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ON A BEST EXTENSION OF A HALF-DISCRETE HILBERT-TYPE
INEQUALITY

BICHENG YANG

ABSTRACT. By using the way of weight functions and the technique of real analysis,
a best extension of a half-discrete Hilbert-type inequality with one-pair conjugate
exponents and two interval variables is given. The equivalent forms, the operator

expressions and the reverses are considered.

1. INTRODUCTION

Suppose that p > 1,1+ 1 = 1, f(= 0) € L(0,50), (2 0) € L(0,0), |[fl], =
{J5° fr(x da:}p > 0, ||g]l; > 0. Then we have the following famous Hardy-Hilbert’s

integral inequality (cf. [1])

(L) I /’f$+yduw< e/ elsll

where the constant factor is the best possible. If a,,, b, > 0,0 = {an}oo_,

Sin(ﬂ/p
b ={b,}22, €9 ]lall, ={> m}P > 0, |bl|4 > 0, then we still have the follow-

ing discrete Hardy-Hilbert’s inequality with the same best constant factor Sm( ok

(1.2) sz+n sm(7r/p)||a||p||b||q

m=1 n=1
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Inequalities (1.1) and (1.2) are important in analysis and its applications (cf. [2],
3], [4]). In 1998, by introducing an independent parameter A € (0, 1], Yang [5] gave
an extension of (1.1) (for p = ¢ = 2). Recently, by using the way of weight functions,

Yang [6] gave some best extensions of (1.1) and (1.2) as follows: For r > 1,141 =1,

we have
AA
(1.3 | R iy < B2 lellllas 4 > 0),
A A :
L) D3 < B Dl ol a0 < A < 2minr, )

m=1n=1

u—1
where, B(u,v)(= [;° 1; —d

e 1
Y(@) = 27D70 < ([fllpe = {57 ¢@)|f(@)lPdayr < 00,0 < |lgllgw < oo,
0 < llallpe == {d02, ¢(n)|an|”}% < oo and 0 < [|b]|qp < o0o. Some Hilbert-type

t(u,v > 0)) is the Beta function and ¢(z) = gP1=9)-1

inequalities about the other measurable kernels are provided in [7]-[14].

About the case of half-discrete Hilbert-type inequalities with the non-homogeneous
kernels, Hardy et al. provided some results in Theorem 351 of [1]. But they did not
prove that the the constant factors in the inequalities are the best possible. And
Yang [15] gave a result with the kernel 7 similar to by introducing an interval
variable as follows: If u(t) is a differentiable strictly increasing function in
(no — 1,00)(ng € N), such that u((ny — 1)*) = 0 and u(c0) = 00, A > 0,
(u(®)) =z W/ (t))(t € (ng — 1,00)) is decreasing, and
f(@),an 20,0 < [ (usﬁ)&l)*% FAr)de < 0o, 0 < °° WO 2 oo pen

n=no u'(n)

/ 1) 2 amya@) ™

00 wlx 1—-\ o uln 1-X %
s < B(%%){ / %ﬁ(z)dzZ%ai} ,

. u(x) u'(n)

n=ng

where the constant factor B(%, 3) is the best possible.
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In this paper, by using the way of weight functions and the technique of real
analysis, a best extension of (1.5) with one-pair conjugate exponents and two interval
variables is given. The equivalent forms, the operator expressions and some reverses

are considered.

2. SOME LEMMAS

Lemma 2.1. If A > 0,u(z)(x € (b,¢)),v(z)(x € (ng — 1,00),n9 € N) are strictly
increasing differentiable functions and [v(z)]2 0/ (z) is decreasing with

u(dt) =v((ng—1)") = 0,u(c™) = v(c0) = 00, define two weight functions as follows

1) wln) = o)} /bc( U@ (@) de,n > no(n € N),

(2.2)  w(z) @ =[u@) > o7 wn)]2Y,z € (b,c).

If we define the function 05(x) as follows, then we have the following inequality:

(2.3) 0 < B(.D(-03w) < mla) <wln) = BG. ),
1 (z)v(no) If%*ldt 2
24 @) =pa | e - ot@iha e (o)

Proof. Setting t = v(n)u(x) in (2.1), we find

w(n) = /OOO (;tgldt TN

t+1)* 272

For any fixed = € (b, ¢), in view of the fact that the function

P /
% (y € (ng — 1,00)) is strictly decreasing, we find
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Moreover,

Clearly 6,(x) > 0 and

) < o [ = S )
W) < t2 " dt = ———(u(x)v(ng))2.
B(%?%) 0 )‘B(%’%

Hence, we have (2.3) and (2.4). O

Lemma 2.2. Let the assumptions of Lemma 2.1 be fulfilled and additionally,
p > 0(p # 1),% + % =1,a, > 0,n > no(n € N), f(z) is a non-negative measurable
function in (b,c). Then

(i) for p > 1, we have the following inequalities:

. c w(z)P-2)-1 >
(25) < [B<§,§>]a{ / w(as)%f%)dw} ,
and
S - B
b ‘{/ w2 [Z <1+u<x>v<n>>k] d}
< Ty(n)]at-3)-1 .
(26) = {B(%’%)Z%az} ;

(i1) for 0 < p < 1, we have the reverses of (2.5) and (2.6).
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Proof. (1) By Hélder’s inequality (cf. [16]) and (2.3), we have

U i+ JESL@WT

y / u'(x) [v(n (i_%)(q_l) . "
b (L vn)u() [u(z)]' 2 [v/(n)]a!

) o S 015 I 160 o S N
~Lv/(n) /b (1 +v(n)u(z))* [U(n)]l—%[uf(x)]p—ld

Then by Lebesgue term by term integration theorem (cf. [17]), we have
PN

>\ A 1 fp [u(z)]1-2)@-D) }
J < =, 9 § j . dx
gl { / 1+v P fo(n))'=2 [w ()P~

) é i . fp [u(z)]1-2)@-D) N
— 2 2 {/ Z 1—|—U )) [ (n)]l—%[u/(x)]p—1d }

B
)

S =

D=

I
l\3|>/
N[ >

-Q\b—‘
—

8

R
\
/\
=

IS

8
———

LZ 1+ u(cc)v(n)»]
_ - 1 [u(gp)](lf%)/q [,U/(n)]l/p
& i [ o

n=ng
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L) C1C) 0110 A D)
|

T w@l () &

Then we have

© & ful@)]F W (@) [p(n)]? [o(n))e-Dt xé
s {/ 9 S I Ve e o a"}d}

AN
—N
(]
£
S
=
<|'s
3=
= T
1| o
|
3
——
Q=

and then in view of (2.3), since w(n) = B(3, %), inequality (2.6) follows.
(ii) By the reverse Holder’s inequality (cf. [16]) and the same way, for ¢ < 0, we
have the reverses of (2.5) and (2.6). O

3. MAIN RESULTS

p(1—2)—1 ~
Setting ®(x) = 2 B() = (1 - 0:(2)@(a)(x € (b, 0)),

v(n)a—-3)-1
b o 20

W(n < N,n 2 no),

we have [®(z)]' 79 = v (z) —, [¥(n)]'? = V() and

(@)~ % ()~ %

Theorem 3.1. Let the assumptions of Lemma 2.1 be fulfilled and additionally,
p> 1L+ =1 () > 0@ € (5,0).a, > 0.n = noln € N),
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f € Lya(b,0),a={an}i,, € lyw, 0 < || fllpe = {J; ®(z)f(x)dx}> < 00 and

0 < llallgw = {)_ ¥(n)ag}s < oo.

n=ng

Then we have the following equivalent inequalities:

-3 [y [ 2 e

(3.1) < B(Q 3>|rf|rpq>uauw,

T :{20[\1’(””1_’7 " uﬂifilwdﬂp}p
(3.2) < BG o
and

L :{ bc[q)(x)]lq lg (1+u(axn)v(n))’\]qu}q
(33 < B Dllallys.

where the same constant factor B(%, %) in the above inequalities is the best possible.

Proof. By Lebesgue term by term integration theorem (cf. [17]), there are two ex-
pressions for I in (3.1). In view of (2.3) and (2.5), for w(z) < B(2,2), we have (3.2).

By Holder’s inequality, we have

(3.4) I=3"[U7 (n) /b ; +{)((?)ﬁx))*“q/;(n)a"] < J||al]qv-

Then by (3.2), we have (3.1). On the other-hand, assuming that (3.1) is valid, setting

n=ng

= n)]tP ) /(@) T - n>n
=0 | [tz
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then JP~1 = |la||,v. By (2.5), we find J < oo. If J = 0, then (3.2) is naturally valid;
if J > 0, then by (3.1), we have

A A
lallge = J*=1<B(3, 3)fnallallge,
_ A A
lalis = < BG Dl
and we have (3.2), which is equivalent to (3.1).

In view of (2.3) and (2.6), for [w ()]~ > [B(3, 3)]' %, we have (3.3). By Hélder’s

inequality, we find

35 1= [ @] @ > et < Mot

Then by (3.3), we have (3.1). On the other-hand, assuming that (3.1) is valid, setting

fla) = @)™ [; (1 +u((;n)v(n))A] @€ (be)

then L9~ = || f||,.e. By (2.6), we find L < co. If L = 0, then (3.3) is naturally valid;
if L > 0, then by (3.1), we have

A A

llpe = L7 =1<BG DI bolallye,

_ A A
2 = L< BGSllallye,

and we have (3.3) which is equivalent to (3.1).

Hence, inequalities (3.1), (3.2) and (3.3) are equivalent.

There exists an unified constant d € (b, ¢), satisfying u(d) = 1. For 0 < ¢ < %, set-
ting f(z) = [u(x)]* 57/ (2). 2 € (b,d): fla) = 0,2 € [d.), Gy = [o(n)] 1/ (n),

n > ng, if there exists a positive number k(< B(%, %)), such that (3.1) is still valid
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as we replace B( %, %) by k, then in particular, we have

~ anf ) ~ ~
i / ooy < Fl sl il
zmﬁwmww+§:wwmwm3

< O om0 + [ ) )

0

(3.6) = Eevtno)e'(no) + (o)) ).

. . 1
In view of the decreasing property of W[U(y)]

E__

d 00 A
t=u(z)v(y) / [ el s t27q
= u(z)] " (x) / dt| dx
b u(z)v(no) (1 _'_t)/\
d L oo t%—%—l u(z)v(ng) t% -1
= - ——dt — —dt| d
J e | | g ]

where

d u(@)v(no) 4351
(3.7) A@:KWW““@M i——dw.

Since we find

275
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then it follows A(z) = O(1)(e — 07). By (3.6) and (3.7), we have

B( ) — 0(1) < k{ev(no)v (no) + [v(no)]~*}7,

_|_

)

DO | >
Do >

3
q

Q| M

and then B(3,3) < k(e — 07). Hence k = B(3,3) is the best value of (3.1).
We conform that the constant factor B(3,%) in (3.2) ((3.3)) is the best possible,
otherwise we can came to a contradiction by (3.4) ((3.5)) that the constant factor in

(3.1) is not the best possible. O

Remark 1. Set two weight normal spaces as follows:
L,o(b,c) = {flllfllpe < oo}t lyw = {a|llallw < oo}.(i) Define a half-discrete
Hilbert’s operator T' : L, ¢(b,c) — 1, 41-» as follows: For f € L, (b, c), there ex-
ists an unified representation T'f € I, y1-», satisfying T'f(n) = [ %dw,
n > ng. Then by (3.1), it follows ||T'f||,.91-» < B(3,3)||f|lp.e and T is bounded
with [|T|| < B(3,%). Since the constant factor in (3.2) is the best possible, we have
A A

ITIl = B(5, 3)-

(i) Define a half-discrete Hilbert’s operator T : lyw — Ly a1-q(b, c) as follows: For
a € lgw, there exists an unified representation Ta € L, o1-4(b, ), satistying
(Ta)(z) = >0, Trasem~: @ € (b,¢). Then by (3.2), it follows
|Tal|g.01-« < B(3,3)|lallqw and T is bounded with ||T| < B(3, 4).Since the constant

factor in (3.3) is the best possible, we have ||T|| = B(3,3) =T
In the following theorem, for 0 < p < 1, we still use the formal symbols of [ f][,

and ||al|, v et al.

Theorem 3.2. Let the assumptions of Lemma 2.1 be fulfilled and additionally,
0<p< 1,%—1— % =1, f(z) > 0(x € (b,c)),an > 0(n > ng,n € N),

c 1
0 <11fll,5 = (0~ 6r(2)B() ()} < o0 and
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0 < lallgw = {> s, \If(n)a%}% < 00. Then we have the following equivalent inequal-

itres:
o= [ anfl)dr [ an f(z)dz
L= ;/b (1+U(n)u(x))’\_/b ; (1 + u(z)o(n))*
5.5) > BE DI alloller.
_ - 1-p ‘ f(l‘) ’ %
J = {;0[\1;(”)] {/b (1+v(n)u(:1:))’\dx}}
(3.9) > B D s
and
L :{ i [ ()] [:Z (1_'_“(6;71)1)(”)),\] dx}
(3.10) > B(é é)Hqu,\Iv-

272

Moreover, if there exists a constant 6y > 0, such that for any é € [0, dy), [v(y)]%”’lfu’(y)
is decreasing in (ng — 1,00), then the same constant factor B(’%, %) in the above in-

equalities is the best possible.

Proof. In view of (2.3) and the reverse of (2.5), for w(z) > B(3,4)(1 — 0\(z)),we

have (3.9). By the reverse Holder’s inequality, we have

oo

SN LA A AC Ly P P
i) 1= 3 [0 [ O e > e

n=ng

Then by (3.9), we have (3.8). On the other-hand, assuming that (3.8) is valid, setting
an as Theorem 1, then JP~ = ||a||,.v. By the reverse of (2.5), we find J > 0. If J = oo,
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then (3.9) is naturally valid; if J < oo, then by (3.8), we have

A A

lollty = JP=I>B<2 .

S sllallgw,
_ A
lalliw = J>B(5, )Ilfllpqn

and we have (3.9) which is equivalent to (3.8).
In view of (2.3) and the reverse of (2.6), for [w(z)]' ™ > [B(2,2)(1—0\(z))]' (¢ <
0), we have (3.10). By the reverse Holder’s inequality, we have

[e.e]

@) 2 T a@e)?

n=ng

|
sl

a2 ||fll, 5L

(312)  I— /bc[cﬁé(g;)f(x)] [cE

Then by (3.10), we have (3.8). On the other-hand, assuming that (3.8) is valid,
setting
Qn

f(x) = [®(x)] 1 [Z a —i—u(x)v(n)))‘] ,x € (b, c),

n=ng

then Li7! = £, - By the reverse of (2.6), we find L >0.1If L = oo, then (3.10) is
naturally valid; if L < 0o, then by (3.8), we have

~ A A
Iy = L1=1> BG Dl allello.

_ ~ A
IS = I>B(,

= llellg,

and we have (3.10) which is equivalent to (3.8).
Hence inequalities (3.8), (3.9) and (3.10) are equivalent.
For 0 < e < mln{‘q"\ |q|d0}, setting flz) = [u(m)]%Jr%*lu/(:v),:E € (b, d);
flz) =0,z d,c),a, = [U(n)]%ﬁflv’(n) n > ng, if there exists a positive num-

ber k(> B(2,2)), such that (3.8) is still valid as we replace B(2

272 by k, then in

20 §>
particular, for ¢ < 0, we have

/ 1f"uf e Coyr > Kl
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; A . :
= k{/ (1= O([u(@)]?)[u(@)] v/ (z)dx}» {Z[U(n)] ) 1“'(”)}
b n=ng
~ oWy {[v(nwrf—lv'(no) £ ) 1v’<n>}q
n=ng+1
> b2 = O Il (o) + [ Tl )
(318) = {1 O {elolno)] =/ (no) + [olno)] ).
In view of the decreasing property of W setting t = u(x)v(y), we find
~ d N <N [} i (n
I = /b [U(-T)]§ PoUu (l') Z [(( )] (m)v(n)()’\)
NP OPSIN IY fall (107 R )
< [ [/ (0 + @) Y|
— /b [u()]" ! () x/o (t; +qt)A
(3.14) - EB(% - 2 % + g).
By (3.13) and (3.14), we have
B = 55+ ) > k{1 = 0P {elotu)] =0/ (n0) + o) <),
and then B(3,3) > k(e — 0%). Hence k = B(3, %) is the best value of (3.8).
We confirm that the constant factor B(3,3) in (3.9) ((3.10)) is the best possible,

A
27
by

otherwise we can came to a contradiction

in (3.8) is not the best possible.

% b =

Remark 2. (i) If o > 0,u(x)
0<aX<2, [v@)]? W () =az® !

a=1,0<A<2u(r)=x(x¢c

0,c = oo,v(n)

(0,00)),v(n) =n(n € N) in

is decreasing. In particular, for

(3.1), (3.2) and (3.3), we

(3.11) ((3.12)) that the constant factor

O

n“,ng = 1, then for
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have the following equivalent inequalities:

1=y [Tl [Ty R

A A
(3.15) < 3(57 §)||f||p,¢\|a!|q,¢,
— o [ [* [flz) 1’ A A
(3.16) St | [T | < BG e
n=1
and
e T
qA Qn,
1 2 — d B(=, = .
(3.17) L S | < PG Dol

(ii) Forp =q=2,b=n9g—1 = 0,c = oco,v(z) = u(z) in (3.1), we have (1.5).

Hence, (3.1) is a best extension of (1.5).
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