Jordan Journal of Mathematics and Statistidd&)b (2), 2012, pp. 125-135

ON AN INFINITE DIMENSIONAL LESLIE MATRIX
IN THE BANACH SPACE &

OMER FARAJ MUKHERIJ

ABSTRACT: In this paper, we introduce Leslie matrix with anfirite dimensional
components. The top ro{\an}f and sub diagona&a)n};o of such matrix are assumed to be

elements of the Banach spaCg.We prove that an infinite dimensional Leslie ness

have a positive real eigenvalue. In addition suéttrion defines a compact linear operator
from C,intoC,.

1. INTRODUCTION

The use of matrices in population mathematics hesn ldiscussed by Leslie [6] and
arised his common model "Leslie model" which désd the population growth [2,11].
This model is represented by the finite square imatith constant non-negative elements
in the first row and elements between 0 and 1 enghbdiagonal immediately below the
principle and all other elements are zero.

An eigenvalue of Leslie matrix has been evaluatetiishas become an important value
for describing the limiting behavior of the popubat[6,11].

It is well known that the Leslie matrix has onlyeoneal positive eigenvalue which

dominates the others in modulus and other eigeasadwe non-positive real or complex
[11].
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In this paper we consider that the Leslie matrig imdinite dimension with its top row

and subdiagonal are elements of the Banach spedhe space of all scalar sequences

converging to zero (null-sequences) with norm defiby x|, = sugx|.

We prove that such matrix has a positive real eigkre and corresponding eigenvector
has positive entries, we also prove that the itdimiimensional Leslie matrix defines a

compact linear operator frofPinto %,

Definition 1: An infinite matrix L defined by

al aZ aS
0 0
L=| %

0 w O

where0 < w, <landa; OR+0 [Jj = 1,23... is called an infinite-dimensional Leslie matrix.

We will consider there is an infinite populatiomdaas Leslie assumed in his model in
case of finite matrix, we consider a populationidiyd into an infinite number of age

groups, the top row, is consider to denoted the number of individuatedpced by each
individual in an age group at tinmlgand the subdiagonab, denotes the probability of

survival from agej to age groupj + 1

Let X andY are sequence spaces such tkatontainsc,. Consider an infinite matrix

of Sca|ar5|-:(aij ):01:1' We say thatl defines a linear map frod into Y if for every
X = {Xj}‘;":l O X and eachi = 12 .the seried_a, x,
j=1

is convergent. If we let
Lx, =y, =Y a% , i=12..
j=1

Then LxOY. (cf[10]).
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The norm ofL is given by

o =su8a

oo
i

Lemma 1: An infinite matrix A= (a,-j) _, defines a linear map framinto¢, if and only

(@) | A, =supy_|a| < and
=1
(b) !irgoqj =0 foreveryj=123....
Proof: Assume conditions (a) and (b) are hold. Det xUc,.Given £ >0, take a

positive numbeK be such that
Y lay|sk
j=1
For each i=1,2,..., then there exidgsuch that
x|<o=  for all j>N,
2K

where x = {xl,xz,...,xj ,...}Dco.
By condition (b),
lima, =0
For each j = 12..., then there exists a numbkt, such that

No

£
al|<—"—,
2l g,

for eachi > M, where|X], = supx;|.
J
By condition (a) makes the series

A = ayX,
i=1
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is well-defined for each.

Now,
MM- Xﬂ%fu
sZ@W#;Z@WJ
<2, %l e 23
=§+g=g Oi > M, .
Hence Ax ¢, .

Therefore A mapsc, intoc,.
Conversely: Assume that for every= {xj}D C, then AxUc,.

Fix i=1,2,...
Let

(W =2ax,
for any x ={x;}; ¢, then f, Oc, (where c, is the topological dual ofc, ), and
Il < Xa] )
Choosex asx; =sgna;, j=12...,then|x|, <1 and f,(x) :i‘aj‘.
e

So that Z;“a”‘ <M <[l @)
=

From (1) and (2) we get

[ty =3 faf 0i=12
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Now, for every x0Oc, , then f (x)= Ax 0c, means that the sequence
{f(x} -~ 0 asi -~ =, soAis a bounded linear operator, then by Banach-Baeis
theorem we have

I, =sup ey | = su ] <=
1 j= I

Hence condition (a).

Let e = (00,...,010,..)0c, ,where 1 occur only in thghentry, for j = 12... then
Ae, ¢, and sequentipel’ Oc, .

Sincea; = Ae"” for j = 123...then

lim g, =lim Ag” =0

| - | - 00

for j =12....
That is!im a; =0.

Hence condition (b).

Proposition 1: The multiplication by the infinite-dimensional Lles matrix
L= (a,-]- ):szl, with the top row{aj}“’cho and the subdiagor{abj}j;’iﬂco ,defines a compact
linear operator front, intoc,.

Proof: Consider the operatdr:c, — ¢,defined by y = Lx such that

Lx, =y, =Y aX, foreach i=12.., 1)
i=1

where (a,-j ):1-:1 is an infinite-dimensional Leslie Whenevef:{xj}j:lD C,. Thus by the

above lemma we hawaJpZ‘aﬂ‘ <o,
i j=1
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Thus there exists a positive numbbt andi, O N such thatZ‘aﬂ‘ <M, for any
j=1

positive integet = i

The series in (1) defines a linear functiond|sf,,... on ¢, given by
)=y =D ax , i=12..
j=1

Thus{f}, - 0asi - .

Therefore for anyxJ ¢, we have
|fi(X)| < ;‘aijuxj‘

s S?QXJ";‘%‘
<M,

Thus ||, <M.

Therefore|y|, = |Lx|, < M||x],.

Hencel is a bounded operator frogg into c,and||L|< M .

Since every sequenc{eg}f in ¢, contains a null subsequen&gk}:’ then {ank}f
converges inc,. Consider any subsd& of c,. Let{yn}f be a sequence ih(B). Then
y, = Lx, for some sequence, in B and{x,};" is a bounded sequence.

So{an} contains a null subsequence therefore the cIoE@ is compact and hence

L is a compact linear operator frotp into c,.

In the theory of matrices and graphs irreducibitifya matrix is known to be equivalent

to strong connectedness of its directed path (¢f [2



ON AN INFINITE DIMENSIONAL LESLIE MATRIX IN THE BANACH SPACE
131

Definition 2 ([3]) : A directed graph i:called strongly connected if for any pair of its
vertices there exists a finite directed path fram wertex to the other.

If A=(a;) be an infinite-dimensional matrix with non-negatieauatries(a,-j > 0), then
the directed grapid(A) associated with is given asD(A)={(i, j) ONxN /a, #0 } and
it is strongly connected if for every pdir, j) UNxN a directed pathi, k), (k;,k,),...,(K,, J)
in D(A).

Now since the top row and the subdiagonal of Leskrix L are non-zero elements; so

that the direct graph with is strongly connected and hence the infinite-dirrered Leslie
matrix is irreducible.

Lemma 2([9]) : Let A=(a;) 0 be an irreducible matrix. Then for all

(i, )) O NxN there existiN such that{” > Owhere A" = (qj(”))Di <n.

Theorem 1: Let L =(&;);";, be an infinite-dimensional Leslie matrix wi{b(j} and

j=1
{wj}j’:l are in ¢, and setB={(i, )0 NxN /g, >0} is infinite then there exists an
eigenvalue 4,0 R,y of L and corresponding eigenvectot Oc, with Lx' = Ax" and
X' >00iON.

To prove this result we need the following theomune to Krein-Rutmann [4]

Theorem 2: Let X be areal Banach space add_] X be a convex closed cone with
KO(-K)=XandK n(-K)={0}.
(@ TOE (X,X) be a compact operator leaving the coKeinvariant, that is

TxOK OxOK .

(b) Supposex’ 0K —{0}, HxOH =1then CnON and € R suchT"x’ - sx° OK .
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Then the operator has an eigenvalud, [JR.o and an eigenvectox' 0 K associated
with A,.

Proof :

Define K ={x={x.} Oc,/x, 20 OnON}, thenK n (-K) ={0}and K O (-K) =¢,.

To show thatK is convex: Letx,y K thusx,ydc,with x =0 andy, =0 Ui O N.

For any 820 and y=0 such thatB+)y =1 then SxOc, and yyc, this implies
thatBx, =0 andyy, =0L0i.

Thus Bx + ¥, 20 Ui and hencefx +yOK.

ThereforeK is convex set.

To show thatK is cone: LetxOK then xOc, with x =00 .Let A=0 ,then

Ax =0 0i ON, which implies thatdx [0 c,and hencelx U K .There foreK is cone.

To prove thatk is a closed set; consider arxy={x§°’}?:1 0K, whereK is the closure

of K, then there arex, :{x](“’}ilﬂ K such thatx, - X, asn — .
Hence for anye >0, find a positive integen such that |x, —xo||<§, so we have
i £ .

‘x} ) —x]@‘ <%, =X <5 forall j.

Sincec,is closed therx, 0 c,and ‘x}o)‘ <|¥<e.
Now ,asx, 20 thus x{” = 0 [Jj ON,

thus x, 0 K and sincex, OK was arbitrary, therefor& is closed set.

Let L:c, - c, be a compact linear operator defined Ibyx=y such that

Y= ax , i=123..,
=1
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oo
i

where {xj}:’ and {yj}f are null sequencege.in c,) and(a,-j) _, be an infinite-
dimensional Leslie matrix whose terms are non-negat

Then for anyxUK implies x; 2 0 i U N,
Thusa;x; 200i, j, hencey, 20 Ui U N.

That is LxUOK . ThereforeL is a compact linear operator leaving the cone

K'invariant, which is part (a) of Theorem 2.

Since the infinite-dimensional Leslie matrixis irreducible, then by Lemma 2, for
i =land j =1 CnON with af >0.

Let x” OKAO} with || =1 and s=a >0thusL"x’ -’ = L"x” -ax" OK..

Hence (b) of Theorem 2. Therefore Theorem 2 imgplteat there exists an
eigenvaluel, 0 R, of L and corresponding eigenvecter(] K with Lx" = A,x".

To show that; >00j O N, assume that there exisi§] N such thatx; =0 then the

j —th coordinate ofL"x' =00On O N.
On the other hand’kO N with x >0 thenCnO N such thata™ >0 and

0= iaﬁ”’X} > a"x: >0, which is impossible.

=1

Thereforex; >0 Cj ON.
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