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A DECOMPOSITION OF (i, \)-CONTINUITY IN GENERALIZED
TOPOLOGICAL SPACES

M.RAJAMANI , V. INTHUMATHI AND R.RAMESH

ABSTRACT. : In this paper, we introduce and study the notions of w, x)-H -
continuity and w(*lJ 2 - 'H -continuity in generalized topological spaces. Also, we
prove that f: (X,pu) — (Y, H) is (u, A)-continuous if and only if it is w, ) -

‘H -continuous and wz‘u NS ‘H -continuous.

1. INTRODUCTION AND PRELIMINARIES

In 2002, Csaszar|2] introduced the notions of generalized topology and generalized
continuity. Let X be a nonempty set and i be a collection of subsets of X. Then
p is called a generalized topology (briefly GT) on X iff § € p and the union of
an arbitrary class of elements of p always belong to p. We call the pair (X, p)
be a generalized topological space (briefly GTS) on X. Let g be a GT in X.
The elements of p are said to be p-open, their complements are p-closed. We
consider the largest p-open subset of A C X and denote it by i,(A) and the
smallest j-closed superset of A and denoted it by c,(A). A subset A of X is
p -pre-open [3] (resp. p-semi-open [3]), if A C i,c,(A) (resp. A C ¢uin(4)). A
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generalized topological space (X, ) is said to be p-regular [8] if for each p-closed
set F of X not containing z, there exist disjoint p-open sets U and V such
that € U and F C V. A function f : (X,u) — (Y, \) is said to be (u,\)-
continuous [2] (resp. (m,\)- continuous [7]), iff U € X\ implies that f~(U) is
p-open (resp. p-pre-open) in (X, pu). A function f: (X,pu) — (Y, ) is said to be
weakly (p, A) - continuous [6], if for each € X and each A-open neighbourhood V
of f(z), there exist a p-open neighbourhood U of z such that f(U) C c\(V). A
nonempty family H of subsets of X is said to be a hereditary class [4], if A € H
and B C A, then B € H. Given a generalized topological space (X,pu) with a
hereditary class H, for each A C X, A*(H,pu)={z € X : ANV ¢ H for every
V € p such that x € V'} [4]. If ¢;(A) = AU A*(H,pn) for every subset A of X,
then p* ={ACX: X-A=c(X—-A)} isaGT, p* is finer than p [[4], Theorem
3.6]. A subset A of (X,pu,H) is said to be pre-H-open [6], if A C i,c;(A). A
hereditary class H is p-codense [4], iff pNH = {0}. A hereditary class H is
strongly p-codense [4], it M, M' € p, M N M € H implies M N M =10.

Definition 1.1. [2] A function f:(X,u) — (Y, ) is said to be 0(u, \) -continuous
at x if for each X -open neighbourhood V' of f(x), there is a p-open neighbourhood
U of x such that f(c,(U)) C ex(V).

Lemma 1.2. [[4], Proposition 2.8] Let (X,u,H) be a hereditary generalized

topological space. Then A € p implies A C A* iff ‘H is strongly p-codense.

Lemma 1.3. [4] Let (X, u, H) be a hereditary generalized topological space and A,

B be subsets of X. Then the following properties are hold:
(1) If AC B, then A* C B*,

(2) A" = (A7) C eu(A),
(3) (A7) c A
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Lemma 1.4. [[4], Proposition 3.7] Let (X,u,H) be a hereditary generalized

topological space and A C X. Then the following statements are equivalent.

(1) AcC A%,
(2) A" = (A),
(3) A* =c,(A).

Lemma 1.5. [[6], Theorem 3.2] Let (X,pn) and (Y,\) be generalized topological
spaces. Then f:(X,pu) — (Y, A) is (u, A) continuous iff for each x € X and each

A -open set V' containing f(x), there exist a p-open set U containing x such that

fu)cv.

Lemma 1.6. [[8], Theorem 4.3] Let (X, ) be a generalized topological space. If X
s i -regular, then for each x € X and each U € pu containing x, there exists V €
such that x € V C ¢, (V) C U.

2. WEAKLY (i, A\)- H-CONTINUITY AND WEAK* (u,\)- H-CONTINUITY

Definition 2.1. A function f: (X,pu) — (Y, \,H) is said to be weakly (u,\)-H-
continuous (briefly w, ) -H -c), if for each x € X and each X -open neighbourhood
V' of f(x), there exist a p-open neighbourhood U of x such that f(U) C cx(V).

Remark 2.2. Fvery weakly (p,\)-H -continuous function is weakly (g, \) -

continuous but the converse is need not be true.

Example 2.3. Let X =Y = {a,b,c,d}, pu={0,{a,b},{c,d}, X},

A = {0,{a,c,d},{b,c,d}, Y}, and H = {0,{a},{b},{c},{d}. {a,c}, {c,d}}. The
identity function f: (X,u) — (Y, A\, H) is weakly (u, \) -continuous but not weakly
(1, A) - H -continuous.
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(i) Let @ € X. Then V = {a,c,d} and Y are the \-open sets containing f(a)
in (Y,\). There exist a p-open set U = {a,b} containing a in (X, p) such that
flU)Cen(V)=Y.

(1) Let b € X. Then V = {b,¢,d} and Y are the A-open sets containing f(b)
in (Y, A). There exist a p-open set U = {a,b} containing b in (X, ) such that
fU) ca)=Y.

(i7i) Let ¢ € X. Then Vi = {a,c,d}, Vo = {b,c,d} and Y are the A-open sets
containing f(c) in (Y,\). There exist a p-open set U = {c¢,d} containing ¢ in
(X, p) such that f(U) C (V) =Y, where V be a A-open set containing f(c).

(i) Let d € X. Then Vi = {a,c,d}, Vo = {b,c,d} and Y are the A-open sets
containing f(d) in (Y, \). There exist a p-open set U = {c¢,d} containing d in
(X, ) such that f(U) C cx(V) =Y, where V be a A-open set containing f(d).

By (i), (i), (i), and (iv), f is weakly (u,\)-continuous. On the other hand,
consider the A-open set V = {a,c,d} in (Y,\). Now, {a,c,d}* = {a} and so
ci({a,c,d}) = {a,c,d}. Note that the p-open subsets of (X, u) containing a are
U ={a,b} and X. Further f(U)=U € c;(V) and f(X)=Y ¢ (V). Therefore

f is not w, ) -H-c.

Theorem 2.4. A function f:(X,pu) — (Y, \,H) is weakly (u, \) -H -continuous if
and only if for each \-open set V. CY, f~HV) Ci(f (V).

Proof. Let V be any X-open set of YV and z € f~1(V). Since f is wn) -
H-c, there exists a p-open set U such that « € U and f(U) C (V).
Hence © € U C f (V) and z € i,(f*(c;(V))). Therefore, we obtain
F7YV) C iu(fH (V). Conversely, let x € X and V be a A-open set of Y
containing f(z). Then x € f~ V) C i (f~*(c3(V))). Let U = i,(f~H(c5(V))),
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then f(U) = f(i,(f~(cx(V)))) C f(f7(cx(V))) C ¢5(V). This shows that f is

w(w\) - H—C.

Theorem 2.5. Let (Y,\,H) be a hereditary generalized topological space, where H

1s strongly X -codence. Then the following are equivalent:

(a) f:(X,pn) — (Y, \H) is weakly (u, A) - H -continuous,

(b) For every \-semi-open set V in Y, there exist a X -open set W in Y such
that W CV and f~Y(W) C i (f~1(V*)),

(¢) fX(W) Cin(f~H(W™)) for every X-open set V in Y.

Proof. (a) = (b). Assume that f is weakly (u,\)-H-continuous and V is
A-semi-open in (Y, \). Since V is A-semi-open in (Y, ), there exist a A-open
set W in (Y, A) such that W C V C c\(W). Since H is strongly pu-codense,
W* = (W) = c;(W) by Lemmas 1.2 and 1.3. Therefore, W C V. C W* so that
W* = V* = (W), By Theorem 2.4, f~X(W) C i,(f (W) = iu(F1(V7)).

which proves (b).

(b) = (c). Let V be A-semi-open in (Y, ), there exist a A-open set W in (Y, \)
such that W C V and f~*(W) C i,(f~*(V*)). The set W be A-open in (Y,\),
then f~'(W) C i, (f~(W*)).

(¢) = (a). Let V' be X-open set in (Y;\). Then f~*(V) C i, (f*(V*)). Since H
is strongly p-codense, then f~1(V) Ci,(f ! (c;(V))). By Theorem 2.4
f(X,p) — (Y, N\, H) is weakly (u, \)-H -continuous.

Theorem 2.6. If (Y,\,’H) is a hereditary generalized topological space such that H
is strongly A -codense and f: (X, pu) — (Y, N\ H) is wyn -H -c, then ¢, (f1(V)) C
e (V) = f71(V*) for every X-open set V in Y.
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Proof. Let x € ¢,(f~*(V)). Assume that z ¢ f~!(c5(V)). By Lemmas 1.2 and 1.3,
we have z ¢ f~1(V*) and f(z) ¢ V* = cx(V). Therefore, there exist a A-open set
W containing f(z) such that W NV = () which implies that ¢,(W)NV =0 and so
a(W)NV = 0. Since f is weakly (u, A)-H-c, thereisa p-openset U containing x
in X such that f(U) C (W) and so f(U)NV =0. Now z € ¢,(f~1(V)) implies
that UN f~1(V) # 0 and so f(U)NV # 0, a contradiction, which completes the

proof.

If H =10, in the above Theorem 2.6, we have the following Corollary.

Corolary 2.7. [[6], Theorem 3.5]. If (X,u) and (Y, ) are generalized topological
spaces and f : (X,p) — (Y, N) is weakly (u,\)-continuous, then c,(f~*(V)) C
FHea(V)), for every X-open set 'V in (Y, \).

Definition 2.8. A hereditary generalized topological space (X, pu, H) is
R, H -space if, for each x € X and each -open neighbourhood U of x, there exist
a i -open neighbourhood V' of x such that x € V C ¢ (V) C U.

Theorem 2.9. Let (Y,\,H) be a R,H-space. Then f : (X,u) — (Y,\,H) is

W - H -c if and only if [ is (u, A) -continuous.

Proof. Let x € X and V' bea A-openset of Y containing f(x). Since Y isa R, H-
space, there exist a A-open set W of Y such that f(z) € W C ¢5x(W) C V. Let f
be w, ) - H-c, there exist a p-openset U such that x € U and f(U) C c5(W) C V.
This implies f is (i, A)-continuous. Conversely, let = € X and V' be any \-open
set of Y containing f(z). Since f is (p, A)-continuous, there exist a p-open set U

containing x such that f(U) CV C cy(V), hence f is w,x -H-c.
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Theorem 2.10. If (Y, \,’H) is a hereditary generalized topological space and
f(X,n) — (Y,\\H) is a (7, \)- continuous mapping such that
(V) C fHe (V) for every N-open set V in Y, then [ is w,) -H -c.

Proof. Let © € X and V be a A-open set in Y containing f(z). By hypothesis
c.(f7HV)) € fH(ex(V)). Since f is (m, A)-continuous, (V) is u-pre-openin X
and so x € f~1(V) Ciu(c,(f~1(V))). Which implies there exist a p-open set such
that © € U C ¢, (f71(V)) C f~Hc(V)), that is U C f~1(cx(V)), f(U) C e5x(V)

which implies that f is w, ) -H-c.

Theorem 2.11. If (Y,\,’H) is a hereditary generalized topological space such that
H is strongly A -codense and f: (X, pu) — (Y, \,H) is p-pre-continuous, then f is
Wy -H -c if and only if ¢, (f~1(V)) C [~ (V) = f~HV*) for every X-open set
V in Y.

Proof. Follows from Theorem 2.6 and 2.10.

If f:(X,u,H) — (Y,)\) is any mapping. Then f(H) = {f(H): H € H} is a

hereditary class on (Y, ).

Theorem 2.12. If f : (X,u,H) — (Y,\J) is a weakly (u,A) -J -continuous
where J = f(H) is strongly X-codense, then c;(f~'(V)) C f~1(cx(V)) = f71(V*)

for every X -open set 'V in Y.

Proof. Let x € ¢;,(f~'(V)). Assume that x ¢ f~'(c5(V)). Thatis = ¢ f~1(V*(J))
implies that f(z) ¢ V*(J) = ex(V), since J is strongly A-codense. Therefore,
there exist a A-open set W containing f(z) in Y such that W NV =@. Since V
is A-open, (x(W)NV =0 and so ¢;(W)NV = 0. Since f is weakly (u,\)-J -

continuous, there exist a p-open set U in X containing x such that f(U) C (W)
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and so f(U)NV = 0. Now, z € ¢;(f~"(V)) implies that z € c,(f~"(V)) which
implies that f~Y(V)NU #0 and so VN f(U) # 0, a contradiction. This completes

the proof.

Definition 2.13. A function f:(X,u, H) — (Y, ) is said to be

pre- H -continuous, if for each \-open V in'Y, f~1(V) is pre-H -open in (X, u, H).

Theorem 2.14. If f: (X, u, H) — (Y, N\, TJ) is a pre-'H -continuous mapping where
J = f(H) and c,(f7(V)) C f~H(c;(V)) for every X-open set V in Y, then f is
weakly (p, \) - J -continuous.

Proof. Let x € X and V be a A-open set in Y containing f(z). By hypothesis,
i (f7HV)) € fH (e (V). Since f is pre-H-continuous, f~'(V) is pre-H-open in
X and so f7H(V) C iu(c(f~H(V))). Since z € f~H(V) C iu(ci(f~1(V))), there
exist a p-open set U containing z such that = € U C ¢;(f~1(V)) € f(cx(V))

and so f(U) C ¢;(V) which is implies that f is weakly (u, A)-J -continuous.

Definition 2.15. A function f : (X,u) — (Y, A\, H) is said to be weak™ (u,\)-
H -continuous (briefly wi, 5 -H -c), if for each X-open set V in'Y, f71(f(V)) is
w-closed in (X, ), where fH(V)=V*—i\(V) is X-closed in (Y, \, H).

Theorem 2.16. A function f:(X,p) — (Y, A\, H) is (u, ) -continuous if and only

if it is both wy, ) -H - and wi, ) -H -c.

Proof. Let x € X and V be any A-open set of Y containing f(x). Since f is
(i1, A) -continuous, there exist a p-open set U containing z such that

f(U) CcV C (V) and fH(fH(V)) is p-closed in (X, p). Hence f is w,y)-
H-c and wi, ,)-H-c. Conversely, let z € X and V be any A-open set of Y

containing f(z), since f is w, ) -H-c, there exist a p-open set U containing
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x such that f(U) C (V). Now fH(V) = V* —i,(V) and thus f(z) ¢ fx(V).
Hence x ¢ f~(f*(V)) and U — f~'(f*(V)) is p-open set containing x since f
is w], )~ H-c. The proof will be complete when we show f(U — f~1(f:(V))) C V.
Let y € U — f~Y(f*(V)). Then y € U and hence f(y) € f(U) C (V). But
y & Ff(V)) and thus f(y) & f3(V) = V= i(V) = V" =V which implies

f(y) € V. Therefore f(U) CV hence f is (i, \)-continuity.
Remark 2.17. The notions of w, ) -H-c and wa’)\) -'H -c are independent.

Example 2.18. Let X =Y = {a,b,c,d}, p={0,{a,b},{c},{a,b,c},{b,c, d},
X}, A={0,{a,b},{a,c,d}, Y}, and H = {0,{d}}. The identity function
f(Xop) = (YA H) s wi, -H -¢ but not wi, ,-H -c.

(1) Let a € X. Then Vi = {a,b}, Vo = {a,c,d} and Y are the A-open sets
containing f(a) in (Y,;A). Now V" = V¥ =Y and (Vi) = (Vo) = Y. There
exist a p-open set U = {a,b} of (X,u) containing a such that f(U) C 3 (V),

where V' is a A-open set in (Y, ) containing f(a).

(i) Let b € X. Then V = {a,b} and Y are the A-open sets containing f(b) in
(Y,A). Now V* =Y and ¢§(V) =Y. There exist a p-open set U = {a, b} of (X, p)
containing b such that f(U) C (V).

(1ii) Let ¢ € X. Then V = {a,c¢,d} and Y are the \-open sets containing f(c)
in (Y,\). Now V*=Y and c¢;(V) =Y. There exist a p-open set U = {a,b,c} of
(X, ) containing ¢ such that f(U) C (V).
(iv) Let d € X. Then V = {a,c,d} and Y are the A-open sets containing f(d)
in (Y,A). Now V*=Y and c¢}(V) =Y. There exist a p-open set U = {b,c,d} of
(X, ) containing d such that f(U) C ¢;(V).
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By (4), (i), (i), and (iv), f is w(a-H-c. On the other hand, consider
the A-open set V' = {a,c¢,d} in (Y,\). Now, f*(V) = V*—iy(V) = {b}. Since

T

Y fr(V)) = {b} and {b} is not p-closed in (X,u), f isnot wi, - H-c.

T

Example 2.19. Let X =Y = {a,b,c}, p={0,{a,b},{c}, X},
A={0,{a},{b,c},Y} and H = {0,{c}}. The identity function
fr(Xopm) = (YA H) is wi, y -H -c but not w,x) -H-c.

(i) Let a € X. Then V = {a} and Y are the A-open sets containing f(a) in (Y, \).
Now, {a}* = {a} and f}(V)=V*—iy(V) = 0. Hence f~'(f*(V)) = f10) =0
and 0 is p-closed in (X, p).

(17) Let b € X. Then V = {b,c} and Y are the A-open sets containing
f(b) in (Y,A). Now, ({b,c})* = {b,c} and f*(V) = V* —i\(V) = (. Hence
FHfV)=f710)=0 and @ is p-closed in (X, ).

(i7i) Let ¢ € X. Then V = {b,c} and Y are the A-open sets containing
f(c) in (Y,A). Now, ({b,c})* = {b,c} and f*(V) = V* —iy(V) = 0. Hence
FHEEO) = F10) =0 and 0 is p-closed in (X, p).

By (i), (i), and (i12), f is w(, ) -H-c. On the other hand, consider the A-open
sets V = {a} and (Y,\) are containing f(a) in Y. Now, {a}* = {a} and so,
cA(V) = {a}. Note that the p-open sets of (X,u) containing a are U = {a,b}
and X. Further f(U) =U ¢ (V) and f(X) =Y & ¢;(V). Therefore f is not

W(n) - H-c.

Definition 2.20. A hereditary generalized topological space (X, u,H) is said to be
F,/H* -space, if ¢, (U) CU* for every p-open set U C X.

Theorem 2.21. Let (X,pu,H) be an F,H* -space and A € pu. Then the following

properties are hold:
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(1) A" = ci(A) = (cu(A))" = cu(A”) = (A7),
(2) culeu(A)) = culc(A)) = ¢ (A7).

Proof. 1. Let (X,u,H) be an F,/H*-space and A € pu. Then ¢,(A) C A"
Thus (c,(A))* € (A*)* € A* by Lemma 1.3. Also A C ¢, (A), A" C (c.(A))*
by Lemma 1.3. Therefore A* = (c,(A))*. By Lemma 1.3, A* = ¢,(A*). Since
(X, 1, H) is an F,/H*-space, A* C c;(A) C c,(A) € A*. Thus, A* = ¢} (A) = c.(4).
Now, c;(A%) = c;(cu(A)) = cu(A) U (cu(A))" = A*U A* = A*. Hence we obtain
A% = (4) = (u(A))" = (A7) = (A7),

"

(2) Follows from (1).

Lemma 2.22. If a hereditary generalized topological space (Y, N\, H) is FxH* -space
and a function f: (X, p) — (Y, N\, H) is we,x) -H -c, then ¢,(f~(V)) C f~(c3(V))
for each \-open set V CY.

Proof. Let xz € ¢;,(f~'(V)). Assume that = ¢ f~'(c;(V)). Then f(z) & c;(V),
we have f(z) ¢ V and f(x) ¢ V*. Since Y is Fy\H*-space, f(x) ¢ cx(V). Hence
there exist a A-open set W containing f(x) such that W NV = (. Since V is
A-open, VNey(W) = 0 and hence we have V N ci(W) = 0. Since f is wn -
H-c, there exist a p-open set U C X containing z such that f(U) C c(W).
Thus we obtain f(U) NV = . On the other hand, = € ¢;(f~'(V)) and we have
z € c,(f~1(V)) and hence UN f~1(V) # 0. Thus f(W)NV # 0, a contradiction

so, ¢, (f7H(V)) € f7H (V).

Theorem 2.23. Let (X, u) be a p-reqular space and (Y, \,H) be an F\H* -space.
A function f:(X,p) — (Y, \,H) is 0(u, A) -continuous if and only if it is

w(%)\) -H -c.
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Proof. Let f be 0(u,\)-continuous, z € X and V be any A-open set of Y
containing f(z). Since f is 6(u, \)-continuous, there exists a p-open neighbourhood
U of x such that f(c,(U)) C ex(V). Since (Y,\,H) is an FyH*-space, f(U) C
flcu(U)) Cen(V) SV C VUV C ey (V). Thus f is wey - H-c. Conversely, let f
be w,n-H-c, x € X and V be any A-open set of Y containing f(z). Since f is
W,z - H -c, there exists a p-open neighbourhood U of x such that f(U) C c5(V).
Since A € X, f(U) C &4(V) C ex(V). Since (X,u) is a p-regular space, there
exists a p-open neighbourhood W of = such that x € W C ¢, (W) C U by Lemma
1.6. Then f(c,(W)) C f(U) C ex(V). Thus f is 6(u, A)-continuous.
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