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MATRIX TRANSFORMATIONS ON THE SET ces(p, q)

M.F.RAHMAN

Abstract. The main purpose of this paper is to characterize the matrices of the

classes (ces(p, q), cs) and (ces(p, q), bs), where cs is the space of convergent series

and bs is the space of bounded series.

1. Introduction

Let ω be the space of all (real or complex) sequences, and X, Y are two subsets of

ω. If A = (an,k)n,k=1,2,3,··· be an infinite matrix of complex numbers we say that A

defines a matrix transformation form X into Y and denoted it by A ∈ (X, Y ) , if for

every sequence x = (xk) ∈ X the sequence A(x) = An(x) is in Y , where

An(x) =
∞∑

k=1

an,kxk for all n,

provided the series on the right is convergent.

In [4] Lim investigated the sequence space ces(p). In [2] Khan and Rahman defined

and studied the sequence space ces(p, q). If p = (pr), then for inf pr > 0

ces (p, q) =

{
x ∈ ω :

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|

)pr

< ∞

}
,

where q = (qk) is a sequence of positive real numbers, Q2r =
∑

r qk and
∑

r denotes

a sum over the ranges 2r ≤ k < 2r+1. They showed ces (p, q) is a complete paranorm
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space paranormed by

g(x) =

(
∞∑

r=0

(
1

Q2r

∑
r

qk|xk|

)pr
) 1

M

provided H = supr pr < ∞ and M = max {1, H} .

In [5] Stieglitz and Tietz defined convergent and bounded series as

cs =

{
x :

(
n∑

i=1

xi

)
∈ c

}
,

c0s =

{
x :

(
n∑

i=1

xi

)
∈ c0

}
,

bs =

{
x :

(
n∑

i=1

xi

)
∈ `∞

}
,

where c, c0 and `∞ are the sequence spaces of all convergent, null and bounded se-

quences respectively.

We state the following inequality (see [3]) which will be used later. For any integer

E > 1 and any two complex numbers a and b we have

(1.1) |ab| ≤ E
(
|a|tE−t + |b|p

)
,

where p > 1 and 1
p

+ 1
t

= 1.

2. MATRIX TRANSFORMATION ON ces(p, q)

The following notations are used throughout for all integers n ≥ 1, we write

tn(Ax) =
n∑

i=1

Ai(x) =
∞∑

k=1

bnkxk ,

where bnk =
∑n

i=1 aik .

Now we prove:

Theorem 2.1. Let 1 < pr ≤ supr pr < ∞. Then A ∈ (ces(p, q), cs) if and only if
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(i) there exists an integer E > 1 such that

T = sup
n

(Un) < ∞ ,

where

Un =
∞∑

r=0

(
Q2r max

r
(q−1

k |bnk|)
)tr

E−tr ,

1

pr

+
1

tr
= 1 r = 0, 1, 2, · · ·

(ii) limn→∞ bnk = αk for all k.

Proof.Necessity. Suppose that A ∈ (ces(p, q), cs). Then tn(Ax) exists for each n

and x ∈ ces(p, q). If we put σn(x) = tn(Ax), then (σn)n is a sequence of continuous

real functions on ces(p, q). Also ces(p, q) is complete and further supn |tn(Ax)| < ∞

on ces(p, q). Now arguing with uniform boundedness principle (see Khan and Rahman

[2],Th.3) we have condition (i). Condition (ii) is obtained by taking x = ek ∈ ces(p, q),

where ek is a sequence with 1 at the k-th place and zeros elsewhere.

Sufficiency. Suppose conditions (i) and (ii) hold. Then the conditions imply

∞∑
r=0

(
Q2r max

r
(q−1

k |αk|)
)tr

E−tr = lim
n→∞

(Un) ≤ sup
n

(Un) < ∞.

Thus the series
∑∞

k=1 bnkxk and
∑∞

k=1 αkxk converge for each n and x ∈ ces(p, q).

Put tnk = bnk − αk. Then

∞∑
k=1

bnkxk =
∞∑

k=1

tnkxk +
∞∑

k=1

αkxk .

By (ii) for k0 ∈ Z+, where Z+ is the set of positive integers, we have

lim
n→∞

∑
k≤2k0

tnkxk = 0 .

Moreover, for each x ∈ ces(p, q) and ε > 0 we can choose an integer k0 ∈ Z+ such

that

gk0(x) =
∞∑

r=k0

(
1

Q2r

∑
r

qk|xk|

)pr

< εM .
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Now put Br(n) = maxr

(
q−1
k |tnk|

)
= maxr

(
q−1
k |bnk − αk|

)
. Then by ([2], Th.2) and

by inequality (1.1) we have

∞∑
k=2k0

|tnk||xk|/ [gko(x)]1/M ≤
∞∑

r=k0

max
r

(q−1
k |tnk|)

(∑
r

qk|xk|

)/
[gk0(x)]1/M

=
∞∑

r=k0

(
Q2rBr(n)

1

Q2r

∑
r

qk|xk|

)/
[gk0(x)]1/M

≤ E

[
∞∑

r=k0

(
Q2rBr(n)

)tr
E−tr +

∞∑
r=k0

(
1

Q2r

∑
r

qk|xk|

)pr /
[gk0(x)]pr/M

]

≤ E

[
∞∑

r=k0

(
Q2rBr(n)

)tr
E−tr + 1

]

Thus,

∞∑
k=2k0

|tnk||xk| ≤ E

[
∞∑

r=k0

(
Q2rBr(n)

)tr
E−tr + 1

]
[gk0(x)]1/M

< E(2Un + 1)ε ,

where
∑∞

r=k0

(
Q2rBr(n)

)tr
E−tr ≤ 2Un < ∞ for all n.

It follows immediately that

lim
n→∞

∞∑
k=1

bnkxk =
∞∑

k=1

αkxk

and this completes the proof.

Corollary 2.1. [1] Let 1 < pr ≤ supr pr < ∞. Then A ∈ (ces(p), cs) if and only if

(i) there exists an integer E > 1 such that

T = sup
n

(Un) < ∞ ,
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where

Un =
∞∑

r=0

(
2r max

r
|bnk|

)tr
E−tr ,

1

pr

+
1

tr
= 1 , r = 0, 1, 2, · · ·

(ii) limn→∞ bnk = αk for all k.

Proof. If we take qn = 1 for all n in the above theorem then we obtain the results.

Corollary 2.2. Let 1 < pr ≤ supr pr < ∞. Then A ∈ (ces(p), c0s) if and only if

the condition (i) of Corollary 2.1 holds, and limn→∞ bnk = 0.

Theorem 2.2. Let 1 < pr ≤ supr pr < ∞. Then A ∈ (ces(p, q), bs) if and only if

(i) there exists an integer E > 1 such that

T = sup
n

(Un) < ∞ ,

where

Un =
∞∑

r=0

(
Q2r max

r
(q−1

k |bnk|)
)tr

E−tr ,

1

pr

+
1

tr
= 1 r = 0, 1, 2, · · ·

Proof. Necessity follows by using similar argument as in Theorem 2.1. For suffi-

ciency, suppose that the condition (i) holds and that x ∈ ces(p, q). Then by inequality

(1.1) we have



288 M.F.RAHMAN

|tn(Ax)| =

∣∣∣∣∣
∞∑

k=1

bnkxk

∣∣∣∣∣
≤

∞∑
k=1

|bnkxk|

≤
∞∑

r=0

∑
r

|bnk||xk|

≤
∞∑

r=0

max
r

(
q−1
k |bnk|

)∑
r

qk|xk|

=
∞∑

r=0

Q2r max
r

(
q−1
k |bnk|

) 1

Q2r

∑
r

qk|xk|

≤ E

[
∞∑

r=0

(
Q2r max

r

(
q−1
k |bnk|

))tr
E−tr +

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|

)pr
]

≤ E

(
T +

∞∑
r=0

(
1

Q2r

∑
r

qk|xk|

)pr
)

.

We conclude supn |tn(Ax)| < ∞.

Therefore, A ∈ (ces(p, q), bs) and this completes the proof.

Corollary 2.3. [1] Let 1 < pr ≤ supr pr < ∞. Then A ∈ (ces(p), bs) if and only if

there exists an integer E > 1 such that

T = sup
n

(Un) < ∞ ,

where

Un =
∞∑

r=0

(
2r max

r
|bnk|

)tr
E−tr ,

1

pr

+
1

tr
= 1 , r = 0, 1, 2, · · ·

Proof. When qn = 1 for all n in the above Theorem 2.2 then we get the result.
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[3] I. J. Maddox, Continuous and Köthe-Toeplitz dual of certain sequence spaces, Proc. Camb. Phil.

Soc., 65 (1969), 431-435.

[4] K.P.Lim, Matrix transformation on certain sequence spaces, Tamkang J. Math., 8 (1977), 213-

220

[5] M.Stieglitz and H.Tietz, Math.Z. 154 (1977), 1-16.

Department of Mathematics, Eden University College, Dhaka-1205, Bangladesh.

E-mail address: dr mf rahman@yahoo.com


