross-sections. Since V is a directed set of weights,

ιv has a basis of closed absolutely convex neighborhood of the form

Bv = {f ⊗ g ∈ LVb(X) : f, g ∈ LV0(X,Y ) 3 ‖f‖v ≤ 1}.

Theorem 2.1 Let ϕ : X → X and πt : X → C be two mappings. Then Cϕf ⊗Mπtg

is bounded for every t ∈ R, f ⊗ g ∈ LV0(X)⊗ LV0(X).

Theorem 2.2 Let B(E) be the Banach algebra of all bounded linear operators on

E. Let L∞(X,B(E)) be the space of bounded functions. Let hα(ϕtα) converges to

h(ϕt) in L∞(X, B(E)) and let fα be a sequence converging to f in LV0(X,E). Then

the product of fαhα(ϕtα) converges to fh(ϕt) in LV0(X,E)⊗ LV0(X, E).

Theorem 2.3 Let 5 : R×LV0(R)⊗LV0(R) → L(R)⊗H(R) be the function defined

by 5(t, f ⊗ g) = Cϕt ⊗Mπt(f ⊗ g) for all t ∈ R and f ⊗ g ∈ L(R)⊗LV0(X,E). Then
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5 is a linear dynamical system on LV0(R)⊗ LV0(R).

Proof. Since Cϕt ⊗ Mπt is a tensor product on LV0(R) ⊗ LV0(R) for every t ∈ R
and f, g ∈ LV0(R) ⊗ LV0(R). It can be easily seen that 5(0, f ⊗ g) = f ⊗ g and

5(t + s, f ⊗ g) = 5(t,5(s, f ⊗ g). In order to show that 5(t, f ⊗ g) is a dynamical

system on LV0(R)⊗LV0(R), it suffies to show that 5 is continuous. Let (tα, fα⊗ gα)

be a net in R×LV0(R)⊗LV0(R) such that (tα, fα⊗ gα) → (t, f ⊗ g). We shall show

that 5(tα, fα ⊗ gα) → 5(t, f ⊗ g). Therefore 5(t, f ⊗ g) is a dynamical system on

LV0(R)⊗ LV0(R). Since by theorem 1.3.

¤

Theorem 2.4 Let ϕ : X → X and πt : X → C be a continuous functions. Then

Mπtf ⊗ Cϕg is bounded for every t ∈ R, f ⊗ g ∈ LV0(R)⊗ LV0(R).

Theorem 2.5 Let 5 : R×LV0(R)⊗LV0(R) → L(R)⊗L(R) be the function defined

by 5(t, f ⊗ g) = Mπt ⊗ Cϕt(f ⊗ g) for all t ∈ R and f ⊗ g ∈ L(R)⊗ L(R). Then 5
is a linear dynamical system on L(R)⊗ L(R).

Proof. Since Mπt ⊗ Cϕt is a tensor product on L(R) ⊗ L(R) for every t ∈ R and

f ⊗ g ∈ LV0(R) ⊗ LV0(R). It can be easily seen that 5(0, f ⊗ g) = f ⊗ g and

5(t + s, f ⊗ g) = 5(t,5(s, f ⊗ g). In order to show that 5(t, f ⊗ g) is a dynamical

system on LV0(R)⊗LV0(R), it suffies to show that 5 is continuous. Let (tα, fα⊗ gα)

be a net in R × LV0(R) ⊗ LV0(R)) such that (tα, fα ⊗ gα) → (t, f ⊗ g). We shall

show that 5(tα, fα ⊗ gα) →5(t, f ⊗ g). Then 5(t, f ⊗ g) is a dynamical system on

H(R)⊗H(R). Since by theorem 1.3. ¤

Note 2.6

All results in thsi section hold if we replace LVb(X, E) instead of LV0(X,E).
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4. Dynamical systems and tensor product operator on

weighthed locally convex space of holomorphic functions

Let X be a Hausdorff topological space and H(X,E) be the collection of holomor-

phic functions from X into E. Let V be a set of non-negative upper-semi continuous

functions on X. If V is a set of weights on X such that given any x ∈ X, there is some

v ∈ V for which v(x) > 0. We write V > 0. A set V of weights on X is said to be

directed upward provided for every pair u1, u2 in V and α > 0 there exists v ∈ V such

that αui ≤ v (pointwise on X) for i = 1, 2. By a system of weights,we mean a set V of

weights on X with additionally satisfies V > 0. Let cs(E) be the set of all continuous

functions from X into E. If V is a system of weights on X, then the pair (X,V )

is called the weighted topological system. Associated with each weighted topologi-

cal system (X,V ), we have the weighted spaces of holomorphic E-valued functions

defined as:

HV0(X, E) = {f⊗g ∈ H(X, E)⊗H(X, E) : vf⊗g vanishes at infinity on X for each v ∈ V }

HVb(X, E) = {f⊗g ∈ H(X, E)⊗H(X,E) : vf(x)⊗g(x) is bounded in E for all v ∈ V }.

Let v ∈ V q ∈ cs(E) and f ⊗ g ∈ H(X,E)⊗H(X,E). If we define

‖f ⊗ g‖v = sup{v(x)‖f(x)‖‖g(y)‖ : x ∈ X and y ∈ Y },

then ‖.‖v can be regarded as a seminorm on either HV0(X, E), HVb(X, E) and the

family {‖.‖v,q : v ∈ V, q ∈ cs(E)} of seminorms defines a Hausdorff locally convex

topology on each of these spaces. This topology will be denoted by ωv and the

vector spaces HV0(X,E) and HVb(X, E) endowed with ωv are called the weighted

locally convex space of vector-valued holomorphic functions. It has a basis of closed

absolutely convex neighborhoods of the origin of the form,

Bv,q = {f ⊗ g : f, g ∈ H(X,Y ) 3 ‖f ⊗ g‖v,q ≤ 1}.
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Also, HV0(X,E) is a closed subspace of HVb(X, E).

Theorem 3.1 Let B(E) be the Banach algebra of all bounded linear operators on

E. Let H∞(X,B(E)) be the space of bounded functions. Let hα(ϕtα) converges to

h(ϕt) in H∞(X, B(E)) and let fα be a sequence converging to f in HV0(X, E). Then

the product of fαhα(ϕtα) converges to fh(ϕt) in HV0(X, E)⊗HV0(X, E).

Theorem 3.2 Let5 : R×HV0(R)⊗HV0(R) → H(R)⊗H(R) be the function defined

by 5(t, f ⊗ g) = Cϕt ⊗ Mπt(f ⊗ g) for all t ∈ R and f ⊗ g ∈ H(R) ⊗ HV0(X,E).

Then 5 is a linear dynamical system on HV0(R)⊗HV0(R).

Proof. Since Cϕt ⊗ Mπt is a tensor product on HV0(R) ⊗ HV0(R) for every t ∈ R
and f, g ∈ HV0(R) ⊗ HV0(R). It can be easily seen that 5(0, f ⊗ g) = f ⊗ g and

5(t + s, f ⊗ g) = 5(t,5(s, f ⊗ g). In order to show that 5(t, f ⊗ g) is a dynamical

system on HV0(R)⊗HV0(R), it suffies to show that 5 is continuous. Let (tα, fα⊗gα)

be a net in R×HV0(R)⊗HV0(R) such that (tα, fα⊗ gα) → (t, f ⊗ g). We shall show

that 5(tα, fα ⊗ gα) → 5(t, f ⊗ g). Therefore 5(t, f ⊗ g) is a dynamical system on

HV0(R)⊗HV0(R). Since by theorem 1.3.

¤

Theorem 3.3 Let 5 : R × HV0(R) ⊗ HV0(R) → H(R) ⊗ H(R) be the function

defined by 5(t, f ⊗ g) = Mπt ⊗ Cϕt(f ⊗ g) for all t ∈ R and f ⊗ g ∈ H(R)⊗H(R).

Then 5 is a linear dynamical system on H(R)⊗H(R).

Proof. Since Mπt ⊗ Cϕt is a tensor product on H(R) ⊗ H(R) for every t ∈ R and

f ⊗ g ∈ HV0(R) ⊗ HV0(R). It can be easily seen that 5(0, f ⊗ g) = f ⊗ g and

5(t + s, f ⊗ g) = 5(t,5(s, f ⊗ g). In order to show that 5(t, f ⊗ g) is a dynamical



180 D.SENTHILKUMAR, P.CHANDRA KALA AND T.PRASAD

system on HV0(R)⊗HV0(R), it suffies to show that 5 is continuous. Let (tα, fα⊗gα)

be a net in R × HV0(R) ⊗ HV0(R)) such that (tα, fα ⊗ gα) → (t, f ⊗ g). We shall

show that 5(tα, fα ⊗ gα) →5(t, f ⊗ g). Then 5(t, f ⊗ g) is a dynamical system on

H(R)⊗H(R). Since by theorem 1.3. ¤

Note 3.4

All results in this section hold if we replace HVb(X,E) instead of HV0(X, E).
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