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A SHORT NOTE ON THE ORTHOGONALITY IN FUZZY METRIC
SPACES

H. MAZAHERI®) | B. DAVVAZ®

ABSTRACT. The purpose of this paper is to introduce and discuss the concept of
orthogonality in the fuzzy metric spaces. At last we introduce and discuss the
concept of orthogonality in the fuzzy normed spaces, and obtain some results on

orthogonality in fuzzy normed spaces similar to orthogonality in normed spaces.

1. INTRODUCTION AND PRELIMINARIES

It is well known that the conception of fuzzy sets, firstly defined by Zadeh in 1965.
Fuzzy set theory provides us with a framework which is wider than that of classical
set theory. Various mathematical structures, whose features emphasize the effects
of ordered structure, can be developed on the theory. The theory of fuzzy sets has
become an area of active research for the last forty years. On the other hand, the
notion of fuzzyness has a wide application in many areas of science and engineering,
chaos control [3], nonlinear dynamical systems, etc. In physics, for example, the fuzzy
structure of spacetime is followed by the fact that in strong quantum gravity regime
spacetime points are determined in a fuzzy manner and therefore the impossibility of

determining position of particles gives a fuzzy structure.
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Fuzzy metric spaces is one such branch, combining ordered structure with topolog-
ical structures. Fuzzy metric spaces and fuzzy normed spaces are studied by many
authors [2, 4, 6, 11] from different point of view. In [4] George and Veeramani modi-
fied the concept of fuzzy metric space introduced by Kramosil and Michalek [8], and
obtained a Hausdorff topology for this kind of fuzzy metric spaces. It was proved
in [2] that the topology induced by a fuzzy metric space in George and Veeramani’s
sense is actually metrizable. In [1], the authors considered complete probabilistic
metrizable (topological) space and prove that any G set in a complete probabilistic
metric spaces is a topologically complete probabilistic metrizable space. In [12], some
fixed point theorems in intuitionistic fuzzy metric spaces are proved.

In Quantum mechanics one deals with measurable observable which denotes by Her-
mition operators. These operators satisfy some eigenvalue problems < H |y, >=<
E,|t, >. The eigenvalues are read and the eigenvectors are orthogonal, i.e., {<
Un|thn >= dmn}-

A concept of orthogonality on normed spaces was introduced by Birchhoff. Our
main motive of this paper is to establish the orthogonality in fuzzy metric spaces.

For easy underestanding of the material incorporated in this paper, we recall some

basic definitions and results.

According to [10] a binary operation = : [0,1] x [0,1] — [0,1] is a continuous
t-norm if x satisfies the following conditions:

(1) % is commutative and associative;
(2
(3

)
) * is continuous;

) ax1=a for every a € [0,1];

(4) axb < cxd whenever a < cand b <d, and a,b,c,d € [0, 1].

In fact a binary operation x : [0,1] x [0,1] — [0,1] is a continuous ¢- norm if

([0, 1], %) is a topological monoid with unit 1 such that a x b < ¢ x d whenever a < ¢
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and b < d, (a,b,c,d € [0,1]).

According to [5], a fuzzy metric space is an ordered triple (X, M, %) such that X is
a (nonempty) set, x is a continuous t-norm and M is a fuzzy set of X x X x (0, 00)

satisfying the following conditions, for all x,y,z € X, s,t > 0:

O

LY,
1 if and only if z = y;
M(y, z,t);

Y,
Y,

t) >
t) =
t) =
t)

Y,

~—~~ /N N N

*M(y,z,8) < M(x,z,t+s);
z,y,—): (0,00) — [0,1] is continuous.

If (X, M, *) is a fuzzy metric space, we will say that (M, %) is a fuzzy metric on X.
A simple but useful fact is that M (z,y, —) is nondecreasing for all z,y € X [13].
Let (X, d) be a metric space. Denote by a.b the usual multiplication for all a, b € [0, 1],

and let M, be the function defined on X x X x (0, 00) by

My(z,y,t) = m,

for all z,y € X and t > 0. Then, (X, My, -) is a fuzzy metric space. This My is called
a standard fuzzy metric induced by d.

George and Veeramani proved [5] that every fuzzy metric M on X generates a
topology 7y; on X which has as a base the family of open sets of the form {B(x,r,t) :
r € X,0<r<1,t>0}, where B(z,rt) ={y e X : M(z,y,t) > 1 —r} for every r,
with 0 < 7 < 1, and ¢ > 0. They proved that (X, 7) is a Hausdorff first countable
topological space. Moreover, if (X, d) is a metric space, then the topology generated
by d coincides with the topology 7, generated by the induced fuzzy metric M.

In this note, we want to define the orthogonality in fuzzy metric spaces and in fuzzy

normed linear spaces. In Section 2, after introducing the orthogonality, we obtain
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some results and theorems about orthogonality. In Section 3, we want to introduce

the concept of orthogonality in fuzzy normed spaces.

2. THE ORTHOGONALITY IN FUZZY METRIC SPACES

In this section, we state and prove the orthogonality in fuzzy metric spaces.

Definition 2.1. Let (X, M,*) be a fuzzy metric space. For a9 € X and z,y € X,
t > 0, z is said to be ag-fuzzy orthogonal to y and is denoted by x 1y if and only if
M (z,ag,t) > M(z,y,t) for all t. Let G; and Go be subsets of X. Then, G; LG, if
and only if for all g; € G1, g2 € Ga, g1 1L"go. If x 1"y, then it is not necessary y 1 “x.

Suppose that GG is a subset of X. We know that a point yy € G is said to be a
t-best approximation for z € X if and only if M(yo,x,t) > M(y,z,t) for all y € G
(see [11]). The set of all t-best approximations of x € X in G is denoted by P'g(x).

In other words,

Pla(x) ={90 € G : 1%y Vy € G}.

Theorem 2.2. Let (X,d) be a metric space. In the standard fuzzy metric space

(X, My,.), for 2,9, a0 € X, 2L if and only if d(x, a) < d(x,y).

Proof. We have

xJ—aoy — Md<a07:€>t) 2Md<x7y7t)
t
>
t+d(ag,x) ~ t+d(z,y)
<~ d(ap,x) < d(z,y)m

Theorem 2.3. Let (X, M,x) be a fuzzy metric space and ag,x,y,z € X. If x 1%y
and x 1Yz, then M(z,y,t) = M(x, z,t).
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Proof. Since z1*y and xz 1Yz, therefore M(x,y,t) < M(x,z,t) and M(x,z,t) <
M(l‘,y,t), Then7 M(SE,y,t) = M(IL’,Z,t) u

Theorem 2.4. Let (X, M,x) be a fuzzy metric space and B C X be a nonempty
compact set. Then, there exists yy € B such that x 1% B.

Proof. Since B is compact, every x € X has a t-best approximation in B (see [11]).

Therefore, there exists yy € B such that x 1" B. =

Now, we consider the following two examples.

Example 2.5. Suppose that X = R and

Mz,y.t) = e 7"
Then, (X, M,*) is a fuzzy metric space, for ag = 0,2,y € R. L% if and only if

|z =yl < .

Example 2.6. Suppose that X = {1,2,3,---}, a,b € [0,1], axb = ab and for
r,y € X and t > 0,

M 9 min{z,y} + ¢
T =
4 max{x,y} + ¢

Then, (X, M, x) is a fuzzy metric space. If we put G = {2,4,6,-- - }, for every odd
number k € X, k1" g if g > k.

Definition 2.7. Let (X, M, x) be a fuzzy metric space, x € X and G be a nonempty
subset of X. Then, yo € G 1is called a t-best coapproximation for x, if yL*x for
y € G.
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The set of best coapproximation z in G is denoted by R'g(z). It is clear that
yo € R'g(x) if and only if M (yg,y,t) > M(z,y,t), Vy € G.

Theorem 2.8. Let (X,d) be a metric space. Let (X, My,.) be the standard fuzzy
metric space, G be a nonempty subset of X, yo € G and x € X, yo € R'¢(x) if and
only if d(y,yo) < d(x,y) for ally € G.

Proof. We have

Yo € R%;(.I) — ylYzxVyed

!

Md(y7y07t> Z Md(fU,.T,t) Vy €G
t
>
> d(y,y) <d(z,y) VyeG. m

!

Vye G

3. THE ORTHOGONALITY IN FUZZY NORMED SPACES

We recall that if X is a normed linear space and x,y € X, then z is said to be
orthogonal to y and is denoted by x Ly if and only if ||z| < ||z + ay|| for all scalar
a. If G7 and Gy are subsets of X, it is defined G; 1G5 if and only if g, L g, for all
g1 € G7 and gy € Go, see [8, 9.

The ordered triple (X, N,x) is a fuzzy normed space if X is a (nonempty) vector
space, % is a continuous t-norm and N is a fuzzy set of X x (0,00) satisfying the
following conditions, for all z,y € X, s,t > 0 and a # 0,

N(z,t) > 0;

N(z,t) =1 if and only if 2 = 0;
N(ax,t) = N(z, ﬁ),

N(x +y,t+s) > N(x,t) % N(y,s);
N(

z,—): (0,00) — [0, 1] is continuous;
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Let (X, N, *) be a fuzzy normed space and define M(z,y,t) = N(z — y,t). Then,
(X, M, %) is fuzzy metric space, which is called the fuzzy metric space induced by the

fuzzy normed space (X, N,x). For G C X, x € X and t > 0, we have
M(G,z,t) = sup{M(y,z,t): y € G} =sup{N(z —y,t): y € G}

Let (X, M, *) be a fuzzy metric space induced by the fuzzy normed space (X, N, %).

Then, for all z,y, 2z € X and every scalar a # 0, clearly we have

(1) M(x+ z,y+ z,t) = M(x,y,t);

(2) M(azx,ay,t) = M(x,y, ‘%')
Definition 3.1. Let the fuzzy metric space induced by the fuzzy normed space
(X, N, %) be a fuzzy normed space and (X, M, ) be the fuzzy metric space induced
by (X, N,*). If z,y € X, then we write x Ly if M(0,z,t) < M(< y >, z,t), where

<y > is the linear subspace generated by y.

Theorem 3.2. Let (X, N,x) be a fuzzy normed space and x,y € X. Then, 1y
if and only if N(z + ay,t) > N(z,t), for every t > 0.

Proof. Suppose that (X, M, «) is a fuzzy metric space induced by (X, N, *). Then,

rly << M(0,z,t) < M(<y >, z,t)
— M(ay,x,t) > M(0,z,t) YVa € C

< N(z+ay,t) > N(z,t)Vac C. n

Definition 3.3. Let (X, N, %) be a fuzzy normed space, let G be a subspace of X.
We define

(i) go € P'(x) if and only if 2 — g9 LG.
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(i) go € R*(x) if and only if G Lz — go.

Corollary 3.4. Let (X, N,x) be a fuzzy normed space and G be a subspace of X.
Then,

(i) go € P'(z) if and only if N(z — go,t)
t

< N(x —y,t) forally € G and t > 0;
(i) go € R*(z) if and only if N(y — go,t) < N(z —

(

y,t) for ally € G and t > 0.

4. CONCLUSION

The concept of orthogonality is very important in Mathematics and Physics. For
example, in Quantum mechanics one deals with measurable observable which denotes
by Hermition operators. These operators satisfy some eigenvalue problems. The
eigenvalues are read and the eigenvectors are orthogonal, i.e., {< ¥, |t >= 0pn}. A
generalization of orthogonality has been given. Indeed, we introduced and discussed
the concept of orthogonality in the fuzzy metric spaces and the fuzzy normed spaces,

and some results related to orthogonality have been extended.
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