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SUB COMPATIBLE AND AND SUB SEQUENTIAL
CONTINUOUS MAPS IN NON-ARCHIMEDEAN
MENGER PM -SPACE

M. ALAMGIR KHAN @® SUMITRA® AND RANJETH KUMAR @

ABSTRACT: The aim of this paper is to establish some figetht results by using the new
concepts of sub compatibility and sub setjgkncontinuity in non Archimedean
Menger PM-spaces ( Briefly, N. A. Menger PM-spaces)

1. INTRODUCTION

In 1942 K. Menger [9] introduced the notion of pabiistic metric spaces (briefly, PM-
space) as a generalization of metric space. Sugtolzabilistic generalization of metric
spaces appears to be well adapted for the invéstigaof physical quantities and
physiological thresholds. It is also of fundamentaportance in probabilistic functional
analysis.

In 1975, Istratescu and Crivat [22] first studiéé non-Archimedean PM-space. They
presented some basic topological preliminaries oANPM-space and later on Istratescu
[19], [20], [21] proved some fixed point results im@appings on N. A. Menger PM-space by
generalizing the results of Sehgal and Bharuchd-R28]. Achari [8] generalized the
results of Istratescu and studied some fixed padhtgausi-contraction type mappings in

non-Archimedean PM - space.
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Recently Bouhadjera and Thobie [5] introduced tbecept of sub compatibility and
sub sequential continuity in metric spaces. Singentvarious mathematicians have
extended the concept of sub compatibility and seduential continuity in certain spaces
like fuzzy metric spaces, 2 metric spaces andtiahistic fuzzy metric spaces etc.

In the present paper we introduce the concept bfcaumpatibility and sub sequential
continuity in  N. A. Menger PM-space. Our resulide@dd and generalize several known

results in the literature.

2. Preliminaries

Definition 2.1: Let X be any non-empty set and D be the set lofeftl continuous
distribution functions. An ordered pair (X, F) igid to be non-Archimedean probabilistic

metric space (briefly N. A. PM-space) if F is a pgng from X xX into D satisfying the
following conditions where the value of F atx(y)OOXxX is represented by
E., or F(x,y) for all x,yl] X such that
i) F(x,y;ty=1forallt>0ifandonif x=y

i) FX vy 1) =F(y, % 1)

i) Fx,y;0)=0

iv) If F(x,y;t)=F(y,z;t,)=1, then F(x,z; max{t .t }F .

Definition 2.2: A t-norm is a functionA:[0,1]x%[0,1] - [0,1] which is associative,

commutative, non decreasing in each coordinate Afal1)= a for all &1 [0,1.

Definition 2.3: A non-.Archimedean Menger PM-space is an orddniptet (X, F, A),
whereA is a t-norm and (X, F) is a N.A. PM-space satigfyihe following condition;
F(x,z; max{t ,t,}) 2 AF(x,y;t),F(y,z;t,)) for allx,y,zO X,t,t,=2 0
For details of topological preliminaries on non-Aimmedean Menger PM-spaces, we
refer to [22].
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Definition 2.4: A N. A. Menger PM-space (X, FA) is said to be of typgC), if

there exists @y [1Q such that
g(F(x,z;t))< g(F(x,y;t)F g(F(y,z;t)) for all xy,zO X,t=0

Where Q={g/g:[0,1] - [0,) is continuous, strictly decreasing
g(1)=0and g(0Ox o }.

Definition 2.5: A N. A. Menger PM-space (X, B) is said to be of typ¢D), if there
exists ag0Q such thatg (A (t,,t,))< g(t)+ g(t,)0 t,,t,0 [0,1].

Remark 1

i) If N. A. Menger PM-space is of typ®), then (X, FA) is of type(C), .

ii) If (X,F,A)is N. A. Menger PM-space ams=A(r,s) = max(r +s-1,3,

then (X, FA) is of type(D), for gdQand g(t) =1-t.
Through out this paper Ie(tX,F,A) be a complete N.A. Menger PM-space with a

continuous strictly increasing t-norf.

Let ¢[0,0) - [0,0) be a function satisfying the conditith);

(@)@ is semi upper continuous from right ange(t)<t for t > 0.

Definition 2.6: A sequencgx} in N. A. Menger PM-spacéX, F,A) converges ta,
if and only if for eachs >0, A > 0 there existdM (g,4) such that

g(F(x,,x¢&)) <gl-A) On,n>M.

Definition 2.7: A sequencgx} in N. A. Menger PM-space is Cauchy sequence if and
only if for each £€>0,4>0 there exists an integer M(g,4) such that

g(F (X, X p:6))<g(@-A)0n, n=M and p=1.
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Lemmal. If a functionp:[0,c) - [0,0) satisfies the conditiond§) then we get:

i) Forallt>0,limq"(t) =0, where@" (t)is the nth iteration of (t).

i) If {tn} is a non decreasing sequence of real nuralagrd tn+X @ (tn),

n=1,2,...thedimt, =0. In particular, if t< ¢(t), J t =0 then t = 0.

n-oo

Examplel ([11]). Let X be any set with at leasto®lements. If we define
0,t<1
1,t>1
then, (X,F,A) is N. A. Menger PM-spacavith A(a,b)= min( a,) of al.

F(x,x;t)=1 for all xOX , t>0 and K x,y;):{ } when x,§ X, %

Example 2 ([11]). Let® =Rpe the set of real numbers equipped with metrimed

as

t
d(x,y)= |x-y| and set F(x,y; t):t+d(—xy)

Then (X,F,A) is N. A. Menger PM-space with as continuous t-norm satisfying

A(r,s) =min(r,s) or (r.s).

Definition 2.7: Two self maps A and B of a N. A. Menger PM-spéb’e F,A) are said

to be weakly compatible iAt =Bt for somet 0 X implies thatABt = BAt .

It is well known fact that compatible maps are weakipatible but the converse is not
true.

Definition 2.8: Two self mapsAand B of a set X are said to be owc if and only if there
is a pointx [JX which is a coincidence point dhand B at which Aand Bcommute. i.e.,
there exists a point 01X such thatAx = Bx and ABx = BAX.

Definition 2.9: Two self mapsAand Bof a N. A. Menegr PM-spac(eX,F,A) are

said sub compatible if and only if there exists eguence{x,} in X such that
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lim, Ax =lim _Bx =z, z[X and whichsatisfy lim g(F ((ABXx,, BAxn;t))) =0 for all

t >0.
Obviously two occasionally weakly compatible map® aub compatible maps,

however the converse is not true in general as showhe following example.
Example 3. ([11]). LetX =Rbe the set of real numbers equipped with metrimde
as
t
d(x,y)= |x-y| and set F(X,y;t) =—F——
(xy)= [x-y| (% ¥; 1) 0]
Then (X,F,A) is N. A. Menger PM-space with as continuous t-norm satisfying

A(r,s) =min(r,s) or (r.s).

Define the mapA B X - X Dby setting
2 X-2x<1
Ax =X <L gy - X
2X —-1x =1 X+3,x2=21

2
Define a sequenoce, :1—1, thenAx :(1—1) -1
n n

BX, =3(1—1j— 2=1-3 1

n n
2
ABX,, :A(l—éj:(l—éJ :1+—92——6 and
n n n° n

2 2 2 2
oax, =8(1-2] =9 1-1) - {F(_lj _ZH 232 and
n n n n n n
lim,, g(F(ABx, BAX ;t)) - 0, where g is a function defined in Def. 2.4.

Thus, A and B are sub compatible but A and B ateome maps asA (4)=7=B (4)

and AB (4)=A(7)=13#BA( 4= 1C
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It is also interesting to see the following one wayplication.

Commuting = Weakly commuting = Compatibility = Weak

Compatibility= Occasionally Weak Compatibility> Sub Compatibility.

Now, we aim at our second objective which is taadtice a new notion called sub

sequential continuity in N. A. Menger PM-spa(C)é, F,A) by weakening the concept of

reciprocal continuity introduced by Pant [18].

Definition 2.10: Two self maps A and S of a N. A. Menegr PM-sp@&eF,A) are
called reciprocal continuous if liPASx, = At and lim SAx =S for somet X

wheneve{x,} is a sequence in X such that Jigx, =  Ji®x, =t OX .

Definition 2.11: Two self maps A and B of a N. A. Menegr PM-spée F,A) are
said to be sub sequentially continuous  if and/ dhthere exists a sequenfe } in X
such that limAx, = lim,Bx, =t for sometdX and satisfy limABx, =At and
lim  BAx, =Bt.

Remark 2. If A and B are both continuous or reciprocally tonous then they are
obviously sub sequentially continuous.

The next example shows that there exist sub se@llgntontinuous pairs of maps

which are neither continuous nor reciprocally comtius.
Example 4. ([11]). LetX =Rbe the set of real numbers equipped with metrimde

as

t
d(x,y)= |x-y|l and set F(x,y; t):t+d(—xy)
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Then (X,F,A) is N. A. Menger PM-space withA as continuous t-norm satisfying
A(r,s) =min(r,s) or (r.s).

Define AB :X =~ X as;
2,Xx<3 2X—4,x< 3
AX = , Bx=
X,X =3 3,x>3

Consider a sequence, :3+% , then Ax :(3+1j -3,Bx,=3
n

BAX, = B(3+%j =32B(3=2

Thus A and B are not reciprocally continuous buivé consider a sequence

X, :3—1, then Ax, =2 , Bx, =2(3—£J—4=(2_2J 4 3
n n n

ABX, = A(Z—%jz 2=A(2) , BAx,=B(2)=0=B(2).

Therefore, A and B are sub sequentially continuous.

3. Results and Discussion
Now, we prove our main result.
Theorem 1. LetA,B,S andT be four self maps of a N. A. Menger PM-spéxXeF ,A).
If the pairs(A,S) and(B,T) are sub compatible and sub sequentially continutien
() A and S have a coincidence point,

(i) B andT have a coincidence point.

Further, If (1.1)



144 M. ALAMGIR KHAN, SUMITRA AND RANJETH KUMAR

g(F(Ax By;t)) < qo[max{

g(F (s«Tyit)),a(F (Ax,Sct)) .9 (F (By.Tyit)
9 (F (SBy:t)), 9 (F (Ty. Axit)) H

forall x,y OX ,t>0, wherepd® such thatg:[0,00) —[0,). Then AB.S

andT have a unique common fixed point in X.

Proof. Since the paird A S) and (B,T) are sub compatible and sub sequentially
continuous, therefore, there exist two sequerfoeg and{y,} in X such that
lim, Ax, =lim, S, =ufor someu OX and which satisfy

lim, g(F (ASX,, $Ax,;t)) = g(F (Au, Su;t)) =0,

lim, By, =lim Ty, =v For somes OX and which satisfy

lim,, g(F(BTyn,TByn;t)) = g(F(Bv,Tv;t)) =0.

Therefore,Au=Suand Bv=Tv. i.e.,u is the coincidence point oAand S and v is
a coincidence pointoBandT .

Now, using (1.1) fox =x, andy =y, , we get

O < o e 9(F (8% Tvuit)). 9 (F (A%,.9:1)) .9 (F (By, Ty, 1))
g(F(AXn,Byn,t)) —‘”{ {g(F(S(n,Byn;t)),g(F(Tyn,Axn;t)) H
Lettingn - oo,
g(F (uv;t)) sqo[max{g(F(u vit)) ,0,0g(F(uvt)) g(F(uv t))}}
ie., g(F(uvit))< qo[g(F (u,v;t))] <g(F(u,vit)), a contradiction.
Henceu =v .

Again using (1.1) foxx =u , y =y, , we obtain

g(F (su.Ty,it)),9(F (Au,suit)) .o (F (BY,.Ty, ?t))H

g(F (Au,By,;t)) < w[max{g(F(Su,Byn;t))’g(F(Tyn,Au;t))

Lettingn - oo,
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g(F (gj,v;t)),g(F (AU,SU;t)) ,g(F (V’V;t))H

g(F (Au,v;t)) 5w[max{g(p(aj,v;t)),g(':(V’Au;t))

o(F (Auv;t)) < ¢ max{g(F(suvt)),0,09(F(suvt)) g(F(vAut)}]

i.e.g(F (Au,v;t)) = qo[g(F (Au,v;t))] < g(F (Au,v;t)) , Which yieldsAu=v=u.
Therefore,u =v is a common fixed pointoA, B , S andT.

For uniqueness, let #u be another fixed point ofA, B , S andT. Then

from (1.1), we have
e g(F(Su,Tw;t)),g(F(Au,Su;t)) ,g(F(Bw,TW;t))
a(F (Au,BW,t))_golmax{g(F (Su,Bw;t)),g(F (Tw, Au;t)) H

qo[max{g(F(Au Bwt)),0,0g(F(AuBwt)) g(F (Au BWt))H

¢;[g(|:(Au,BW;t))]<g(F(Au,BW;t)) which vyieldsw =u and hence

the theorem.
If we put A=B andS=T, in above theorem , we get the following result.

Corollary 1. Let A and S be self maps of a N. A. Menger PM-spz(c)é,F,A) such
that the pairs(A, S) is sub compatible and sub sequentially continuthes):

() A and S have a coincidence point,
Further, If (1.1)

) < of mand 8(F (S6i1)) 0 (F (AxScit)) g (F (Ay.5yt))
DR L iAo i
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for all x,yOX ,t> 0, wherepll®. Then A and S have a unique common fixed
point in X.

If we put S=T, in above corollary, we get the following result.

Corollary 2. Let A B andS be self maps of a N. A. Menger PM-sp4¢¢,F,A).

Suppose that the pairs(A,S) and (B,S) are sub compatible and sub sequentially

continuous, then
(i) A andS have a coincidence point.

(i) B and S have a coincidence point.

Further, If (1.1)

g\ F (Ax,By;t)) < ¢ max
Fiaon) s e )

forall x,y OX ,t >0, whergpl0®. ThenA, B and S have a unique common fixed

9(F(S<,S/:t)),9(F(Ax,S<;t)),g(F(By,a/;t))H

point in X.

Now, we furnish our theorem with example.

Example 5([11]). LetX =R be the set of real numbers equipped with megindd

as

t
d(X,y) = |X—y| and set F(X, Y, t)m

Then (X,F,A) is N. A. Menger PM-space with as continuous t-norm satisfying

A(r,s) =min(r,s) or (r.s).
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Define the mapsA, B, Sand T:X - X as
X, x<1 2x-1,x< 1
A(x) = . S(x)=
3X+1,x>1 5x-1,x>1
3-2x,x< 1 3X—-2,x< 1
B(x) = . T(¥)=
3,x>1 2,x>1

Define ¢:[0,00) —[0,0) as g(t)=+t and g:[0,1] - [0,) is continuous, strictly
decreasing and g(¥ 0 and g }.

Consider the sequencgs ,} ={y, } =1-=.

Then, clearly Ax, , Bx, , &, andTx, - 1.

AS(x,)= A(l—ljz(l——lj - 1=A() and sA(x,) = S(l—ljz(l—é) - 1=5()

n n n n

Thus (A S) is sub compatible and sub sequentially continuous.

Again, BT (x,) = B(l—%j =3- 2( 1—;:) :( 1+—:j -~ =B()

TB(xn)=T(1+gJ=3(1+2J- 2=(1+£j - ET(),

n n
which shows thafB, T) is sub compatible and sub sequentially continuous.

Also the condition (1.1) of our theorem is satidfend '1' is unigue common fixed point
of A, B, S andT.
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