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BOUNDEDNESS OF MARCINKIEWICZ INTEGRALS ON HERZ
SPACES WITH VARIABLE EXPONENT

ZONGGUANG LIUD AND HONGBIN WANG®)

ABSTRACT. In this paper, the authors obtain some boundedness for Marcinkiewicz

integrals and their commutators on Herz spaces with variable exponent.

1. INTRODUCTION

Given an open set  C R", and a measurable function p(-) : Q — [, 00), LPO)(Q)

denotes the set of measurable functions f on €2 such that for some A > 0,

[ ()

This set becomes a Banach function space when equipped with the Luxemburg-

p(x)
||f||Lp<‘><m:mf{A>o:/Q(@) dxgl}.

These spaces are referred to as variable LP spaces, since they generalized the standard

Nakano norm

LP spaces: if p(x) = p is constant, then LP()(€) is isometrically isomorphic to LP().

The LP spaces with variable exponent are a special case of Musielak-Orlicz spaces.
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For all compact subsets E C €, the space L (')(Q) is defined by

loc

Lp(')(Q) ={f: f e LPY(E)}. Define P(Q) to be set of p(-) : & — [1, 00) such that

loc
p~ =essinf{p(z) :2€Q} >1, p" =esssup{p(x): 2 € Q} <.

Denote p'(z) = p(z)/(p(z) — 1). Let B(Q2) be the set of p(-) € P(£2) such that the
Hardy-Littlewood maximal operator M is bounded on LP()(Q). In addition, we
denote the Lebesgue measure and characteristic function of measurable set A C R"
by |A] and x4 respectively.

In variable L? spaces there are some important lemmas as follows.

Lemma 1.1. ([3]) Let p(-) € P(Q). If f € LPY(Q) and g € LP'O(Q) , then fg is

integrable on Q and

/ F@)g(@)ldz < ol fll oo lgl o
Q

where

rp=1+1/p" —1/p".

This inequality is named the generalized Holder inequality with respect to the

variable L” spaces.

Lemma 1.2. ([1]) Let p(-) € B(R™). Then there exists a positive constant C' such

that for all balls B in R™ and all measurable subsets S C B,

X5l Lro) @n) < C@

HXS”LP(')(R”) N ‘S|’

X3l et @) <C (ﬁ)‘ﬁ’ Xl Lo my <c (ﬁ)‘b’
x5 et gny 1Bl x5l o @ |B|

where 01,09 are constants with 0 < d1,09 < 1 .

Throughout this paper d; and J, are the same as in Lemma 1.2.
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Lemma 1.3. ([1]) Suppose p(-) € B(R™). Then there exists a constant C > 0 such
that for all balls B in R"™,

1
E||XB||Lp<->(Rn)||XB||LP'(»>(Rn) <C.
Firstly we recall the definition of the Herz spaces with variable exponent. Let
By = {x € R": |z| < 2F} and Ay = By, \ By_1 for k € Z. Denote Z, and N as the
sets of all positive and non-negative integers, x, = xa, for k € Z, x, = xx if k € Z

and Xo = XB,-

Definition 1.1. ([1]) Let € R,0 < p < oo and ¢(-) € P(R™). The homogeneous

Herz space K;(’?; (R™) is defined by

KR = {f € LR\ {0]) < [fllicnr oy < 00},

where

o] 1/p
1 lier oy = { > 2’mp||ka||§q(.)(w)} .

k=—o00

The non-homogeneous Herz space K ()(R”) is defined by
KSR = {f € LR ¢ | fllissan < o0},

where

o0

1/p
||f||Ko"’(]Rn = {Z QkaprXk“Lq() R } :

k=0
Suppose that S"~! denote the unit sphere in R"(n > 2) equipped with normalized
Lebesgue measure. Let © € Lipg(R™) for 0 < 3 < 1 be homogeneous function of

degree zero and

Q(z')do (') =0,

Sgn—1
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where ' = x/|z| for any x # 0. In 1958, Stein [5] introduced the Marcinkiewicz

integral related to the Littlewood-Paley g function on R™ as follows

wne = ([T imn@ee) ",

where

Ff@ - [ &= poay.

le—y|<t |$ - y|n71
It was shown that p is of type (p,p) for 1 < p < 2 and of weak type (1,1).
Let b be a locally integrable function on R", the commutator generated by the

Marcinkiewicz integral p and b is defined by

b, 1)(f) () = ( / )

Recall that the space BMO(RR™) consists of all locally integrable functions f such

/ M[b(fﬂ) —b(y)]f (y)dy

z—y|<t ’.CL’ - y’nil

that
1
111 = sup oo /Q (@) — foldz < oo,

where fo = |Q|™" |, f(y)dy, the supremum is taken over all cubes @ C R" with sides

parallel to the coordinate axes

Lemma 1.4. ([2]) Let k be a positive integer and B be a ball in R". Then we have

that for all b € BMO(R™) and all j,i € Z with j > 1,

1
EHb”k < sup 100 = b8)* x5l Lo @y < CIOE,

IXBl o) mry
(b= b,)*xB, | oy @y < CG = D)FIIBIE X8, 1] 2o ey

There are two lemmas for p and [b, u] respectively.
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Lemma 1.5. ([6]) If p(-) € B(R"), then there exists a constant C' such that for any
fe POR),

()l e @ny < Clf Nl Lo @my-

Lemma 1.6. ([6]) If p(-) € B(R") and b € BMO(R"), then

116, () o ey < CLBINF N o ey -

Inspired by [1-6], we obtain some boundedness for Marcinkiewicz integrals and

their commutators on Herz spaces with variable exponent.

2. BOUNDEDNESS OF MARCINKIEWICZ INTEGRAL OPERATORS

In this section we will prove the boundedness on Herz spaces with variable exponent

for Marcinkiewicz integral operators .

Theorem 2.1. Suppose q(-) € B(R"), 0 < p < 0o and —nd; < o < ndy. Then p is

bounded on K:(’g(R”) and K 5(R").

Proof It suffices to prove the homogeneous case. The non-homogeneous case can be

proved in the same way. We suppose 0 < p < 00, since the proof of the case p = oo

is easier. Let f € K;‘(’?;(R”), and we write f(x) = Z fx(x) = Z fi(z). Then
p— j=—00
we have
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o 1/p
||M(f)HK«(;<’-'§(R") :{ Z 2kap”ﬂ(f)XkHiq<~>(Rn)}
k=—00
0 k—2 pN 1/p
- O{ > 2 ( > ”M(fj)XkHLq(-)(Rn)) }
k=—0oc0 j=—00
(2.1) > k+1 PN 1/p
+C Z 27 Z ()X o) (mmy
k=—o0 j=k—1
> oo py 1/p
+C{ Z 2ker < Z ||M(fj)Xk||Lq<~)(Rn)> }
k=—o0 j=k+2

= CEl + CEQ + CEg

By Lemma 1.5, we know that g is bounded on L")(R™). So we have

RaeH®n):

00 1/p

k=—o00

Now we estimate E;. We consider

2| T —
u(f;) ()] s(/ / 2w =y) ¢y

z—y|<t |ZE y|n !
(/
||

/ ij(y)dy
=: I+ F5.

z—y|<t ’[L’ - y’nil

Note that x € Ay, y € A; and j < k—2. So we know that |z —y| ~ |z|, and by mean

value theorem we have

1 1
jz =yl [z

Y|

(2.2) < .
lz —yl?
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Since (2 is bounded, by (2.2), the Minkowski inequality and the generalized Holder

inequality we have

2] 1/2
Fo< C/ 1fiW) / dt dy
R ‘I’ - y‘nil |z—y| t3
s / Hw)l |1 LY
T Jre =yt e =y Jaf?
1/2

_ dy
)l
<C dy
% \x—y\” Vo —y|3?

|n+1/2 / |f |dy

< C2U7R2278| Fill paco ey 1 L0 -

Similarly, we consider Fy. Noting that |z —y| ~ |z|, by the Minkowski inequality and

the generalized Holder inequality we have

1) < qr\ '
& SC/R"%_JT</|I 73) "
cof LWl

g [T —y|"

< C2ikn|‘fj“Lq(‘)(R")|’Xj’|Lq/(')(Rn)'

So we have
|1(f3)(@)] < C27%| £ill oo ey G | Lo -

By Lemma 1.2 and Lemma 1.3 we have

()Xl e @y < C27F N fl pacr oy 1 | o ey X ) gmy
< C27%|| fill o> )

XB; ||L<1’(-)(]Rn) ||XB;C ||Lq(~)(Rn)
< C27 £l o ey 13, M| a9 ey <|Bk|||XBk||£ql/(.)(Rn)>

HXB“L‘I’(')(R”)
= CHfj”Lq(‘)(Rn) ||XBJ ||L 'O (Rm)
k a n

< C2U9% | £i]] Lac) (gmy-
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Thus we obtain

00 k—2 py /P
B < C{ > ke < > 2079 fill e (R")) }

k=—o00 —
) O{ 2 (Z 2ja2(jk)(mza)”fj\|m<~>(w>> } .
k=—o00 j:_oo
If 1 <p< oo, take 1/p+1/p’ = 1. Since nds — a > 0, by the Holder inequality we
have
Ey { Z < Z QJap“fJ”Lq O &™) 9li—F n52a)p/2)
k=00 \ j——oo
k2 . , p/p'y\ 1/p
X( Z 9(i—k)(nb2—a)p /2) }
j=—00
- 1/p
=C { 2. (Z 2P| [ 12 gy 20 W)}
(2.3) =\
© 1/p
= C{ Z 2]ozp||f]||Lq() Rn) ( Z 2(J—k)(n52—o¢)p/2> }
j=—o00 k=j+2
1/p
{ Z QJaP”fJ”Lq O (R) }
j=—00

= Ol fllicon -

If 0 < p <1, then we have

) k—2 1/p
E]_ S C{ Z Z 2]Oép2(]_k)(n62_a)pr]”Izq()(Rn)}

k=—00 j=—00

1/p
2.4 Z
( ) = C{ E QJQPHJEJ”M()(R" < 2 ) }

j=—00 k=j+2
< Ollfllon ny-
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|z —y| ~ |y|. We consider

W)@ < ( / "
oo

=: G1 + GQ.

Let us now estimate E3. Note that x € Ay, y € A; and 7 > k + 2, so we have
Qz —y)
/ 1Y)

2 dt 1/2
dy| —
z—y|<t |£E - ylnil t3)

) 1/2
e ?)

z—y|<t ’ZC - y’n—l

Similar to the estimate for £}, we get
G < CQ(k_j)/QQ_janj||Lq<-)(Rn)||Xj||Lq’<<>(Rn)'
Similar to the estimate for Fy, we get

Ga < C277| fjll zaes ey |15 1| £ (my -

So we have
|(f5) ()] < 277 £l e ey 15 | Lo ey

By Lemma 1.2 and Lemma 1.3 we have

() xk e @ny < C277 | f1] pacy ey 1| Lo oy XN £ ey
< C277| fill oo @y l1xB; | o0 ey |1 X B ) ey
< C277| £l pacy ey §|BJ|HXB]~”L(;{1(»)(R7¢)) X8y M| Lo mn)
|

X5,
< Olilleo @ o T
Moo

< (o (k—j)né1 Hfj”L‘1<'>(R")'

Lq(')(Rn)

Thus we obtain

00 00 py 1/p
By < C{ Z gkap ( Z Q(k_j)msl||fj||L‘I(')(R”)) }

k=—o0 j=k+2

00 e’} py 1/p
:0{ Z (Z 2ja2(kj)(n51+a)HfjHLq(,)(Rn)> } .

k=—oco \j=k+2
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If 1 <p<oo,take 1/p+1/p’ = 1. Since nd; + o > 0, by the Holder inequality we

have
B <0 30 (3 2 200 )
k=—co ™ j=k+2
= p/p'y 1/p
><< Z Q(k—j)(n51+a)p//2) }
Jj=k+2
= 1/p
< C{ Z ( Z 2jap||f]||LQ()(R" o(k—3) n51+a)P/2)}
> j—2 1/p
— C{ Z 2-70Cp||f.7||Lq() R” ( Z Q(k—])(n61+04)p/2) }
Jj=—00 e oo
o 1/p
< C{ Z 2304p||f]||Lq() - }
j=—o00
= Ol

If 0 < p <1, then we have

- 1/p
Ey < C{ Z Z 970po (k=) néﬁap”f]“;;q( }

k=—00 j=k+2
I~ 1/p
(2.6) N o A st
=C Z 2j prJHLq() R7) Z Q(k J)(néi+a)p
Jj=—00 Pl

< OHf”K:;({’)’(R")'
Therefore, by (2.1), (2.3)-(2.6) we complete the proof of Theorem 2.1.

3. BOUNDEDNESS OF THE COMMUTATORS OF MARCINKIEWICZ INTEGRAL

OPERATORS

In this section we will prove the boundedness on Herz spaces with variable exponent

for the commutators of Marcinkiewicz integral operators [b, p].

Theorem 3.1. Suppose b € BMO(R"), ¢(-) € B(R"), 0 < p < 00 and —nd; < a <
ndy. Then [b, u] is bounded on I'(;(’g(]R”) and K 5(R").
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Proof Similar to Theorem 2.1, we only prove homogeneous case and still suppose

0 <p< oo Let fe€ an(’?;(R”), and we write f(x Z fxj(x) = Z fi(z)

J=—00 j=—00
Then we have

1/p
1B (D ey = {Z 25| Xk”mm}

k=—o00

- L py 1/p
{ 3 2 ( > e u}(fj)XkHquRn)) }
k=—o00 J=—00
. ft py 1/p
(3.1) +C{ Z Qkap ( Z ||[b,M](fj)XkHLq(-)(R")) }

k=—o0 j=k—1
o o0 py 1/p
+C{ Z 2 < Z ||[b7#](fj)XkHLq(-)(Rn)) }
k=—o0 j=k+2

= CUl +CU2 +CU3

By Lemma 1.6, we know that [b, 4] is bounded on L") (R"). So we have

1/p
Uy < C{ Z 2kap||fk“m<) Rr } - CHfHK?('-’ﬁ(R")‘

k=—00

Now we estimate U;. We consider

2] 9 1/2
b, () @) < ( / jft>

2 1/2
h M ) — ' dt

= Vi+W.
Note that © € Ay, y € A; and j < k — 2, and we know that |z — y| ~ |z|. Since €2

/| Q(”’"—‘V;”)l[b( )~ b))y

z—y|<t |:B -y

is bounded, by (2.2), the Minkowski inequality and the generalized Holder inequality
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we have

v, <o [ @)= b@I5W) </'x' dt>1/2dy
|

R |ZE - y|n—1 z—y| t_3
o ) 1/2
<(J/ b(z) —b@)II S| 1 1 dy
= e eyt [z —yl* o]

<O/ [b(z) — b)) ly['? dy

lz =yt [ —yl32

< Crors [ o) =01 W)l

J

< (U—k)/29=kn {Ib(x) — bg,| /A |fi(y)|dy + /A bg, — b(y)l|fj(y)ldy}

< 02‘“)/22’“”ny||m<-><w>{|b(x) — b, [[Ix8; |l L) @y + 1 (b5, — b)XjHLQ’(')(]Rn)}'

Similarly, we consider V5. Noting that |x —y| ~ |z|, by the Minkowski inequality and

the generalized Holder inequality we have

v, <c [ @) =I5 < /°°dt>1/2dy
|

R |ZE - y|n—1 x| t_g
<C / |b(z) — b(y)\ifj(y)! dy
n |z =yl

< C275 fill ooy ey 3 10(x) = b, |18, | L gy + 11 (B, — b)Xj“Lq'(')(R”)}‘

So we have

1B, 1) (f3)(@)] < C27| il paco ) { [6(2) = b5, |1xB; | Lo ey +- 11 (B —b)XjHLq'm(Rn)}-
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By Lemma 1.2, Lemma 1.3 and Lemma 1.4 we have

165 2] (£) Xk M| L) ey
< C27%| £l Lt emy
X { ”(b - ij)Xk”Lq('>(R”)||XBj HL‘Z'U(R") + ||(ij - b)Xj||Lq’(~)(Rn)HXkHLq(-)(Rn)}

< C27%| £l pac emy

X {(k — DIBILAIX B Lo @my IxB; | oy ey + 101l XB; [ ) g XBkHLq('>(R")}
< C27 fill o oy (k = DBl X B £ oy X8, | oo ey

_ 185 Lo @y
< O = DIy 2o =
LIl Ld ) (R

< C2079m% (ke — )bl f51] Lo ey -

Thus we obtain

0o k—2 py Up
h < c{ 3 gk ( 3 2@**@(%—j>||bu*||fj||m<<><Rn>> }
k j=
2

:o;OO k— - pN 1/p
= 0{ > (Z 2]”2“)(”52a><k—j)an*ufjqu(»(Rn)) } .
k=—o0 \j=—o©
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If 1 <p<oo,take 1/p+1/p’ = 1. Since nds — o > 0, by the Holder inequality we

have
00 k—2
0 <] 30 (X 2l 20005
k=—o00 j=—00
k=2 ] , . p/p'N 1/p
% ( Z 9(i—k)(ndz—a)p /2(k _ j)P) }
j=—00
1/p
<om.{ £ (£ 2t ep-oo-or)
(32) k=—o00 \j=—o00
00 1/p
=C%m{iiwwm&ww<§:z 7@am>}
Jj=—00 k=j+2
1/p
S OHb”*{ Z 2]ap||fJ”Lq() R }
j=—00

= Clollol ey

If 0 < p <1, then we have

- 1/p
U, g0||b||*{ > Z giorgU=Rno=elp(f — jyp ||fJ||Lq<>(Rn}

k=—o00 j=—00

(3.3) o v
. = C||b]. { Z QJaprJHL‘I() =) ( Z U=k (2 =e)p (f; _ j)p> }

j=—o0 k=j+2

< CYollllfl p ey

Let us now estimate Us. Note that x € Ay, y € A; and j > k + 2, so we have

1/2
2 dt
3

1/2
2\
3

|z —y| ~ |y|. We consider

lyl
HhM%ﬂ@!é(A

+<|‘ A o) = b))

lz—y|<t |.I’ -

L[ AT =Y) 12y — byl )y

z—y|<t |l‘ - y|n !

= W1 + WQ.
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Similar to the estimate for Vi, we get
W, < CQ(k_j)/22_jn”fj||L‘J(')(R"){|b(x) = b, lIxB; | Loy + 11 (0B, — b)XjHLq/(')(R”)}'

Similar to the estimate for V5, we get

Wy < CQ_jn”fj”qu(Rn){|b($) = bg X8|l Loy ey + 11 (bB; — b)XJ'HLq'(‘)(R")}'

So we have

1[0, 1] (f5) ()] < C2777| fill pac emy { b(x) = b, [[XB; | Loy @y + 11 (bB; — b)XjHL‘l'(')(R")}'

By Lemma 1.2, Lemma 1.3 and Lemma 1.4 we have

100, 1] (f5) Xkl Lot @)
< C277| £l pacy ey

< { 16 = b5, )l 0> @y I8, o oy + 11 (B, — b>Xﬂ‘”“’“<R">”X’“””('“R”)}
< O fyll oo

x {HbH*HXBk”LQ(-)(R")HXBJ‘||Lq'(-)(]R") +(- k‘)||b||*||XBj||Lq’<->(Rn)||XBk||Lq<'>(R")}
< 2yl a0y (G = BBl I ey e, o

. x5 ||Lq<~>(1Rn)
< C(G = RBINFl o oy
||XB]- ”LQ(')(R")

< C257m (i — BBl 5| oo ey

Thus we obtain

o) o] py 1/p
Us < c||b||*{ N gker ( > 2(k_j)"61(j—’f)||fj||Lq<-)(Rn)) }

k=—o0 j=k+2

00 00 py 1/p
- CHbH*{ Z < Z 2ja2(kfj)(n61+a)(j — ]g)”fjHLq(,)(Rn)> } .

k=—oco \j=k+2



238 ZONGGUANG LIU AND HONGBIN WANG

If 1 <p<oo,take 1/p+1/p’ = 1. Since nd; + o > 0, by the Holder inequality we

have
Us SCllbii*{ 2. ( > 2 e 2<M><n51+a>p/2)
k=—oco “j=k+2
> /v’y 1/p
x( Z 2(k*j)(n51+a)p’/2<]’ _ k)p’) }
j=k+2
1/p
com.{ $ (5w |
(34) k=—oc0 \j=k+2
o j—2 1/p
— CHbH* { Z 230¢p||fj||Lq() (R™) ( Z 2(k—j)(n51+a)P/2> }
j=—00 k=—00
’ oo 1/p
S O”bH*{ Z 2jap||f]||Lq()(Rn }
j=-—o00

= CYoll Il p sy

If 0 < p <1, then we have

1/p
Us goubu*{ > Z 21D (G — ) Fil] o }

k=—o00 j=k+2
(3.5) o i v
= C||b]|. { Z QJCX;DHJCJHLq() 2 ( Z 2(k—3)(n61+a)P<J‘ _ I{:)”)}
j:—oo k=—oc0

< CJblll| liz oy

Therefore, by (3.1)-(3.5) we complete the proof of Theorem 3.1.
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