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COUPLED FIXED POINT THEOREMS FOR COMPATIBLE MA PS
AND ITS VARIANTS IN FUZZY METRIC SPACES

SUMITRA

ABSTRACT: In this note , first we introduce the notion of aonon coupled coincidence point
for pairs of mappings and secondly, we introdube tvariants of compatible maps
(compatible map of type (A) and type (P)) inZuanetric spaces for coupled maps. At the
end, we prove some common fixed point theorem@é#ins of maps that generalize the results

of various authors present in literature.

1. INTRODUCTION

The notion of fuzzy sets introduced by Zadeh [1B)vpd a turning point in the
development of mathematics. Fuzzy set theory ppbcations in applied sciences such as
neural network theory, stability theory, mathematiprogramming, modelling theory,
engineering sciences, medical sciences (medicaletigsn nervous system), image
processing, control theory, communication etc.

The work of various authors like Kramosil and Milehd8], George and Veeramani[3],
Kaleva and Seikkala [7], Bhaskar and LakshmikantfimLakshmikantham andiri¢ [9]
and Zhu et al. [10] are of great importance in theory of fixed points in fuzzy metric
spaces. Consequently, the last three decades minarery productive for fuzzy

mathematics and the recent literature has obsetiwedfuzzification in almost every
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direction of mathematics such as airthmaticsoltmyy, graph theory, probability theory,
logic etc.

Bhaskar and Lakshmikantham[1], Lakshmikantham &id¢ [9], Xin-Qi Hu [6],
Fang[2] and Zhu et al. [10] proved some couibeed point theorems under contraction
conditions in different spaces. The aim of thipgrais to establish coupled coincidence
fixed point theorems for quadruple of maps for catiige maps and its variants in fuzzu

metric spaces.
2. Definition and Preliminaries

Definition 2.1
A fuzzy set A in X is a function with domain X ardlues in [0, 1].
Definition 2.2
A binary operation *: [0,1}x[0,1]—- [0,1] is a continuous t-norm if ([0,1], *) is a

topological abelian monoid with unit 1 s.t. a ¥c * d whenever a< cand b< d,v a, b,
c, de [0,1].For instance, (i) *(a, b) =ab (ii) *(a) b min {a, b}.

Definition 2.3

sup.
ot <1

{A™(t)}_, is equicontinuous at t = 1, wheké(t) = t, A™*1(¢) = tA (A™(t)), m= 1,

L A(t, t) = 1. A t-normA is said to be of H-type if the family of functions

2,....,te [0, 1].
i.e a t-normA is a H-type t-norm iff for any € (0, 1), there exist§(41) €(0, 1) such
that A™(t) > (1-4) for all me N, when t > (16).

The t-normA,, = min. is an example of t-norm of H-type.
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Definition 2.4

The 3-tuple (X, M, *) is called a fuzzy metric spat X is an arbitrary set, * is a
continuous t-norm and M is a fuzzy set on X20,0) satisfying the following conditions:

(FM-1) M(x, y, 0) > 0,

(FM-2) M(x,y,t) =1 iffx =Yy,

(FM-3) M(x, vy, t) = M(y, X, t),

(FM-4) M(x, y, t) * M(y, z, S)<M(X, z,t + 8),

(FM-5) M(Xx, y, .) : (Og) —[0,1] is continuous, for all x, y,e X and s, t > 0.

In present paper , we consider M to be fuzzy meaxce with condition:

(FM-6) lim,, ., M(x,y,t) =1,VX,y€ Xand t > 0.

Definition 2.5

Let (X, M, *) be fuzzy metric space . A sequenca}in X is said to be convergent to a
point x€ X, if lim, ., M(xn, x, t) =1, forall t > 0O;

Cauchy sequence ifim, _, , M(xn+p, xn,t) = 1, forallt >0 and p > 0.
Definition 2.6

A fuzzy metric space (X, M, *) is said to be contiplef and only if every Cauchy

sequence in X is convergent.
Lemma 2.1

M(X, y, .) is non-decreasing for all x,gyX.
Definition 2.7

An element (X, YeEX X X is called a coupled fixed point of the mappingfx X - X
if f(x,y)=x, f(y,x)=y.
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Definition 2.8
An element (X, y)€ X x X is called a coupled coincidence point of the piags f: X

X X = Xandg: X=X if f(x,y)=9(X), f(y, x)=g(y).
Definition 2.9

An element (X, y)e X x X is called a common coupled fixed point of thepmiags f:
X x X - Xandg: X- Xif x=1f(x,y)=9(x), y="f(y,x)=g(y).
Definition 2.10

An element xe X is called a common fixed point of the mappingX fx X - X and g:
X - Xif x =1f(x, x) = g(x).
Definition 2.11

LetA,B: Xx X—>X and S, T: X X, be four mappings. Then, the pair of maps (B,
S) and (A, T) are said to have Common Coupled Gademce Point if there exist a, b in X
such that B (a, b) = S(a) = T(a) = A(a, b) and,B(l= S(b) = T(b) = A(b, a).

Definition 2.12
The mappings f: Xx X - X and g X - X are called commutative if
of(x, y) = f(gx, gy), for all x, ye X.
Definition 2.13
The mappings f: Xx X - X and g: X— X are said to be compatible if
limy, oo M(Gf (Xn, Yn), F(9(xn), g()), £) = 1,

limy, 00 M(gf (Y, X0), f(g(Yn); g(xn)); t) =1,
for all t > 0 whenever {xn} and {yn} are sequendasX, such thatim,,_,., f(x,, ¥,) =

lim, 0 g(xn) = X, limy, Lo f(Vn, xp) = lim, 0 g(¥n) =Y, fOr some x, ¥ X.
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Now, we introduce the followings:
Definition 2.14

The mappings f: Xx X - X and g: X — X are said to be compatible of type (A) if

limp00 M(f (9%, g¥n), 9% %, t) = 1, limyeo M(f(gYn, 9%n), 9° Ynst) = 1 and

1imy, 00 M (gf (tny ¥, f (f Gy ¥, f O 20, 1) = 1,

limy, 00 M(gf O x0), £ (F O ), f Geny ¥) ), £) = 1, whenever {xn} and {yn} are
sequences in X such thidin, ., f(x,, ¥,) =1lim,_ . g(x,) = X, lim, e f (O, X,) =

lim,_ . g(y,) =Yy for some x, ¥ X and t> 0.
Definition 2.15

The mappings f: Xx X - X and g: X - X are said to be compatible of type (P) if

iMoo M(f (f Cony V), f (Vo %)), g%xn,t) =1 and

limy, oo M (f Oy X0, f (6, YD), 92V t) = 1,

whenever {xn} and {yn} are sequences in X such thiah,_. f(x,, ¥,) =
lim,, .. g(x,) =X, limy, o f (Vn, X,) =1lim,, 4 g(¥,) =y for some x, ¥ X and t= 0.
Lemma 2.2
Let (X, M, *) be a FM-Space and f: X X - X, g: X — X be compatible maps. Let {xn}
and {yn} be sequences in X such that

lirnn—>oo f(xn' Yn) = lirnn—wo g(xn) =X,

lim, e f (Y, Xn) =lim, g(y) =Y, for some x, yin X.

If g is continuous, then

limy, 00 f(gXn, 9Yn) = 9(X),limy, 0 f(gVn, 9Xn) = 9(Y).
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Proof.

As f and g are compatible, it follows that

limy oo M(gf (X, V), f(G2Xn, g¥n), 1) = L1imy 0o M(gf (o X0), (G 920, 1) = 1,
for all t > 0.Using the definition of FM-Space atohtinuity of g, it is easy to see that

limy, 0 £ (g%, g¥n) = 9(X),1imy, 0 f(gYn, gXn) = 9(Y).
3. Main results

Xin — Qi Hu[6] proved the following theorem for gair of compatible maps.
Theorem . 3.1

Let (X, M, *) be a complete FM-Space, * being contbus t — norm of H-type. Let F: X
x X = X and g: X— X be two mappings such that M(F(x, y), F(u,¢{t)) >M(gx, gu, t)
*M(gy, gv, t), forall x, y, u, vin Xand t > 0.

Suppose that F(x X) & g(X) and g is continuous, F and g are compatiblen there
exists a unique x in X such that x = g(x) = F(x, Where ¢ : R+—> R+ is non decreasing ,

upper-semi-continuous from right arxf_, ¢™(t) < + oo for all t > 0.
Now, we prove the following result for quadruplepsaa

Theorem 3.2
Let (X, M, *) be a Complete Fuzzy Metric Space,€iry continuous t-norm of H-type

with aEbzab,Da,bD[O,]]' LetA,B: XxX—->Xand S, T: X> X be four mappings
satisfying following conditions: A% X) = T(X), B(X x X) & S(X),

1 1
M (A(X, ), B(U,v),kt))2 [M (S,Tu,t)I2 CIM (S, Tv,1)]2
S and T are continuous, the pairs (A, S) and (B, are compatible,

Ox,y,u,vOX,t>0,0<k<1
Then there exists unique x in X such that A(x, X)(x) = B(X, X) = S(X) = x.
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Proof :

By (3.1), for arbitrary points x0, y0 in X, we cahoose x1, yl in X such that T(x1) =
A(x0, y0), T(yl) = A(y0, x0). Again, by (3.1), wean choose x2, y2 in X such that S(x2) =
B(x1, y1) and S(y2) = B(y1, x1).

Continuing in this way, we can construct two seqasrz, } and {z,} in X such that

(3:5) Zant1 = Alxzn, Yan) = T@2n+1)s  Zznsz = B(Xzn41, Yan+1) = Skans2) and

(3.6) Z3+1= AVans X2n) = TO02n+1)r  Zan+z2 = BO2n+1, X2n+1) = S2ns+2), for all

1 1
Ld’dn(t) = M (Zn ! Zn+1’t)["v| (Z/n ’Z/n+1 ’t): [M (S<n ’TXn+1 't]5 [[M (a/n ’Tyn+1 I]E n 2 0

Now, from (3.1),(3.5) and (3.6)
M (22n+1’ Z2n+27kt) = M (TX2h+ 1!S(m+ 2’kt)
= M(A(XZn'y2n)1B(X2n+1’y21+1)’kt) (37)

M (Z/2n+1! Z/2n+2!kt) = M (Ty2n+1’%/21+ Zlkt)
1 1
2

2 [M (S(Zn’ TX2n+1’ t)]E E[ M ( &/2{1' Ty2h+ D] = 521( t)

= M (A(Yan:X20)s B(Yaners Xani ), KE) (3.8)

1 1

2 [M (Syzn’-l-y2n+l’t)]E |:]['\/I (SXZn' TXZn+:I.t)]E = 521(0

>0,,

Then, operating t-norfaon (3.7) and (3.8) , we gg%nﬂ(kt) (t),SimiIarIy , we

t
52n+2(kt) 2 52n+1(t) 2 521 (_)
can show k™

In general, we have

5.(t)2 5“‘1%) > 5n_2(%) > Jn_s(%) ........... >3, % } 9
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. t
lim O,(—) =1 , _
Since, " ol k”) ,for all t>0 , so by (3.9) , we have (3.18M- (1) =1,

for all t>0. Now , we claim that, for any p (3.1¥)(56. T, )2F0,-K)  ang

M (S W )20, (Kt |y fact, this is true for p=1. Assume that (3.hb)ds for
some p. By (3.7), we haW¥ (% 2. k)26, 1) gng M(Z,, 2,0 t=k)2 5, (k)

From (32) andal:b2 ab ,we haveM (Zn+1’zn+p+11kt) =M (A(Xn1yn)1B(Xn+p !yn+p)1kt)

2 [M (56, T O1F LM (S T 1% 2 76,1~
Hence by monotonicity 6f, we have
M(Z,, 2 i1 t) = M (2,7, 0t —KEHKE)
2 M (7, 2,1,t = Kt)OM (7,1, 24 g KE)
> ,(t-kt)O(PI,_,(t—kt)) =P"J,_,(t —kt)
Similarly, we have

M(Z,,Z, .. ...t) 2P0 (t—kt)

n+p+l?

Therefore, by induction (3.11) holds for all p .
£0(0.] . -
Suppose thatt > 0 an are given. By hypothesis, is a t-norm of H-type , there

exists’? >0, such that [ (8) >1-€ (3.12) for alISD(l_”’l) and for all p.



COUPLED FIXED POINT THEOREMS FOR COMPATIBLE MAPS ... 149

By (3.10), there existdo such tha Sa(t=K)>1-7.n>7 Hence from (3.11)

- _
and (3.12), we geM (2 Zupas)>1-6 gng M(Z0,Z0pu ) >176 g6 5 N277 gpg

for all p.

/
Therefore{ Zn} and{Z "} are all Cauchy sequence.

Step I We now show that the pairs (B, S) and (A, T) da@aeammon coupled coincidence

point.

Since X is complete, there exists points a, b sukh that
lim,,_, z, = a andim,,_,,, z,, = b,
that is,

lim, e Zype1 = limA(X2N, y2n) =lim T(x2n+1) = a,
n—oo n—oo
lim,,_, Z,, = limB(x2n+1, y2n+1) =lim S(x2n+2) = a
n—oo n—oo

and

lim, 0 Z3p+1 = limA(y2n, x2n) =lim T(y2n+1) = b,
n—oo n—oo
lim,_ o Z3, = limB(y2n+1, x2n+1) =lim S(y2n+2) = b.
n—oo n—oo

Since, the pair (A, S) is compatible, we have
limy, 0o M(SA(X2n, Yon), A(SX2n, SYan), t) = 1,
lim,, 00 M(SA(Y2p, X21), A(SYon, Sx2p), t) =1, forall t > 0.
Also, the pair (B, T) is compatible, thus we have
limy, 0o M(TB(X2n4+1, Y2ns1)s B(TXz2n41, TY2n41), 1) = 1,
limy, 0o M(TB(Y2n+1 X2n41)s B(TY2n41, TX2n41),t) = 1, for all t > 0.
We first show that S(a) = T(a).
Since * is a t-norm of H-type, for argy> 0, there exist§ > 0 such that

1-6)*A-06) *..x(1—-98) = (1€),forallpeN.
P
Sincelim;_,, M(x,y,t) =1, for all x, y in X, there exists t0 > 0 suttat
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M(S(a), T(a), tO=(1 — &) and M(S(b), T(b), tOR(1 — §).
Using condition (3.2), we have
lim

M(S(a), T(a),kt) = n-=[M(S(Ax2n, Ay2n,), T(Bx2n+1, By2n+1)t))]

M, IM(A(SX2n, Sy2n.), B(Tx2n+1, Ty2n+1k¢)]

1 1
lim, . [M(SS%n, Ty, ) POIM(SSY,, s TTho 1, 8

using lemma(3.1) , with the continuity of S andwvg have

vs@. T = MEE. T (ML T4

>(1-0): [(1-8)2 2 1~ 8)21-0
Thus we have S(a) = T(a), similarly S(b) = T(b).
Now, for all t > 0, using condition (3.2), we have
M(S(a), B(a, b)kt) = M(SA(x2n, y2n), B(a, b)kt)
= M(A(Sx2n, Sy2B)a, b),kt)

1 1
2[M (SSx,,, T(a) . § T * [M(SSy, . T § . )3
Letting n — oo, since the pair (A, S) is compatible and S isticmous, we get
M(S(a), B(a, ®t) =1, which implies that S(a) = B(a, b). Similarly,
we can get that S(b) = B(b, a).
In a similar way, it is easy to check that T(a) @Ab) and T(b) = A(b, a).
Thus, B(a, b) = S(a) = T(a) = A(a, b) and B(b, &) = T(b) = A(b, a).

Step 2:Next, we show that S(a) = a and S(b) = b.

Since * is a t-norm of H-type, for argy> 0, there exist§ > 0 such that

1-8)*A—-6)+..x(1—6) = (1-¢), forall pe N.
P
Sincelim;_,, M(x,y,t) =1, for all x, y in X, there exists t0 > 0 suttat
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M(a, S(a), &1 — &) and M(b, S(b), tOX(1 — 9).
Using condition (3.2), we have M(A(a, b), B(x2ny2n+1), kt)

o M(Sa, Ty, §F * IM(SD, Ty, y, P

letting n — oo, we have M(S(a), &t) Z[M (Sa, a, D P o* [M(Sb, b, )é

1 1
> (1_5)2 [(1_5)2 2(1-0)z1-0 , forallt> 0 and for ang > 0.
Hence, we get S(a) = a. Similarly, S(b) = b.
Therefore, B(a, b) = S(a) =a =T(a) = A(a, b) &{d, a) = S(b) = b =T(b) = A(b, a).

Step 3 Now, we show thata =Db.

Since * is a t-norm of H-type, for argy> 0, there exist§ > 0 such that

1-6)*A-06) *..x(1—98) = (1-¢), forall pe N.
P
Sincelim;_,., M(x,y,t) =1, for all x, y in X, there exists t0 > 0 sutiat

M(a, b, t&(1 — 9).
Using condition (3.2), we have M(Tx2n+1, Sy2n«®, = M(A(x2n, y2n), B(y2n+1,
x2n+1), kt)

1

1
o M (SXap TYons OF * M (SY o TX 5 )1
Letting A oo,
1 1
M(a, b, t)z(l_ 0)2(1-9)2 2 (1-6)21-0 ,forallt>0and for ang> 0.

This implies a = b. This shows that A, B, S, T hauemmon fixed point.

Unigueness follows immediately from (3.2).
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Remark:

Onputting A=B=Fand S=T =g wit(t) = kt, where 0 <k <1, in Theorem 3.2 we
get the result of Xin - Qi Hu [6].

Cor. 3.1. Let (X, M, *) be a Fuzzy Metric Spacehéing continuous t-norm of H-type.
Let:
A,B: XxX->Xand S, T: X X be four mappings satisfying (3.1), (3.3), (3.4)

with the following condition:

1 1

M (A(X, y)’ B(U,V),ﬂ))Z [M (S(,TU,'[)]E [[M (%/’Tv’t)]a, for all x, y, u, v in X and t >

0 and: R+> R+ is non decreasing , upper-semicontinuous figit and Y.;_, ¢™(t) < +
oo for all t > 0.Then there exists a unique poim Xisuch that

A(a, a) = S(a) =a =T(a) = B(a, a).

Taking A=B=Fand S =T =g in theorem 3.2 ,lvee the following result:

Cor. 3.2. Let (X, M, *) be a Fuzzy Metric Spacebeéing continuous t-norm of H-type.
Let:

F: X % X 7 X and g: X~ X be two mappings such that

M (F (x,y), F (u,v).¢0))= [M (g, gu.t)] DM (9y, 9v.1)]* for all x, y, u, v in X and t 0.

Suppose that F(x X) S g(X) and F and g are compatible agd: R+— R+ is non
decreasing , upper-semicontinuous from right &, ¢"(t) < + oo for all t > 0.If one of
the range spaces of F or g is complete, then #ate a unique x in X such that x = g(x) =
F(X, X).

Taking A=B=Fand S =T =1lintheorem 3.2 , hae the following result:

Cor. 3.3. Let (X, M, *) be a Fuzzy Metric Spacebéing continuous t-norm of H-type.
Let:

F: X x X = X and there exist$ € ¢ such that



COUPLED FIXED POINT THEOREMS FOR COMPATIBLE MAPS ... 153

1

1
M (F(x, y),F (U,v),kt))2 M (x,u,t)E CIM (Y, V)2 for all x, y, u, v in XO<k<land t >
0.
If F(X x X) is complete, then F has a unique fixed poinXin
Theorem 3.3. Theorem 3.2 remains true if the ‘catibe property’ is replaced by any
one (retaining the rest of the hypothesis) of thl®wing:
= compatible of type (A) property,
= compatible of type (P) property,
Proof.
In case (A, S) is compatible of type (A), then
lim,, 00 M(A(Sx,, S¥p), S? xp,t) = 1, limy,_eo M(A(SYp, Sx,),S%y,,t) = 1 and
1m0 M(SAGen, Y), A(A Gt ), AGn, %)) ) = 1,
limy,co M(SAQn, %), A(AGn, Xn), ACtn, y)), t) = 1,

Whenever {xn} and {yn} are sequences in X such tHan,_ ., A(x, ) =

lim,, 0 S (%) =X, lim,,_, o A(Vp, X,,)=lim,,_,, S(¥,)=Yy for some x,y& X and t= 0.

Let a, b be two points in X so that A(a, b) = Sd &fb, a) = Sb. Takingxn=a,yn="b
it is easy to show that A(Sa, Sb) = SA(a, b) an&A(Sa) = SA(b, a). Similarly, (B, T)
commutes at all of its coincidence points. Now gpyg Theorem 3.2, we can conclude that
A, B, S, T have a uniqgue common fixed point. Samyl, the theorem follows if pairs are

compatible of type (P).
4. An Application

Theorem 4.1. Let (X, M, *) be a fuzzy metric spatégeing continuous t-norm defined
by a * b = min.{a, b} for all a, b in X. Let f, gdoweakly compatible self maps on X

satisfying the following conditions:

(4.1) X< g9X),
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(4.2) M(fx, fy, k(t)) =M(gx, gy, t) for all x, y in X and t > 0 and 0 <<1.
If range space of any one of the maps f or g isptets, then f and g have a unique

common fixed point in X.
Proof.

By taking A(x, y) = B(x, y) = f(x) and S(x) = T( g(x) for all x, ye X in theorem
(3.2), we get the desired result.

REFERENCES

[1]. T. G. Bhaskar and V. Lakshmikantham, Fixed point theorems in partially ordered metric
spaces and applications, Nonlinear Analysis: Theory, Methods and Applications,
Vol.65, no.7, pp. 1379-1393, (2006).

[2]. J.X.Fang, Common fixed point theorems of compatible and weakly compatible maps in
Menger Spaces,Nonlinear Analysis: Theory, Methods and Applications, Vol.71, no. 5-6,
pp.1833-1843, (2009).

[3]. A.George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and
Systems, Vol.64, no.3, pp.395-399, (1994).

[4]. M.Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, Vol.27, no.3,
pp. 385- 389, (1988).

[5]. O.HadZi¢ and E.Pap, Fixed Point Theory in Probabilistic Metric Spaces, Vol.536 of

Mathematics and its Applications, Kluwer Academic, Dordrecht, The Netherlands,
(2001).

[6]. Xin-Qi Hu, Common Coupled Fixed Point Theorems for Contractive Mappings in Fuzzy
Metric Spaces, Fixed Point Theory and Applications, Vol. 2011, article id 363716, 14
pages.

[7]. O.Kaleva and S.Seikkala, On Fuzzy Metric Spaces, Fuzzy Sets and Systems, Vol.12,
pp. 215-229, (1984).

[8]. I.Kramosil and J.Michalek, Fuzzy Metric and Statistical metric Spaces, Kybernetica,
Vol.11, pp. 326-334, (1975).



(9]

[10].

[11].

[12].

COUPLED FIXED POINT THEOREMS FOR COMPATIBLE MAPS ... 155

V. Lakshmikantham and L. C"iric", Coupled fixed point theorems for nonlinear
contractions in partially ordered metric spaces, Nonlinear Analysis: Theory, Methods

and Applications, Vol.70, no.12, pp. 4341-4349, (2009).

Zhu, Xing-Hua, Xiao, Jian-Zhong , Note on “Coupled fixed point theorems for
contractions in fuzzy metric spaces”, Nonlinear Analysis: Theory, Methods and
Applications , Ser A, Theory Methods 74 No 16 , 5475-5479 (2011) Vol .

B.Schweizer and A.Sklar, Probabilistic Metric Spaces, North Holland Series in
Probability and Applied Math., Vol. 5, (1983).

L.A.Zadeh, Fuzzy Sets, Information and Control, Vol. 89, pp. 338-353, (1965).

Faculty of Science, Department of Mathematics, Jizan University, K.S.A.

E-mail address: mathsqueen d@yahoo.com




