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MATRIX TRANSFORMATIONS ON THE SET ces(p,q)

M.F.RAHMAN

ABSTRACT. The main purpose of this paper is to characterize the matrices of the
classes (ces(p, q),cs) and (ces(p, q), bs), where cs is the space of convergent series

and bs is the space of bounded series.

1. INTRODUCTION

Let w be the space of all (real or complex) sequences, and X, Y are two subsets of
w. If A= (an,k)
defines a matrix transformation form X into Y and denoted it by A € (X,Y) , if for

nk—193.. be an infinite matrix of complex numbers we say that A

every sequence r = (z3) € X the sequence A(z) = A, (x) is in Y, where

Ap(x) = Z an v for all n,

k=1
provided the series on the right is convergent.

In [4] Lim investigated the sequence space ces(p). In [2] Khan and Rahman defined
and studied the sequence space ces(p, q). If p = (p;), then for infp, > 0

ces (p,q) = {waZ(QLquMH) <oo},
r=0 2z r

where ¢ = (gi) is a sequence of positive real numbers, Qor = ) ¢ and ) denotes

a sum over the ranges 2" < k < 2""!. They showed ces (p, q) is a complete paranorm
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space paranormed by

o(z) = (Z (ézw) )

provided H = sup, p, < oo and M = max {1, H}.

In [5] Stieglitz and Tietz defined convergent and bounded series as

cs:{x: zn:xz Gc},
CoS = {m: ixz c CO},
bSZ{x: ixz Gfoo}a

where ¢, ¢y and /,, are the sequence spaces of all convergent, null and bounded se-

quences respectively.

We state the following inequality (see [3]) which will be used later. For any integer

E > 1 and any two complex numbers a and b we have

(1.1) ab] < E (|a|'E~" + |b]?)
Wherep>1and%+%:1.

2. MATRIX TRANSFORMATION ON ces(p, q)

The following notations are used throughout for all integers n > 1, we write

ta(Az) = Ay(x) =) bury |
=1 k=1

where by = > 0| Q. -

Now we prove:

Theorem 2.1. Let 1 < p, < sup, p, < co. Then A € (ces(p,q),cs) if and only if
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(i) there exists an integer £ > 1 such that

T =sup(U,) < o0,

n

where

oo t’r
Z( 2r Max (g |bnk|)> E~tr |

r=0

1 1
—+—=1 r=0,1,2,---
Dr 1y

(ii) limy, o0 b = oy for all k.
Proof.Necessity. Suppose that A € (ces(p,q),cs). Then t,(Ax) exists for each n
and = € ces(p,q). If we put o,(z) = t,(Azx), then (0,), is a sequence of continuous
real functions on ces(p, q). Also ces(p, q) is complete and further sup, |t,(Az)| < co
on ces(p, q). Now arguing with uniform boundedness principle (see Khan and Rahman
2],Th.3) we have condition (i). Condition (ii) is obtained by taking = e, € ces(p, q),

where e is a sequence with 1 at the k-th place and zeros elsewhere.

Sufficiency. Suppose conditions (i) and (ii) hold. Then the conditions imply

o0 t,
Z <Q27‘ max (qk_l\ak|)> E~" = lim (U,) < sup(U,) < .

n—o0
r=0

Thus the series > 7, by and > - | apxy, converge for each n and x € ces(p, q).

Put ¢, = b, — ag. Then

o0 oo (o]
E bnkl‘k = E tnkxk + E XL .
k=1 k=1 k=1

By (ii) for kg € ZT, where Z™ is the set of positive integers, we have
li =0.
Jon Dt =0
k<2ko0
Moreover, for each x € ces(p,q) and € > 0 we can choose an integer kg € Z* such

that

o) = Z( qu\xko <M

r=ko
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Now put B,(n) = max, (¢; '[tas|) = max, (g; ' |bws — ax|). Then by ([2], Th.2) and
by inequality (1.1) we have

> tunllzel/ loe, (@)Y < max (g, [tnx|) (Z Qk|9ﬁk|) /[gko(l’)]l/M

k=2k0 r=ko
R 1 1/M
=) (QQTBr(n)@ZQHIEH) /[gko(l‘)]
r=ko r

<E|> (QuB(n) " ET"+ ) (Q% qu|$k’> /[gko (iv)]pr/M]
Lr=Fko r=ko r

<E|Y (QuB.(n)"E™" +1
Lr=ko

Thus,

Y ltalleel < B 1D (QrBr(n) " BT 4 1 [ge ()]

k:2k0 ’r’:k‘o

< EQ2U, + 1)e,

where > (QgrBr(n))trE*tT < 2U,, < oo for all n.
It follows immediately that

[t k=1
and this completes the proof.
Corollary 2.1. [1] Let 1 < p, < sup, p, < co. Then A € (ces(p), cs) if and only if

(i) there exists an integer £ > 1 such that

T =sup(U,) < oo,

n
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where

i < max\bnk) Cpt ,

r=0

—+==1, r=012--

(il) limy, o0 bpp = ay for all k.

Proof. If we take ¢, = 1 for all n in the above theorem then we obtain the results.

Corollary 2.2. Let 1 < p, <sup, p, < co. Then A € (ces(p), cos) if and only if
the condition (i) of Corollary 2.1 holds, and lim,, .., b, = 0.

Theorem 2.2. Let 1 < p, < sup, p, < 0o. Then A € (ces(p,q),bs) if and only if

(i) there exists an integer £ > 1 such that

T = sup(U,) < oo,

n

where

=3 (Qu max(ai oual)) B

r=0

1 1
—+—=1 r=0,1,2,---
pro tr
Proof. Necessity follows by using similar argument as in Theorem 2.1. For suffi-

ciency, suppose that the condition (i) holds and that = € ces(p, ¢). Then by inequality
(1.1) we have
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nkLk

o0
=1
<N bkl
TO—OO r
< Zmﬁxx (a; ' |burl) ZQk|$k|
r=0 T

=Y Qumax ( lelbnk| qu|ﬂfk|
r=0
[ee} pr
Z (QQT max (g5 ! |buk) ) E~ tr+z <é;qk|xk|> ]

<FE
r=0

<E <T+g (%;qkmy) ) |

We conclude sup,, |t,(Az)| < 0.

Therefore, A € (ces(p, q),bs) and this completes the proof.

Corollary 2.3. [1] Let 1 < p, < sup, p, < co. Then A € (ces(p),bs) if and only if

there exists an integer 2 > 1 such that

T =sup(U,) < o0,

n

i < 1rnax|bn;,C ) i ont ,

where

r=0
1 1
—+—=1 , r=012,---
pr Uy

Proof. When ¢, =1 for all n in the above Theorem 2.2 then we get the result.
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