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M*-TYPE ESTIMATES FOR MULTILINEAR COMMUTATOR OF
SINGULAR INTEGRAL OPERATOR ON SPACE OF
HOMOGENEOUS TYPE

CHENG YUE (), HUANG CHUANGXIA ) AND LIU LANZHE &)

ABSTRACT. In this paper, we prove the MF¥-type inequality for multilinear com-
mutator related to singular integral operator on space of homogeneous type. By
using the MF*-type inequality, we obtain the weighted LP-norm inequality and the
weighted estimates on the generalized Morrey spaces for the multilinear commuta-

tor.

1. INTRODUCTION AND PRELIMINARIES

As the development of singular integral operators, their commutators have been
well studied ([1][11][12][13]). Let T" be the Calderén-Zygmund singular integral op-
erator, a classical result of Coifman, Rocherberg and Weiss ([9]) states that com-
mutator [b, T|(f) = T(bf) — 0T (f)(where b € BMO(R")) is bounded on LP(R") for

1 < p < oo. In ([11][12][13]), the sharp estimates for some multilinear commutators
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of the Calderon-Zygmund singular integral operators are obtained. The main pur-
pose of this paper is to prove the M*-type inequality for the multilinear commutators
related to the singular integral operators on the space of homogeneous type. By using
the M*-type inequality, we obtain the weighted LP-norm inequality and the weighted
estimates on the generalized Morrey spaces for the multilinear commutator.

Given a set X, a function d : X x X — R{ is called a quasi—distance on X if the
following conditions are satisfied:
(1) d(z,y) > 0 and d(x,y) = 0 if and only if z = y, for every = and y in X,
(2) d(x,y) = d(y, x), for every x and y in X,

(3) there exists a constant K > 1 such that
d(z,y) < K(d(z,2) + d(z,y))

for every x,y and z in X.
We shall say that two quasi-distance d and d’ on X are equivalent if there exist two
positive constants ¢; and ¢y such that ¢;d'(z,y) < d(z,y) < cod'(x,y) forall z,y € X.
In particular, equivalent quasi-distances induce the same topology on X.

Let 1 be a positive measure on the g-algebra of subsets of X which contains the
d-balls B(z,r) = {y : d(z,y) < r}. We assume that p satisfies a doubling condition,

that is, there exists a constant A such that

0 < u(B(z,2r)) < Au(B(z,r)) < 00

holds for all x € X and r > 0.

A structure (X, d, ), with d and p as above, is called a space of homogeneous type.
The constants K and A will be called the constants of the space.

Define the singular integral operator 1" by

T(f)(x) = /X K (2, 9) £ (9)du(y).
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where K (x,y) is a standard calderén-Zygmund kernel.
By the calderén-Zygmund theory ([12]), we know that 7" is bounded on L?(X) for any
p with 1 < p < oo, and is bounded from L!(X) to weak L'(X). We can also realize
that the kernel function K satisfies the standard Holder regularity condition,with
some § € (0,1), such that

(d(z, 20))°
p(B(z, d(y, =)))(d(y, z))°’

Let b be a BMO(X) function, define the commutator of 7" and b by

T(f)(x) = b(x)T(f)(x) = T(0f)(2).

Bramanti and Christina proved the boundedness for the commutator of singular in-
tegral operator ([1]]2][3][4]). And the endpoint estimate are obtained by Chen and
Sawyer in [5].

In this paper, we will study the multilinear commutator as following: Suppose
b; are the fixed locally integral functions on X and j = 1,2,--- ,m(m € N). The

multilinear commutator related to 7" is defined by
1@ = [ 110 = b K@) wdn(o).
j=1

Note that when m = 1, T3 is just the commutator what we mentioned above. It
is well known that multilinear operator are of great interest in harmonic analysis
and have been widely studied by many authors ([19][20][21]). Cohen and Gosselin
([6][7][8]) obtained the LP(p > 1) boundedness of the multilinear singular integral
operators. Hu and Yang ([13])proved a variant shape estimate for the multilinear
singular integral operators. In[21], the authors prove some shape estimates for the
multilinear commutator. As the Morrey space may be considered as an extension
of Lebesgue space ([16]), it is natural and important to study the boundedness of

such operator on the Morrey space. The purpose of this paper has two-fold, first, we
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establish a M*-type estimate for the multilinear commutator related to the singular
integral operators, and second, we obtain the weighted LP-norm inequality and the
weighted estimates on the generalized Morrey space for the multilinear commutator
by using the sharp inequality.

To state our result,we first give some notions.

In this paper, B will denote a ball in X and fz = u(B)™" [ f(z)du(z), we define
the sharp function of f as

f#(z) = =Sy / | (y) = Faldp(y).

It is well-known that ([12])

#(x) ~ sup inf / — C|du(
fr(@) ~ BaBCGCM |/ (y) = Cldp(y).
We say that f belongs to BMO(X) if f# belongs to L°°(X) and define

1 f1lBao = [|f#]| -

Let M be the Hardy-Littlewood maximal operator defined by

M(f)(x) = sup u(B) ™ /B F@)lduly)

B>z

For 0 < p < oo, we denote M, f(z) b

My(f)(x) = [M(|fI7)(2)]7?.

For k € N, we denote by M* the operator M iterated k times,
ie. M'(f)(z)=M(f)(x) and

ME(f)(w) = M(M N (f))(@)  when k> 2.

Let ® be a Young function and @ be the complementary associated to @, we denote

that the ®-average by, for a function f,

| fllo.5 = inf{A >0: ﬁ/qu) (@) du(y) < 1}
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and the maximal function associated to ® by

My (f)(x) = Slelg | f|le,5-

The Young functions to be using in this paper are ®(t) = t(1 + logt)” and
Cf(t) = exp(t'/"), the corresponding average and maximal functions denoted by || -
| L(togL)yr By MLogryr and || - ||eupri/r 5y Megprir.  Following [19][20], we know the

e

generalized Holder’s inequality:

ﬁ/;f(y)g(yﬂdu(y) <|Iflle.5ll9ll5 5-

And we can also obtain the following inequalities:
||f| |L(logL)1/’“,B < ML(logL)l/T (f) < CML(IOQL)m (f) < CM"H_l (f)7

16— bgleaprr.8 < C||bl|B7oO,
|byr+15 — bap| < Ckl|b||saro-
for r,r; > 1,7 = 1,2,--- ,m with 1/r = 1/ry + 1/ry--- 4+ 1/r,,, and any = € X,
be BMO(X).
We say that b belongs to BMO(X) if M#(b)(x) belongs to L>°(X) and define
16| Baro = ||b7||p. Tt is known that([12])

|16 — borg||Bro < Ck||b||Bro-

Given a positive integer m and 1 < j < m, we denote by C7" the family of all finite
subsets 0 = {o(1),---,0(j)} of {1,---,m} of j different elements and o (i) < o(j)

when i < j. For 0 € C™, set 0 = {1,---,m}\ 0. For b = (by,- - -,by) and

Ve

= J
g = {0(1),- : ,J(])} < C]m, set bo = (bo(1)>' : -,bg(j)), bg = H bg(i) and
=1

. j
166 || Brr0 = 1:[1 1663y || Br1O-

We denote the Muckenhoupt weights by A, for 1 < p < oo([11]), that is

Ay ={w: M(w)(x) < Cw(x),a.e.}



102 CHENG YUE, HUANG CHUANGXIA AND LIU LANZHE

and, for 1 < p < oo,

4, = {w swp (s [wina)) (o [ w(m)l/@”du(x))p_l < oo} .

Throughout this paper, ¢ will denote a positive, increasing function on R™ and

there exists a constant D > 0 such that
©(2t) < Dop(t) for t>0.

Let w be a weight function on X (that is w is a non-negative locally integrable function
on X) and f be a locally integrable function on X. We define the norm as:
1 1/p
Wllreeo = s (o [ ifPudn)
vex, d>0 \P(d) B(x,d)
for 1 < p < oo, where B(z,d) ={y € X : |z —y| < d}.

The generalized weighted Morrey spaces is defined by
LP#(X,w) = {] € Lip(X) ¢ | l|mequ) < 00},

If p(d) = d°, & > 0, then LP?(X,w) = LP?(X,w), which is the classical Morrey
spaces ([17][18]).

2. THEOREMS AND PROOFS

Now we state our theorems as following.

Theorem 1. Let b; € BMO(X) for j = 1,---,m. Then for any 0 < r < 1,
k>m+1, k € N, there exists a constant C' > 0 such that for any f € C§°(X) and
any T € X,

m

(T(NF(E) < Clbllsao | MEH@E) + DY MMT; (£)(3)
j=1 oeCm

Theorem 2. Let b; € BMO(X) for j = 1,--- ,m. Then T} is bounded on LP(w)

for 1 <p<ooandwe A,
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Theorem 3. Let 1 < p < 00, w € A, and b; € BMO(X) for j = 1,--- ,m.
Suppose u satisfies the doubling condition: there exists a constant ny > 0 such that

w(B(z,2r)) > 2" u(B(x,r)) for all x € X and r > 0. Then, if 0 < D < 2",

T (Do) < ClIbl Baro] [ f1] oo w)

In order to prove the theorems, we need the following lemmas.
Lemma 1. Let 1 < 7 < oo and b; € BMO(X) with j = 1,--- k and k € N.

Then, we have

/H|J )Bldu(y) <CH||b||BMO7

7=1

1/r k
( /H|b bj)s|"dp(y )) < T 1bsllsao-

j=1
Similarly, for o € C}",when k < m and m € N, we have:

5 L 106) = @)0)okdnts) < Clt oo

( /' >V@UyﬁsammM)

In fact, we just need to choose p; > 1 and ¢; > 1, where 1 < j < k, such that

and

Ipr+---+1/pr =1and r/qy + - - +1/q = 1. After that, using the Holder’s
inequality with exponent 1/p;+---+1/py = land r/q1 +---+7/q, = 1. respectively,
we may get the results.

Lemma 2.([11],p.485) Let 0 < p < ¢ < oo and for any function f > 0. We define
that, for 1/r =1/p—1/q

fllwee = Ti%))‘Hx € Xt f(a) > M1, Nyg(f) = sup 1 fxsler /lIxsllcr,

where the sup is taken for all measurable sets B with 0 < u(B) < co. Then

1 llwee < Npo(F) < (a/(a = p)"?[| fllwea.



104 CHENG YUE, HUANG CHUANGXIA AND LIU LANZHE

Lemma 3.([11]) Let 0 < p,n < 0o and w € Uj<pcooA,. Then

1 (N)l|zrw) < CHLT (Do)

Lemma 4. Let 1 < p < oo, w € A; and 1 < ¢ < p. Suppose p satisfies the
doubling condition: there exists a constant ng > 0 such that

w(B(x,2r)) > 2" u(B(z,r)) for all x € X and r > 0. Then, if 0 < D < 2™,
1My (Pl zrew) < ClIF e )
Proof. Let f € LP#(X,w). Note that 1 < ¢ < p and for any u € Ay,
| @ Pawin) < ¢ [ 1wl

For a ball B = B(z,d) C X, we get

| M@ P @)

< [ DI M) 0)dut)

< c / )P M (wxs) (W) dp(y)

= C /|f WM (wxs)(y)du(y +Z/2k+13\2k3 y)[P M (wxe)(y )du(y)]
T w(y)

< C /If Y Pw(y)du(y +Z/2k+13\2k3 Wdu(y)l

k+1pB

< C /|f V7w () dply +Z/ ﬁl(ﬁ)du@)]


enas
Text Box
CHENG YUE, HUANG CHUANGXIA  AND LIU LANZHE


M*-TYPE ESTIMATES FOR MULTILINEAR COMMUTATOR 105

(y)

< p d —22d
< | [ rwremad +Z/MB P duty)
< Olf ey > 2 " 025 d)

k=0
< Ol o D27 D)

k=0
S OHfHpr(w ()

thus,

[[My(f)l|zrewy < Clfl|zre )

Lemma 5. Let 1 <p<o0,0< D <2" we Ay. Then, for f € LP¥(X, w),
||M<f)||LPW(w) < C||f#||Lp,<p(w)

The proof of the Lemma is similar to that of Lemma 4 by Lemma 3, we omit the
details.
Proof of Theorem 1. It suffices to prove for f € C5°(X) and some constant Cy,

the following inequality holds:

(i [ 0@ = Girdute >)w

m

< Clbllsmo | MMAH@E) + DY MNT; (H))(E)

j=1 UGCJm
Fix a ball B = B(xo,d) and & € B, we write f; = fx2p and fo = fx(2p)c. Following
[P-P], we will consider the cases m =1 and m > 1, and choose
Co = T(((b1)2s — b1) f2) (o) and Co = T([;L,(bj — (bj)2) f2)(w0), respectively.

We first consider the Case m = 1. For Cy = T'(((b1)25 — b1) f2)(x0), we write

To, (f)(2) = (b1(x) = (b1)28)T(f) () = T((br = (b1)28)f)(x).



106

Then

CHENG YUE, HUANG CHUANGXIA AND LIU LANZHE

1o, (f) () = Col

|(by(2) = (b2)28)T(f) (@) + T(((br)2 — 165b1) ) ()
|(by(2) = (b2)28) T () (@) + [T(((b1)25 — b1) 1) ()]
HT(((b1)25 = b1) f2)(x) = T(((b1)25 = b1) f2) (o)

A(x) + B(z) + C(x).

For A(z), we get

IN

IN

IN

IN

(- [ |A<x>|’"du<x>)1/r
L / |A(2)|dp(z)

55 [ 101@) = ()2 T @)

||b1 (01)28lexp 28| T ()| L0og 1) 25

CllbillsaoM*(T(f))(@).

For B(z), by the weak type (1,1) of T" and Lemma 2 , we obtain

(ﬁ/BW(I)VdM(x))W
ﬁ /B |B(z)|du(x)

L / T(((b1)as — b1) 1) ()| dpa(r)

( [T~ ) s >|pdu<x>)1/p

mWHT((M) B — 01)(fx2B)(2))]|r

= T(((b1)2p — b1) f2)(x0)]
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C— T ((01)2 — 1) (frxe) (@)

— 1)2B — 01 X2B)\T)||lwrLt

w(B)

1
Cm”((bl)ZB —b1)(fxeB)(@)]|2

1
u(B) /QB [((b1)25 — ba())]1f ()| dps(2)
C||(b1)25 — b1(2)||eapr28 f1| Laog £).25

Cllb1 || Baro M?(f)(E).

IN

IN

IN - IA

IN

For C(z), we have, for z € B,

IT(by — (b1)2p)(f2)(x) — T'(by — (b1)25)(f2)(x0)]
/(QB);bl(y) = (b)aw) o) (K () — K (20, 9)) ()

IN

/(23)0 5s(0) — (0am) L F (K 9) — K (0. 9)ldis(y)

IN

- (d(z,70))° -
¢ ; /sz/sz (Bl dw.g)) @i g WIer W) = (r)2sldu(y)

IN

O BT o, MO — ()l

cZﬂéﬁ / F@)I1B1 () = (b)asldp(y)

IA

IN

CZQ kéHbl bl)ZBHexpL 2’“+1BHfHL (log L),2k+1B

IN

Clb1||BroM?(f)(%).

thus,we can obtain:

1 ; 1/r N ~
(m [ (cw) da:) < Ollbnl o M2(f)(@).
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Now, we consider the Case m > 2. we have, for b = (b, ,by),

_ /X [105(@) = by () K () £ (w)dia(v)

- /X TT105) — (55)25) — (bs(w) — ()oK (2, 9) F () ()

1 /X ﬁ@j@) — (By)om ) K ) £ ()i

+§U§m<—1>mf<bj<x> = W)an)e [ (5(0) = (y)aw)oe K, (0)dlo)
- jﬁfb’ (@)~ (b)as)T()(a) + <—1>mT<jﬁ1<bj ) — (6)26))(2)

+m 3 (" 0(5) = ()as)oT; = (s ()

thus, recall that Co = T([ ]2, (b;(y) — (b;)28) f2) (o),

I T5(f) () = T[] 85(9) = (0)25) o) (o)

Jj=1

(bj(2) = (bj)28)T(f)(2)]

IN

+|T(H(bj(y) —(bj)28) f1)(2)]
+| - ((bj(x) = (bj)28)0T (bj — (bj)2p)se(f)(2)]
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+|7°( H )2) f2) (@ H )28) f2)(0)]
7j=1

Jj=1

= L(z) + L(z) + Is(z) + Lu(x).

For I;(x), we get,

(o7 [ 1m dnta ) < [ In@laute
1

e |jHl(bj(x) = (0j)28)|IT(f)(2)|dp(z)

IN

m

B
ClI | [ ®bj(x) = (0j)28)l e 1775 25| T ()| Lt0g Ly 28
1

IN

CTT1bill oM™ (T () (%)

J=1

Cl1bl|roM*(T(f))(Z).

IN

IN

For I5(x), by the boundness of 7" on LP(X) and similar to the proof of B(x), using

Lemma 2 , we get

(ﬁ / |Ig(x)|rdu(a:))l/r§%) | In@dnte)

1 m
- =5 / 7 H Yor) 1) ()| dp(x)
m 1/p
< <%/ ]le;[l )25) f1)( )’pdﬂ($)>
1 m
_ MM H )o5) 1) ()] | o
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< HT H )28) f1)(@))||wr
i—1
< H )28) f1)(@))|] 1
=1
< / I ORIORIEELTE
< CHH (bj — (bj)2B) eXle/JgBHfHL(IOgL) 2B
< CHbHBMOMmH(f)(x)

Cl1Bl| a0 M* () ().

IN

For I3(x), by Lemma 2 ,

(; / |]3<x>|rdu<x>)”’" < L / 1(@)ld()

/ o, o lIT 55 = (b5)am)oe () (@) [dia(z)

IN

j= 1 UEC’”

IN

CZ D (@) = 0)28)olley 11775 2511 T (0 = (b)28)oe (Hllzog 25

j=1 O'EC;"

O S ollowoM™ (15 (1)(@)

j=1 oceCy

IN

< O Y Bl M (T, (5)(@).

j=1 UEC’J’-"

For I,(z), similar to the proof of C'(x) in the Case m = 1. We have :

H )2B) f2)( H )28) f2)(20)]

J=1 J=1

m

- /(W T100) = 0020 £ @)K ) = K o, ) ()
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/@B)c T ) = eI E (.y) — K (0, 9))lduly)

S (d(z,70))° i
C;/Z’CHB/%B w(B(x,d(z,y)))(d(x,y)) 5|f 1:[ bj)2)|dp(y)

(o] 5 m
7o 1 /

¢ d
;u(%B) (25100 Jypirp HE bj)en)|dp(y)
00 1 .

C Qké—/ ]
; (251 B) Joriip HJl:[l bi)25)|du(y)

CZQ k5HH 2B)HexpL1/TJ ol FllLgog Ly 2B

CHbHBMoMm“(f)(f),

1 ) 1/r N L ~
(m /B L) dﬂ(x>) < Bl maro M (£)(3).

This completes the proof of the theorem.
Proof of Theorem 2. By Theorem 1 and the LP(w)-boundedness of M* we

may obtain the conclusion of Theorem 2 by induction.

Proof of Theorem 3. We first consider the case m=1. Taking 0 < r < 1 in

Theorem 1, by Lemma 4 and Lemma 5, we obtain

IN

IA

<

<

(e < WMD) ooy < CNTE (] o)
Cllbllzaro (11" (f)lzrew) + IMHT () row)
Cllbllsro (1f11weqw) + TN oo w))

ClI8l8a10 (Lf oy + 1 F]2r:o)

C|[bl| Barol| f1|Lree (w)

When m > 2, we may get the conclusion of Theorem 3 by induction.

This completes the proof of Theorem 3.
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