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NONUNIFORM WAVELET PACKET BASES FOR THE SPACES
LP(R) AND H'(R)

SOHRAB ALI

Abstract: In this paper, we prove the results on the existence of unconditional
nonuniform wavelet packet bases for the spaces LP(R), 1 < p < oo and H'(R) based
on the approach similar to that of Meyer and Coifman. Certain results are obtained
in this direction by assuming only that the nonuniform wavelet packets w, and its

. . . . 1 . .
derivatives w!, have a common radial decreasing L —majorant function.

1. INTRODUCTION

In his pioneering paper, Mallat [15] first formulated a new and remarkable idea of
multiresolution analysis (MRA) which deals with a general formalism for the construc-
tion of an orthonormal basis of wavelet bases. Mathematically, an MRA consist of a
sequence of embedded closed subspaces, {V; : j € Z} of L*(R) such that f(z) € V; if
and only if f(2z) € Vj;,. Furthermore, there exists an element ¢ € Vj such that the
collection of integer translates of function ¢, {¢@(x — k) : k € Z} represents a com-
plete orthonormal system for V. The function ¢ is called the scaling function or
the father wavelet. Recently, the idea of MRA and wavelets have been generalized

in many different settings, for example, one can replace the dilation factor 2 by an
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integer M > 2 and in higher dimensions, it can be replaced by a dilation matrix A,
in which case the number of wavelets required is |detA| — 1. But in all these cases,
the translation set is always a group. In the two papers [8,9], Gabardo and Nashed
considered a generalization of Mallat’s [15] celebrated theory of MRA based on spec-
tral pairs, in which the translation set acting on the scaling function associated with
the MRA to generate the subspace V; is no longer a group, but is the union of Z
and a translate of Z. More precisely, this set is of the form A = {0,7/N} + 2Z,
where N > 1 is an integer, 1 < r < 2N — 1,r is an odd integer relatively prime to
N. They call this a nonuniform multiresolution analysis (NUMRA). Moreover, they
have provided the necessary and sufficient conditions for the existence of associated
wavelets in L*(R). Later on, Gabardo and Yu [10,11] continued their research in
this non-standard setting and gave the characterization of all nonuniform wavelets

associated with nonuniform multiresolution analysis.

It is well-known that the classical orthonormal wavelet bases have poor frequency
localization. For example, if the wavelet 1) is band limited, then the measure of the
supp of (¢;x)" is 27-times that of supp 7,@ To overcome this disadvantage, Coifman
et al.[7] constructed univariate orthogonal wavelet packets. The fundamental idea
of wavelet packet analysis is to construct a library of orthonormal bases for L?(R),
which can be searched in real time for the best expansion with respect to a given
application. Chui and Li [5] generalized the concept of orthogonal wavelet packets to
the case of non-orthogonal wavelet packets so that they can be applied to the spline
wavelets and so on. Later on, Behera [2] constructed nonuniform wavelet packets
associated with nonuniform multiresolution analysis. He proved lemmas on the so-
called splitting trick and several theorems concerning the construction of nonuniform

wavelet packets on R. Other notable generalizations are the orthogonal p-wavelet
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packets and the p-wavelet frame packets related to the Walsh polynomials [17,18]
and the M-band framelet packets [19].

It is a part of the general wisdom that wavelet bases are unconditional bases
in LP(R) for 1 < p < oo. Results of this type are proven in almost every book
on wavelets, see, eg., [14,16]. In all those places, however, some assumptions on the
smoothness of the wavelets are used. But, Gripenberg [12] introduced the subject
of unconditionality of wavelet bases for Lebesgue spaces LP(R), 1 < p < oo which
uses no smoothness of the wavelets. Later on, Wojtaszczyk [22] improved the results
of Gripenberg [12] and Chang [4], and proved that some unimodular wavelets also
yields unconditional bases in LP(R), 1 < p < oo. The constructive proofs of the
unconditional basis for H' (R) have been given by Carleson [3] and Wojtaszczyk
[21], where the later author has given an example of an unconditional basis for the
Hardy space H 1(IR) as the Franklin system. In fact, a large class of wavelets which
have unconditional basis for the Hardy spaces H (R) was discovered by Meyer [16]
and recently, Khalil et al.[1] have generalized these results to the stationary wavelet
packets. It was Stromberg [20] who first discovered unconditional bases for spaces
H'(R) and LP(R), 1 < p < oo, and they are spline systems of higher order.

Motivated and inspired by the importance of nonuniform wavelet packets, in the
present paper, we prove the results on the existence of unconditional nonuniform
wavelet packet bases for spaces H ' (R) and LP(R), 1 < p < oo based on the approach
similar to that of Meyer [16] and Coifman [6].

2. PRELIMINARIES

Definition 2.1. Let N be an integer, N > 1, and A = {0,r/N} + 27Z, where r is an
odd integer relatively prime to N with 1 <r < 2N — 1. A sequence {V; : j € Z} of
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closed subspaces of L%(R) is called a nonuniform multiresolution analysis (NUMRA)

associated with A if the following conditions are satisfied:
(2.1) V; C Vjyq for all j € Z,

(2:2) U,z Vj is dense in L*(R) and (., V; = {0},

(2.3) f €V if and only if f(2N.) € Vj4,

(2.4) there exists a function ¢ in V4 such that the system of functions {¢(. — A)} o,

forms an orthonormal basis for subspace V.
The function ¢ whose existence is asserted in (2.4) is called a scaling function of the

given NUMRA.

It is worth noting that, when N = 1, one recovers from the definition above the
standard definition of a one-dimensional multiresolution analysis with dilation factor
equal to 2. When, N > 1, the dilation factor of 2N ensures that 2NA C 2Z C A.

Equation (2.3) implies that

(2.5) " (%) = arplz —N),
AEA

where Y,y laa]? < oo.

Now, we consider W, the orthogonal complement of V5 on V4, i.e.,

Vi=Wae W,

If 91,9, ....,10on_1 are the functions in Wy, then for £ =0,1,..., 2N — 1, there exists

sequences {a‘f\}AeA satisfying Y, , |a4|* < oo such that

(26) st (o) = X ak ol — ).
AEA
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Now, consider

~

(2.7) Ve(2NE) = me(§) 9(€)

where the functions m,(§) = >, ., af € 2™ are locally L?. Since A = {0,r/N}+2Z,

we can write that
(2.8) me(€) = my(&) + e 2N mi(€), £=0,1,....,2N — 1,
where m; and m? are locally L?, 1/2—periodic functions.

In this case {1, s, ....,an_1} is a set of basic wavelets associated with a scaling
function ¢. It is easy to show that {iy(x — ) : 1 < ¢ < 2N — 1} is an orthonormal

basis of Wy. An obvious rescaling shows that

{¥ejn = @N)Y 2 ((2NY 2 —A) : 1 <L <2N -1, A€ A}

is an orthonormal basis of W;. Since U;ezV; is dense in L*(R), the collection

{ejr:j€Z, NeA, 1<l<2N -1}
is an orthonormal basis of L*(R).

We, now, define w,, for each integer n > 0 as follows. Suppose that for p > 0, w,
is already defined. Then, define basic nonuniform wavelet packets wyionp, 0 < ¢ <

2N — 1, by

(2.9) Wetanp(T) = Z(?N)ag\wp(QNx =),
AEA

where Y,y |ad]? < oo.
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Clearly, the set {wn(m — )\) AEN n=0,1, } is an orthonormal basis of L?(R).
Corresponding to some orthonormal scaling function ¢ = wy, the family of nonuni-

form wavelet packets w, defines a family of subspaces of L*(R) as follows:
(2.10) Ur = Span{(2N)j/2wn((2N)jx —)):ae A}; jEZ, n=012,..

Since wy = ¢ is the scaling function and w,, 1 < n < 2N — 1, are the nonuniform

wavelet packets, we observe that

2N—-1

0=, 0} =W, = D Uy, ez
r=1

so that the orthogonal decomposition Vj; = V; @ W;, can be written as

2N-1
(2.11) U, =)o U/ = P U
r=0
A generalization of this result for other values of n = 1,2, ....., can be written as
2N—1
(212) Uy, = P Ui, j ez
r=0
Lemma 2.2[2]. If j > 0, then
IN—1 (2N)’ -1 (2N 1
wWi=u =6 U ,=... = P v, m<j
r=1 r=2N r:(QN)m
Ny 1
= Ug7
r=(2N)’

where U} is defined in (2.10). Using this decomposition, we get the nonuniform

wavelet packets w, ;x, decomposition of subspaces W;, j > 0. Therefore, for any
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function f € L*(R), we have

(2N)m+1 -1

f(l'): Z ZZCrn)\wrj)\

n=(2N)m jEZ €A

where r =7 —m,m=0if j <0Oand m=0,1,2,...,5 if 7 > 0; will be a nonuniform

wavelet packet expansion of f and (), \ the wavelet packet coefficients, defined as

Cr,n,)\ = <f7 Wr,j,/\>-

Let P; and @), respectively be the orthogonal projections onto the spaces V; and W;
with the kernels P;(z,y) and @Q;(x,y), defined as follows:

(2.13) = ginl@) einly

AeA
where @;(z) = (2N)/20((2N)/z — ) and
IN-1
(2.14) Qi(x,y) = D > thejn(@) esn(y).
(=0 AeA

In the light of V;11 = V; @ W;, Pj(z,y) can be written as

(2.15) Pey) = Y Q) = 3 30 (@) G,
m<j =0 m<j AEA

Now, we consider a projection Q% onto U}* with kernel Q7 (x,y) defined as

(2.16) QM. y) =Y winaA(®)winay) 1 FEZ, n=0,1,2, .
AEA

where wj , » are the nonuniform wavelet packets.

Lemma 2.3[14]. For a basis {z; : j € N} of a Banach space (B, ||.|) the following

statements are equivalent:

(i): {z; : j € N} is an unconditional basis for B.
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(ii): There exists a constant C' > 0 such that ||Sg(x)|| < C||z|| for all sequences
B ={B;};en with [8;] < 1, where Sp(z) = 3° .\ B fj(x)z;, for all z € B, and
fjs are the coefficient functionals.

(iii): There exists a constant C' > 0 such that [|Sg(x)|| < C|z|| for all finitely
non-zero sequences [ = {¢;}, with £; = +1.

(iv): There exists a constant C' > 0 such that || S.(z)| < C||z|| for all sequences
e ={Bj}en With ;=1 or 0.

Definition 2.4[14]. For a function f defined on R, we say that a bounded function
E :[0,00) — R* is a radial decreasing L' -majorant of f if |f(z)| < E(|z|) and E

satisfies the following conditions:

[ ()E e L'0, ),

1) F is decreasing,
(2.17) (#) &

(i41) E(0) < 0.

Lemma 2.5[13]. Let E be the function on [0, c0) satisfying the conditions of (2.17).
Then

ZE(|$ —A)E(ly =) <CE <|$2;Vy|) , for all z,y € R, and N > 1.
AEA

where C' is a constant depending on F.

Lemma 2.6[13]. A Calderon-Zygmund operator 7" is a bounded linear operator on

L*(R) such that

(Tf)(x) = / K (e 9)(y) dy,
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where = ¢ supp (f) and the kernel K is a jointly measurable function satisfying

Cy
2.18 K ;
(2.18) | (xy)\_|x_y|
CQ|ZL‘ |
(2.19) |K (20, y) — K(z,y)| < P if |z — x| < =]z — 9|
Csly — ol . 1
(2.20) K (2, 90) — K(2,9)] < % i [y — yol < 5o = yl.

Lemma 2.7[13]. Let 7" be a Calderon-Zygmund operator such that

/Tf(x)dszand /T*f(x)d:czo,
R R

whenever f € L*(R) N L™(R) and [ f(z)dx = 0, where T* is the dual of T. Then,
T extends to a bounded operator on H' (R), BMO(R) and on L'(R), 1 < p < oo,
with operator norm depending only on ||T[ 2, and the constants involved in the

inequalities (2.18), (2.19) and (2.20).

3. MAIN RESULTS

To study that the nonuniform wavelet packets forms an unconditional basis for

H'(R) and L"(R), 1 < p < oo, we first define an operator T by

(2N)mt+l_1

(31) Tﬂf: Z ZZﬁrﬂ)\ f Wrn)\>wrn)\( )

=(2N)m jEZ AeA
in H'(R) andin L"(R), 1 < p < co; where r = j —m, m = 0if j < 0 and m =
0,1,2,....7 if 7 > 0. Suppose B = {B,n.2} is a sequence such that 3., = 1 for finite
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number of indices and [, , » = 0 for remaining indices. Then in order to study the

boundedness of this operator T, we write it in the integral form as

(3.2) Tsf(z / Ks(a,y) () dy,

where

(eN)ym+i_1

(33) Kﬁ('fay) = Z ZZBrnAWrnA Wr,n,A<y)'

n=(2N)m j€Z AeA

Suppose that the wavelet packets {w, : n > 0} are bounded by a radial decreasing

Ll—majorant E, then by Lemma 2.5, we obtain

(eN)ymti_1

Koz )| < D YD @N)|wa((2N) 2 — A) wa ((2N)"y = \)|

n=(2N)m j€Z AeA

(2N)m+1 -1

< D> D Y @NYE(|2N)z - A|) E(J(2N)y — Al)

n=(2N)™m jE€Z AeA

(2N)m+1 1

< 3 Sew CE(ZNH;_M)

n=2N)m jeZ

=Y 2N)"@N)E (2N) Yz - y])

jez

(3.4) =CY (@NYE(@N) ' —yl)

jez
where C' depends only on E and where r = j —m,m = 0if j < 0 and m =

0,1,2,...5if j > 0.
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Theorem 3.1. Let w,, be nonuniform wavelet packets such that w,, and w!, (derivative

of w,) have a common radial decreasing L'-majorant E, for all n, satisfying

/RsE(s) ds < oo.

Then, the operator Tj defined by (3.2) and (3.3) is bounded in H' (R) and L' (R)
1 < p < oo, with norm bounded by a constant independent of the finitely non-zero

sequence (3 consisting of zeros and ones.

Proof. Since the system {w,., »} is an orthonormal basis for L*(R), so it easy to verify

that the operator Tj is bounded, i.e.,

(eN)mtl_1

||Tﬂf||2L2(R) = Z Z Z ‘@:n,x (fswrna)

n=(2N)m j€Z AeA

2

(2N)m+1—1

S [(rwnnnl| = 1 ey

n=(2N)™ jEZ AeA

IN

where r =35 —m,m=0if j <0and m=0,1,2,...,5 if 7 > 0.

For any f € L*(R), we have

/Tgf(l’) de =0= / T3 f(x) dx,
R R
since Tz f and T, 5 f are finite linear combinations of the w,, x’s. Moreover, we have
0=0w,(0)= /wn(m) dx,for n > 1.(see [1])
R

Now, in order to prove the theorem, it is required to show that T} is a Calderon-

Zygmund operator and then the theorem will follow by using Lemma 2.7. Therefore,
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it is sufficient to show that K satisfies the conditions (2.18), (2.19) and (2.20). To

prove (2.18), we use (3.4) and obvious estimates, to obtain

[Ks(w, )| < CSO@NYE (NP - y)

JjeZ

(35) <O S @NYE(@NY o —yl) +C S @NYE(@NY e —y)).

j=—o00 j=1
Now, we decompose W; spaces for some j = M, for sufficiently large M. Then, all
W; spaces, for which j < M, will decompose up to the last formula in Lemma 2.2
and other W; spaces, for which j > M, will decompose according to intermediate

formula in the same Lemma 2.2. So inequality (3.5) takes the form

Koe,y)| <C D0 CNYE(@N) e —yl) + OY_@NYE (2N) | — )

Jj=—o00 J=1

+C Y (@NYE ((2N) MYz —y))

J=M+1

<C Y @NYE(@NY ™M Mz —yl) +CY _@NYE(2N) Mz —yl)

+C ) NYE((2NY M —y])

j=M+1

=C Y @NYE(2N) ™M Yz —yl)

j=—0c0

< (2N)c/0°o E(2N) ™ tle — y]) dt

C(2N>M+2
== 1Bl

To prove (2.19), we assume that x < x¢, then we shall show
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0 K/g(:(: y)‘ < Lfor y € R.

(36) T e -yl

It is easy to see that the inequality (3.6) implies (2.19). To see this we apply Mean

value Theorem to obtain a point ' € (z¢,x) such that

8K5x y)‘ < Clzy — x|

Ka(zo,y) — K <_‘ .
‘ 5(20,y) s(z, y)| |20 — 2 = =y

Observe that (2.19) implies that y ¢ (xo,z). If y > z, it is clear that
, 1
" =yl 2 o —yl 2 Slz —yl.

If y <z, we use (2.19) to obtain

1
2" =yl 2 |zo =yl 2 |z =yl = |z = 20| 2 Flz —yl.

Hence,

| Ks(wo,y) — Kslw,y)| <

provided

1
W—$MS§W—M-

Thus, we need to show (3.6), we use Lemma 2.5 and the fact that E is decreasing to

obtain

(2N)m+l_1

)axKﬂ o y)‘ D YD Bina@N)T WL (2N) 'z — A wa (2N)7y — )

n=(2N)m j€Z AeA

(2N)m+1—1

< D> D D) NTE(|2N)z = M) E(J(2N)"y - A|)

n=(2N)™m jEZ AeA

<Y @N) ST E(|@N) e - M) B(J2N)y - A|)

jez A€A
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<O @NPE (NP e —y))

j€z

<C 3 @NPVE(@NYa—yl) + C S @NPE (2N) Mz — y))

j=—00 j=1

+C Y @N)ME (@NY M e —y))

j=M+1

<C Y @N)YE(RNY MMz —yl) + O @N)YE (2NY Mz - y|)

j:—oo ]:1

+C Y @N)YE (@NY M e —y))

j=M+1

=C Y @N)YE(NY Mz —y))

j=—o0

g(sz?/th«zwrM”ﬂx—det

_ (QN)C/W CNT e BN

|z —y [z —y|
IN 2M+3 [eS)
= %/ SE(S) dS.
[z —y 0

This proves (3.6) and, consequently, (2.19) follows. Inequality (2.20) follows from a

similar argument as in (2.19). Hence T} is a Calderon-Zygmund operator. By using

Lemma 2.7, the proof of the theorem follows.

Theorem 3.2. Let w, be nonuniform wavelet packets for L’(R) such that w, and

w! have a common radial decreasing L'-majorant E satisfying

/ sE(s)ds < 0.
0
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Then, the system
{wWrpp 7 =j—m;n=(2N)", (2N)" +1,..,2N)"' -1, j € Z,\ € A}

is an unconditional basis for L' (R), 1 <p < oo, m=01if j <0

and m=0,1,2,...,7if j > 0.

Proof. We start by showing that the system considered is a basis for
LP(R), 1 < p < oco. To this let, S, f be the “rectangular” partial sum of the nonuni-
form wavelet packet expansions of f, i.e.,

(2N)m+1 1

(37) Su,vf = Z Z Z <f7 Wr,n)\> Wrn,\»

n=2N)™ |j|<u |A|<v

where f € LP(R), 1 < p < oo. This operator is well defined in view of Theorem 3.1.
Now, we show that for given f € LP(R), 1 < p < oo and € > 0, we can find v and v

large enough so that

Hf - Su,foLP(R) < €.

Let C' = sup ||T3]| < oo, where Tj’s are the operators defined in Theorem 3.1 and the
supremum is taken over all admissible sequence 5 = {3, .} considered in Theorem

3.1. Since L*(R)N L"(R) is dense in L"(R), we can find g € L’ (R) N L"(R) such that

19
C+3

1f = gllr @) <
Thus, we can write
(3.8)  f = Suufllerry <N = 9llrwy + 119 = Suwgllr®) + 1Sun(g — F)llr gy

eC
C+3

Theorem 3.1. Now, we estimate ||g — Su.9]/» g for g € L°(R) N L"(R). By duality,

The last summand on the right hand side of (3.8) is smaller than in view of
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/

andthedengtyofLZQRyWL’(R)nlL“(R),whme(%4—5),wecanﬁmdize;L2aRyWLP
such that

19
C+3'

(3.9) \@—&me®skﬂm@w—uw<»m>

Using the Schwarz inequality, we deduce that

2) = Suug()} W) da| = | [ gle) {1~ Sohia } da

< lgllrzgy < 1h = Suphll 2

Since {w;,} is an unconditional basis for L (R), we can find v and v large enough

so that

19
191l 2(r) (C' +3)°

||h — Su,vhHLQ(R) <

Hence

€ € € eC

— Suofller® < T
I =Swlllew < o3 a3 a3 T e —°

From the orthonormality of the system {w,, \}, it follows that the representation

(eN)mtl_1

(310) f = Z Z Z Cr,n,)\ Wrn,\

n=(2N)m j€Z AeA

with convergence in L"(R), 1 < p < oo is unique. Now, multiplying both sides by
W and integrating, we obtain C,.,, x = (f, w;,.1). The unconditionality of the basis

follows from Theorem 3.1 and Lemma 2.3. ]

Theorem 3.3. Let w, be nonuniform wavelet packets for L?(R) such that w, and

w! have a common radial decreasing L'-majorant E satisfying
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/ sE(s)ds < 0.
0

Then, the system
{Wrnp 7 =j—m;n=(2N)", (2N)" +1,..,2N)"' -1, j € Z,\ € A}

is an unconditional basis for Hl(R), wherem = 0if j < Oandm =0,1,2,...,7if 7 > 0.

Proof. The proof of this theorem is similar to that of Theorem 3.2. For this, we
need to show that the system under consideration is a basis for H 1(R). Inequality
(3.8) is true with LP-norm replaced by H "_norm and choosing ¢ to be finite linear
combination of atoms. Since (H' (R))* = BMO(R), we can find a bounded function
h € BMO(R) such that (3.9) is true by replacing ||.||z»r) by ||.||#1(r)- By choosing

sufficiently large M, we have

/R {g(ZL’) - Su,vg(x)} X[_M’M] (I)m dx| + <

Hg - SU,ngHl(R) < 13

Observe that X, h € L*(R) and, thus, the proof follows from the proof of Theorem

— M, M]

3.2
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