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ON ALMOST WN-INJECTIVE RINGS

RAIDA D.M.Y AND AKRAM S.M.®

ABSTRACT: Let Rbe a ring. LetM , be a module withS = End(M ;) .The moduleM is

called almost Whil-injective (briefly right AWN-iegtive ) if , for anyO # a1 N(R) ,there

exists N=21 and an S-submodule X, of M such that @a"#0 and
n - n . . .

Iy (rz(@")) =Ma" [ X , as left S-modules .1R;is almost Whil-injective , then we call

Ris right almost Wnil-injective ring . In this papewe give some characterization and
properties of almost Whnil-injective rings .In pattiar , Conditions under which right almost

Whil-injective rings are n-regular rings and n-wigategular rings are given .Also we study
rings whose simple singular right R-module are aimWwnil-injective , It is proved that iR is
a NClI ring ,MC2 , whose every simple singular R-oleds almost Whil-injective , TheMis
reduced .

1. INTRODUCTION

Throughout the papd®is an associative ring with identity, and is a tifamodule
with S=End(My) .For alR,r(a),l(a) denote the right annihilator and left annihilatér o
a, respectively. We writeJ (R),Z(R)(Y R ))for the Jacobson radical and the left (right)
singular ideal ofR, respectively .X <M denote thatX is a submodule oM .

Following [9] a ringR is called a right (left) NPP if foaRis projective for all
aldON(R) (the set of nilpotent elements) .Clearly, rightftjlePP ring (that is if every

principal right ideal ofRis projective as right R-module) is right (left)NPBut the

converse is not true by [9]. The ririglis said to be reduced Rhas no non zero nilpotent
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element. The ringR is called right (leftj SXM [10], if for eachO#alR ,
r(@ =r(@") [1(a=I1@@")] for all positive integer n satisfyin@" #0. For example
,reduced rings are right (left)SXM ringR is said to be Von Neumann regular (or just
regular)allaRa for everyallR[15], a ringR is called n-regular [9] ilal]laRafor all

aldN(R). Clearly, Von Neumann regular ring are n-regubar, the converse is not true. A

ring R is called right (left) n-weakly regular ie0aRaR ( @lRaRa ) for all
alON(R) [4].Call a ring R right MC2 if for right minimal elemenkOR, kRis a
summand inR,, wheneverkR s projective as right R-module[8]. A ringis called weakly
reversible if ab=0implies that Rora is a nil left ideal ofR for all a,b,r OR [14].
Generalizations of injectivity have been discussethany papers see [5] ,[6] . A right R-
module M is called principal injective (or P-injective) , évery R-homomorphism from a
principal right ideal ofRto M can be extended to an R-homomorphism frigntio M .
Equivalently,l,,r;(a) = Ma for all adR [2] .In [5] ,Nicholson and Yousif studied the

structure of principally injective rings and givense applications . They also continued to
study rings with some other kind of injectivityamely , GP-injective rings [6] and [10] . A
ring Ris called GP-injective if for anya[0R there exists a positive integer n with
a" #0andir(a") = Ra", Right GP-injective rings are called right YJenjive rings by
several authors. In [18] , Zhao introduced an atrRemjective module . LeMrbe a right
R-module withS=End(My). The moduleM is called AP-injective, if for anaOR,
there exists a left S-submodul, of M such that, r,(a) = Mal X, .

AP-injectivity has been generally studied (see.[8) [9], Wei and Jianhua first
introduced and characterized a right nil-injectivey, and give many properties .A ririg)

is said to be reversible db = ifplies thatba = Ofor all a,bOR. A ring R is called
right nil-injective , ifald N(R), Ir(a) = Ra. In [19], Zhao and Du introduced an almost nil-

injective module. LetM ;be a module witlt5 = End(My) . The moduleM is called right
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almost  nil-injective  if for anykON(R),there exists an S-submodu}g, of

M such thatl,, r; (k) = Mk O X, as left S-module. IRzis almost nil-injective then we call

R a right almost nil-injective ring.
2. Characterizations of Almost Wn-Injective

In this section we introduced the notion of a riglINP and almost WN-injective with
some of their basic properties; we also give nesgsand sufficient conditions for almost

WN-injective to be n-regular.

Following [9] a right R-moduléM is called Wnil-injective , if for an# adN(R),

there exists a positive integer n such tldt#0 and any right R-homomorphism

f:a"R - M can be extends t& — M .Equivalently , if for any0 # a0 N(R) there exists

a positive integer n such that #0 andRa" =Ir(a") .

Clearly right nil-injective module are all Wnil-iegtive module .
Remark [6]:

We fix the following notation .If N is a submodudé M, we write N/M to indicate that
N is a direct summand of M .For an (R,R)-bimodule We let RaM be the trivial
extension ofR and M ,i.,e , RaM =R0OM as an abelian group , with the following
multiplication : (r,x) (9,¥% (rs,ry+xs)
Example 6:

A non commutative right almost nil-injective rindigh is not a right Wnil-injective.

Let C be a noncommutative division subring of asion ring D such that the C-vector

space. D has dimension >1 .LeéR = CaD be the trivial extension of C and the C-module
D. ThenRis not commutative. Le® % a=(c,d)ON(R).If c#0.thenais invertible in
Rand so we can leK, = (Q)If ¢=0 thenlr(a) = (0)aD and Ra = (0)aCd .Write

D=CdOD, as a left C-vector space and letX, =(0)aD, .Then
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Ir(@) =Ra0 X, .Therefore, R is right almost nil-injective. Note that®=0 and

Ir(a) # Ra. ThusRis not right W nil-injective.

Lemma 2.1[11]:
The following conditions are equivalent for a riflg
1- R is n-regular .
2- Every right R-module is Whnil-injective .
3- Every cyclic right R-module is Whnil-injective .
4- R is right Wnil-injective and NPP ring .
Lemma 2.2 [18]:

SupposeM is a right R-module witlt5 = End(My) .If |, r;(a) =MalO X,, where X,
is a left S-submodule oM, . Set f :aR -~ M is a right R-homomorphism , then
f(a) =ma+x withmOM , xOX,.

Now we give the following definition.

Definition 2.3:
Aring R is said to be right (left) GNPP &"R,(Ra")is projective for allad N(R)
and for some positive integer m? # . 0

Clearly every n-regular rings , reduced ringd NPP are right GNPP rings .

Lemma2.4[9]:

If R is aright NPP ring ,thed(R) = .0

As a parallel result to Lemma (2.4) ,the falliog result was obtained :
Proposition 2.5:

Let Rbe a right GNPP ring .Thevi(R) =0.

Proof :
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Let 0#aOY(R) , with @ =0 Then aOON(R) .Since R is a right

GNPP ring , then there exists a positive integsuch thata" # Q a"R is projective . But
a® =0 ,s0 n=1 andaRis projective .Thug (a)is a direct summand dR as a right R-
module .ButallY R ) r(a) must be essential iR, which is a contradiction . Hence
Y(R)=0.

According to [16] ,a ringR is right GQ-injective if for any right ideal | iseorphic to a
complement right ideal oR ,every right R-homomorphism of | intB extends to an
endomorphism of; R.

In [16], shows that ifRis right (left) GQ-injective, thel(R) =Y(R) (J=2Z), R/J is
regular.

Every regular ring is right (left) GQ-injective learly ,Ris regular if and only ifRis
right (left) GQ-injective right non singular [12] .

Corollary 2.6:

If R is a right GNPP-ring ,theR s regular if and only ifRis right GQ-injective .
Proof :

Since R is right GQ-injective thenY(R)=J(R) and R/J is regular ring .By

Proposition (2.50=Y(R)=J R ).SoR is regular ring .
Conversely: It is clear.

Call a ring is right NC2 ifaR projective impliesaR=eR, e=e’ R for all
aldN(R)[11]. Every n-regular rings is NPP and NC2 ring8][1
Proposition 2.7:

If R is a ring withl(@") 01 &), thenR is right NC2 and GNPP if and only iR

is n-regular .
Proof :

LetaON(R). SinceR is right GNPP, them"R is projective for some positive

integer n anda" # 0.Since Ris right NC2 ring ,a"R=¢€R ,
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n

e’ =edR .Thus a" =ea" implies thata=ea (I(@")Ol(a)) .So €=ab for some

bOR,Hencea=ea=aballaRa.ThusR is n-regular .
Conversely:

Let Ris n-regular ring ,implies thaR is NPP ring. So is GNPP and NC2 ring.

In [6], Stanley and Yigiang introduced an almoshelized principally injective
(AGP-injective) module. LeM be a right R-module witls = End(M ) . The moduleM
is called AGP-injective if , for an@# allR , there exists a positive integer n and S-
submoduleX,of M such tha@a" # 0 andl, ry(a") =Ma" O X, as a left S-modules. Also

studied right AGP-injective rings and give some relsterization and properties which
generalization results of [19] .
Now, we consider rings which are more general théN-injective rings, an idea

parallel to the notion of AGP-injective rings.
Definition 2.8:

Let M, be a module withS=End(M).The moduleM is called almost Wnil-
injective (briefly right AWN-injective ) if , for ay 0# alJ N(R) ,there existd'21 and an
S-submoduleX, of M such thata" # Candl, (rz(a"))=Ma" 0 X, as left S-modules.

If R.is almost WN-injective, then we cafis right almost WN-injective ring.

Remark:

{right YJ-injective rings} Ll {right nil-injective rings} U {right WN-injective rings}
LI {right AWN-injective rings}
{right AN-injective rings} Ul {right AWN-injective rings}

Examples[19]:

The ring Z of integers is AWN-injective which is not AGP- icjeve
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. ZZ ZZ 0 ZZ
Let Z,be a field, andR = , N(R) = . Let 0#ullZ, ,Then
0 2z, 0 O

0 u|] [0 Z, 0 u] [0 uz,|] [0 Z, [0 u 0 u
Ir = and R = = , Thereforelr Z

00 0 Z, 00 0 O 0 O 10 0 00
and SoR is not right WN-injective buR is AWN-injective (Ir(a)) = Ral X, ).

0 Z
0 Z,

. . _0 ZZ
, Where Z, is a field. Then N(R)= . Let

Let R=
[ 0 O

0 X 00
y={0 0 }DN(R), Then Ry:{0 O} , Ir(y) =R. Thereforelr(y) # Ry and soR is

not WN-injective. Butlr(y) = Ry R, So R is right AWN-injective

Lemma 2.9 [3]:
The following conditions are equivalent :
1- Ris n-regular .
2- N,(R) ={0# xOR: x* =0} is regular .
3- For anyald N(R), there exists a positive integer n such #att 0Oanda"R

is generated by idempotent .
It is clear that any n-regular rings is AWNeictive but the converse is not

true.
The following Theorem gives a partial converse.

Theorem 2.10:

Let Rbe a right SXM ring. Then the following conditiongaquivalent :
1- Ris n-regular .
2- R is a right AWN-injective right NPP-ring .

Proof :

@ - (2)is clear by [Lemma 2.1]



68 RAIDA D.M. AND AKRAM SM.

(2 - @, Let0O£alN (R).SinceR is a right AWN-injective ,then there exists= 1
such thata" #0 andIr(a")=Ra" O X,, Since R is right NPP ring anda”" ON(R),
r(a")=(@-e)R, e =edR . Therefore Re=Ir(a")=Ra"0 X, , e=ra" +x ,where
rdR, xOX, . So a"=a"e=a"ra"+a"x , (l-a'r)a"=a"xdRa"n X, =0 and
a" =a"ra" this implies that(l-ba")Or(a")=r(a) [ Ris SXM] ,yieldinga =ara".
Takec=ra""' OR, hencea = aca .ThereforeRis n-regular .

Proposition 2.11:

Let Rbe a ring whose every simple right R-module is A\victive then :
1. J(R) n Soc(R) =0

2-I(R) is a reduced ideal dR.
Proof :
If J(R)n Soc(R)#0 , then there exists a minimal right idekR of R with

kRO J(R). If kRis a direct summand ,thekiR = eR for some0# e’ =eJRand we get
e J(R) ,which is a contradiction . So thétR)* = 0. Sincer (k) is maximal right ideal of
R,thenR/r(k) is AWN-injective . Letf : kR - R/r(k) be defined byf (kr) =r +r(k),

Then f is a well defined R-homomorphism .SincR/r(k) is AWN-injective
leirgol (K) =r(K)k O X, where X, is a left S-submodule ofM . Therefore
1+r(k) = f(k) =bk+r(k)+ X (Lemma 2.2) .Thusl-bk+r(k)=x0Or(k)kn X, =0,

1-bk Or (k) .Sincek 0 J(R) ,thenbk 0 J(R) O (k) , which impliesZ" (%) which is also
a contradiction .Therefor@(R) n Soc(R) =0 .
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Let 0#aldJ(R) such thata®= 0 Sincea# 0 then there exists a maximal right
ideal M of R containing r(a . Thus R/M is AWN-injective, and
laulz(@ =(R/M)all X, <R/M.

Let f:aR - R/M be defined byf(ar)=r+M . Then f is a well defined R-
homomorphism. So there exists OR,xOX, such that1+M =ra+M +x ,
l1-ra+M =xOR/M n X, =0 . Hence 1-raOM and sol1lOM , which is a

contradiction .Hence) R i} reduced .

Lemma 2.12 [1]:

If Y(R)=0,then SR is a maximal right quotient ring Bf . Thus the maximal right
quotient ring of any right nonsingular ring is rémgu

Now, we have the following theorem.
Theorem 2.13:

If R is a right GNPP right AWN-injective ring, then tleenter ofR (C(R))is n-
regular.

Proof :

SinceY(R) =0 [Proposition 2.5] ,then there exists a right maadiquotient ringS of

R such that it is regular Lemma (2.12) ,th@(S) is also regular [ The center of a regular

ring is regular] .For any0# alN(C(R)) O N(C(S)), there existssOC(S) such that
a=asa=a’s=sa’. Thusr(a") =r(a),l(a) =1(a") for any positive integer n . We Claim
that @is n-regular inN C R )) Note thata® # Q So there exists a positive integer m with
a®" #0 such thatr(a®") =Ra*" 0 X ., for some left ideal X ., of R sinceRis right
AWN-injective .Thuslr(a®™*) =Ir(a®") = Ra*" 0 X ., and Soa’™* = da*" + x for some

dORand xO X ,,.Thena®" = ada’" + axand(l-ad)a*" =axORa’" n X ,, =0.
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Therefore (L-ad)a®" =0 and (1-ad)OI(a®")=1(a) , and So a=ada=a’d .
Let u=ad? then a=a’d = a(a’d)d =a’ad? =a’u .Forany xOR , a*(xu—ux)=0 So
(xu-ux)Or(a?) =r(a),0=a(xu-ux) = a(xad? —ad?x) =a?(xd2 -d2x), (xd*> —d*x)0r(a*) =r(a).

Thus xu—-ux =xad” -ad*x=a(xd”* -d*x) =0 .So xu=ux, uJC(R) and a=aua
ThereforeC R )s n-regular .

Lemma 2.14 [7]:

If R is a semiprime ring ,then(a") =r(a)for anya0JC(R) and a positive integer n .
Proposition 2.15:

If R is a semiprime right AWN-injective ring ,then tbenterC(R) of R is n-regular .
Proof :

For any 0zalN(C(R)) , Ranl(a)=0 .Since R is semiprime. Therefore,
l(@a™) =1(c) =r(c) =r(a") for any a positive integer n Lemma (2.14) .Notet tha=0
becauseRan I(a) = 0As in the proof of Theorem [2.13(]:,(R) is n-regular.

Proposition 2.16:

LetRbe a ring ,if for any elemerd[0 N R(,there exists a positive integer n such
thatr(a") Or(a)anda" # 0if R/r(a") is AWN-injective , thenR is n-regular ring.

Proof :
Let a be any element inN(R) and let f:a"R - R/r(a") be defined by

f

f(a"s)=s+r(a")for all sORand positive integer n aral' # .Then ' is a well defined

R-homomorphism .Sinc&/r(a") is AWN-injective, IR/r(an)rR(a") =(R/r@")a"0Xx_,,
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where X_, is a left S-submodule oR/r(a") , (X, OR) , Then there exists
bORand xOX_, such thatt+r(a") = f(a") =ba" +r(a") + x(Lemmaz2.2).

Thus1-ba" +r(a") =x0OR/r(@")n X_, =0 , 1-ba"Or(a") Or(a) implies that
a=aba" .TakeC=ba"" Henced=aca  ThereforeR is n-regular ring.

Theorem 2.17:

Let R be a ring witha"R=aR for everyaldR and a positive integer " #0 .If
every simple right R-module is AWN-injective, thénis right n-weakly regular ring.
Proof :

We will Show thatRaR+r(a) =R for anyallN R),If RaR+r(a) # R ,then there
exists a maximal right ideaM of R containing RaR+r(a) . Then R/M is AWN-
injective then I, r@")=(R/M)a"0X_, , X, <R/M .Let f:a"R- R/M be
defined by f (a"r) =r + M .Note thatf is well defined .Sd+M = f(a")=ca" +M +Xx,
cOR, xOX_,, l1-ca"+M =xOR/MnX=0.

Sol-ca"OM ,Since ca"0Ra"R=RaROM , 10M , Which is a contradiction .
ThereforeRaR +r(a) = R for anyald N(R) , thenR is a right n-weakly regular .

Following [13], a ringRis called right N duo iaR is an ideal ofR for all alDN (R).

Every reduced rings is N duo.

Now , we give the definition .
Definition 2.18:

An elementx 0 N(R) is called right (left) generalized n-regular itk exists a positive
integer n such that" # 0and x" = x"yx (Xn = xyx”) for someyOR . Aring R is called

right (left) generalized n-regular if every elementN(R) is right (left) generalized n-

regular .
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Theorem 2.19:

Let R be AWN-injective ring withir(a") =I(r(a"™) for everyalN(R) anda" # 0.
Then R is generalized n-regular.

Proof :

Suppose thaaON(R) .Then there exists a positive integer n such #at 0 and
Ir(a") =Ra" O X for some X <R. Sincelr(a")=I(r(a"™) , thenlr(@"™*)=Ra" O X
and a"'=da"+x for some dOR , xOX . So a =ada'+ax
ax=a"-ada"ORa"N X =0, a" =ada" .

This proves thaR is generalized n-regular.

Definition 2.20:

A ring R is called right Quasi-Nduo ring if every right nigal right ideal is right
Nduo.

Theorem 2.21 :
LetRbe a right quasi N duo and every simple right R-nieds AWN-injective

Then every element dil(R) is stronglyll-regular.

Proof :

For any0 # a0 N(R), we will show that there exists a positive integesuch that
a"R+r(a") =R .Suppose not ,then there exists a maximal rigkali¥ of R containing
a"R+r(a").SinceR/M is AWN-injective , I, (rz(@")) =(R/M)a" + X ,, X_, <R/M
anda" #0. Let f :a"R - R/M be defined byf(a"r) =r +M .Sincea"R+r(@") 0 M,
f is well defined R-homomorphism .Thus there existSR, xOX_, such that

1+M =ca"+M +x , by Lemma (2.2) thei-ca"+M =x0O(R/M)a"n X, =0,
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1-ca"OM andca"OM ( R is right Nduo) and SdlJM ,which is a contradiction.
Thereforea"R+r(a") =R .In particulara"x+y=1, xOR, yOr(a"),Soa" =a™ +x .
Thus a is stronglyll-regular.

3- On Simple Singular AWN-injective M odules

In this section ,we study of rings whose Simplegslar right R-module are AWN-
injective .Also we give the relation between thiggs and reduced rings .

A right MC2 ring Ris called strongly right MC2 iRis also weakly reversible ring
[12].

Now , the following result is given :
Proposition 3.1:

Let R be a ring whose every simple singular right R-nleds AWN-injective .Then
Y(RNZ(R) =0.
Proof :

If Y(RINZ(R)#0, then there exist®#bOY(R)NZ(R) such thatb’> =0. We

claim thatRbR +r(b) = R . Otherwise there exists a maximal essentiditrideal M of R
containing RobR+r(b) .So R/M is AWN-injective, andly,,, rx(b) =(R/M)bDO X, .
X, <R/M . Let f:bR ~ R/M be defined byf(br)=r+M . Note that ' is a well
defined R-homomorphism. Therl+M = f(b)=cb+M +x , cOR , xOX, ,
1-cb+M =xOR/MN X, =0, 1-cbOM .Since coORbROM , 10M , which is a
contradiction . Thereforel=x+y , xORbR , yOr(b) , and sob=bx . Since

RbRO Z(R), xOZ(R). Thusl(1-x) =0 and sob=0, which is a contradiction . This
show thatY(R)NZ(R) =0 .
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Theorem 3.2:
R is a reduced ring if and only R is a strongly right MC2 ring whose simple singular

right R-modules are AWN-injective .

Proof :

The necessity is evident .

Conversely: Leta®> =0. Suppose thaa# 0.Then there exists a maximal right ideal
M of Rcontainingr & ) First observe thaM is an essential right ideal & .If not ,then
M =r(e) for someedME, ( the set of all minimal idempotents elementsRitSinceRis
strongly right MC2 ring Ris a strongly min-right semi central ring ,to so wlaain€ is
central inR. usingalr(a) ,we getae=ea=0.Henceelr(a) M =r(e) .Which is a
contradiction .Therefor&M must be an essential right ideal Bf. Thus R/M is AWN-
injective ,and there exists a positive integar=1 such that a"#0 and

lemTr(@") =(R/M)a"O0X_, , X,<R/M .Since a®=0 ,then n=1 ,and therefore
lxulr(@) =(R/M)al X, .Let f:aR -~ R/M defined by f(ar)=r +M .Note that  is
a well-defined R-homomorphism . Sin&M is AWN-injective ,there exist§J Rsuch
that1*M = f(a) =ca+M +x xU Xa(LemmaZ.Z). St-ca+M =xOR/Mn X, = Q

Sincea? =0, acaR 0 N*(R)( the sum of all nil ideah) N(R) Hence®@UN(R) ang so
1-callU(R) (the set of all invertible elements ), which ingslithatM = R, which is a

contradiction . Therefora =0, andRis reduced .

Theorem 3.3:
Let Rbe a NCI ring .IfR satisfies one of the following conditions ,thBnis a reduced
ring :

1- R is a right n-weakly regular .
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2- Every simple right R-modules AWN-injective .
3- Ris right MC2 whose every simple singular right miedis AWN-injective .

Proof :
If N(R) 20, there exist® # | of Rcontained inN(R).Clearly ,there exist® # b0 |
such thatb? = @nd so there exists a maximal right idé&lof R containingr b )
If R is right n-weakly regular ,thelb=bcfor somec0RbR.SinceRbR O 1 00 N(R),
there exists a positive integer n= 1 such that c¢c"= 0 Hence
b=bc=ccb=cccb=....c"b =0, which is a contradiction .

If R/M is AWNe-injective, thenlg,, r(b") =(R/M)b" O X X ., <R/M .Since

p" 7 e =

b*> =0,thenl,, r(b) =(R/M)b0 X, . Let f :bR - R/M be defined byf(br)=r+M.
Note f is a well defined So1+M=f(b)=cb+M+x , CHRXUX,
1-cb+M =xOR/M n X, =0 ,1-cbOM.

SincecbU I O N(R), 1-cbUOU (R), which implies thatM =R , a contradiction .

If Mis not an essential right ideal &, thenM =r(e) for somee[ME, (R) . Clearly
eb=0.1f eRb#0, TheneRbR=eR.But eRbR | 00 N(R) ,which is a contradiction ,
becausee[d N(R) .So eRb = 0 .ThereforeM is essential ,theR/M is AWN-injective and
lxuf(B) =(R/M)bO X, .Hence by the same method as in the proof of §&x)gntradiction

. ThereforeR is reduced .

Aring R is said to be NI ifN(R)forms an ideal olR. Aring R is said to be 2-prim
if N(R)=P(R), whereP R )is the prime radical oR . Clearly , every 2-prime ring is NI
[9] .
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Theorem 3.4:

Let R a right MC2 ring whose every Simple singular rightnodule is AWN-injective,
then the following conditions are equivalent :

1- R isreduced ring .

2- R is 2-primering .

3- R isNlring .

Proof :
1 -2 - 3 are obviously .

(3) - (1) Leta® =0. Supposea # 0. Then there exists a maximal right idéal of R
containingr @ ).If M is not essential iR, thenM =r ¢), wheree’ =eR is a right
minimal element . Hencea = 0 becausealr(a) .If eRa# 0, theneRaR =eR. SinceR is
NI ring, then N(R) is an ideal of R ,So eRaRION(R) becausealN(R) . Thus
e N(R) ,which is a contradiction .This show thelRa = 0. HenceaRe=0 becauseR is
right MC2 . Thusellr(a) O r(e) which is also a contradiction . This implies th\dtis
essential in R then R/M s AWN-injective .by hypothesis .So
Il (@ =(R/M)al X,, X, <R/M (a*=0,then n=1) .Letf :aR -~ R/M be defined
by f(ar)=r+M . Note that f is well defined R-homomorphism . Then
1+M =f(a)=ca+M +x, cUR, xOX, ,1-ca+M =xUOR/M n X, =0,1-callM .
SincecallN(R), 1-ca is invertible ,SoM = R ,which is a contradiction . This show that
a=0 and soR is reduced .

Call a ring R right GMC2 for any@U R any right minimal idempoter@UR |
eRa =0 impliesaRe=0. Clearly, a right GMC2 ring is right MC2 . [12]
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Lemma3.5[12]:

Let Rbe a right GMC2 ring and i&Ris not a right weakly regular element, then
every maximal right ideaM of RcontainingRaR+r & )must be essential iR .
Proposition 3.6 :

Let Rbe a right GMC2 ring and if every simple singulaght R-module is AWN-

injective ,then for any # ald N(R) there exists a positive integer n such thatt 0Oand
RaR+r(a")=R .

Proof :
Assume thag" # 0, a™ =0. If a"is a right weakly regular element ,then we are done

otherwise ,by Lemma(3.5), there exists a maximadeesal right ideal containing

Ra"R+r(a") . Thus R/M is AWN-injective and I, ,r(@")=(R/M)a"0Xx_, ,
X.<R/M .Let f:a"R - R/M be defined byf(a"r)=r+M .Note that T is a well
defined R-homomorphism. Then 1+M =f(@")=da"+M +x, dOR, xOX_, ,
1-da"+M =xOR/M n X_, =0 ,1-da"0M . Sinceda”" DRa"ROM , 10M , which

is a contradiction . HencR=Ra"R+r(a") = RaR+r(a") .

From Theorem (3.4) and proposition (3.6) we get :

Corollary 3.7:
Let Rbe a right GMC2 , NI ring ,whose every simple silaguight R-module is AWN-
injective .ThenR is weakly regular ring .
Theorem3.8:
If R is strongly right MC2 , then the following statemt®are equivalent :
Every right R-module is WN-injective .
Every right R-module is AWN-injective .
Every simple right R-module is AWN-injective .

Every simple singular right R-module is AWN-injei.
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R is reduced.

R is n-regular .

Proof :
Obviously (1~ (2) = (3) = (4) , (5)=(6).And by [ Theorem 3.2] , (4) implies (5) .
(6) = (1) Lemma (2.1).
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