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CERTAIN CLASSES OF UNIVALENT FUNCTIONS HAVING
NEGATIVE COEFFICIENTS

VANITA JAIN

ABSTRACT. Eight classes of univalent analytic functions with negative coefficients,
involving Ruscheweyh derivative and a linear operator, have been studied in regard
to coefficient inequality, distortion theorems, extreme points, radii of starlikeness

and convexity.

1. INTRODUCTION

Let S denote the class of functions of the form f(z) = z+> 7, a,z" that are
analytic and univalent in the unit disk U : |z| < 1. Let T denote the subclass of S
consisting of functions whose non-zero coefficients from second on, are negative; that

is, an analytic and univalent functions f is in T if and only if it can be expressed as

[e.o]

(1.1) f2)=2=)lan|2".

n=2

The class T together with its subclasses T'S*(«) and T'C(«), respectively, of starlike

and convex functions of order «, were introduced and studied by Silverman [12].
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Further, if f is given by (1.1) and ¢ in S is given by g(z) = 2+ >~ |bn|2", then

the convolution (Hadamard prouduct) of f and g is given by

(Fr)2) =2 =3 lanbal".

The subclasses T'S¥ and T'C , respectively , starlike functions and convex func-
tions with symmetric points of 7" were introduced and studied by Sakaguchi [11] and
Dass and Singh [1], respectively, see also [9]; whereas the subclasses T'S*(«, 3) and in
TC(«, 3), respectively, of starlike and convex functions of order o and type /3 were

introduced and studied in Gupta and Jain [3], see also [4].

In this paper, involving two operators, namely, Ruschewey derivative operator
R(a, 3, 1), introduced by Ruscheweyh [10] (Section 2), and the linear operator L(a, ¢),
introduced by Carlson and Shaffer (c.f.[9]) (Section 3), eight different classes of uni-
valent analytic functions with negative coefficients have been considered. Results on
coefficients inequalities, distortion theorems, extreme points and radii of starlikeness

and convexity for these classes have been derived.

2. CLASSES OF FUNCTIONS INVOLVING RUSCHEWEYH DERIVATIVE

A function f € T is in TSIR(«, 3, 1), the class of starlike functions of order

a(0 < a < 1) and type (0 < § < 1) with respect to symmetric points, if and only if

o [ 1/ (st < s <1

where the operator D* f| the Ruscheweyh derivative of f, is defined by
227 f(2)" z

DAf(2) = T = o 1)
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(2.2) =2 =Y An()an|z",
with
n+p—1 (w+ 1) +2) . (p+n—1)
An(W:( p ): . : (n—1)! : '

Further, f € T is in TCsR(«, 3, i), the class of convex functions of order
a(0 < a < 1) and type 5(0 < f < 1) with respect to symmetric points involving the
Ruscheweyh derivative if and only if zf' € TS*R(«, 3, j1).

Note that T'S*R(a, 3,0) = TS!R(«a,5) and TCsR(e, 3,0) = TCs(a, ) which
were considered and discussed in [5], [6] . We first give the results for the class

TS:R(a, 5, ).

Theorem 2.1. A function f(z) =z — > ", |an|2" is in class TSIR(c, 5, 1) if and

only if
D An(1+5) + (1= (=1)")(B(1 - 20) = 1)} Au()]an| < BI3 —4a] - 1.

This result is sharp.

The following is the distortion result.

Theorem 2.2. If f € TS*R(«, 3, 11), then

 BB3—dal-1 B3 —da| —1

@21 resGEnas SV@w§r+%ﬁ+mu+mr’ il =r
Bl3 —4dal —1 , Bl3 —4dal —1 .
222 -Eeya ey SIS Gy F
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and
ol =1, | B3 —dal -1,
2.2, PR R T L2 o | pu ’< prR—fal =2 _
with equalities for f(z) = z — %z{ (z=%£r).

Theorem 2.3. If f(z) = z — Y 7 |an|2" and g(z) = z — > 7, |by|2" are in
TS:R(a, B, 1), then h(z) =z — 5 > ooy |an + bp|2™ is also in TSI R(a, B, ).

Theorem 2.4. Let
L B3 —4a| —1

{n(1+06)+ 1= (=1)")BA - 2a) - 1)}An (k)
Then f € TS*R(«, B, 1) if and only if it can be expressed in the form
f(2) =200 Aful(2), where Ay, >0 and Y7 A\, = 1.

fi(z) =z and fo.(z) =

z", n > 2.

Theorem 2.5. Let f € TS*R(a, B, 1). Then f is starlike in the disc

|z| <r=r(a, ), where,

WL+ 8) + (1 - (~1)")(F1—20)— 1), 7
n(B|3 — 4al — 1)

r(a, f) = inf
Now, we give results for the class TC;R(a, B, 1) .

Theorem 2.6. A function f(z) =z =Y, |ay|z" is in class TCsR(cv, B, 1) if and

only if

o0

S nfn(1+8) + (1 - (~1)")(B(1 - 2a) — 1)} Au()la,| < BI3 — 4a] - 1.

n=2

This result is sharp.

Theorem 2.7. If f € TC;R(a, B, 1), then

Bl3 —4dal —1 B3 —4dal -1

1) - naes <Ol i He
Bl3 —4dal —1 , Bl3 —4da| —1 B
(2.7.2) 1_2(6+1)(1+u)r§ f(z>‘§1+2(ﬁ+1)(1+,u)r |z| =r
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and

B3 —4al -1 ,

B3 —4dal -1
BT

(2.7.3) Y

T2§‘D”f(z)‘§r+ |z| =r

with equalities for f(z) = z — %22, (z = +r).

Theorem 2.8. If f(z) = z — > 7 la,|z" and g(z) = z — > 7, |by|2" are in
TCR(c, B, 1), then h(z) =z — 3377, lan + by|2" is also in TC,R(cv, 3, ).

Theorem 2.9. Let

_ B3 —4al -1 .
(T4 ) + (1= (—m) (B0 —20) — DAL ()~ 22

Then f € TCsR(«, B, 1) if and only if it can be expressed in the form
F(2) =300 Anful2), where Ay, >0 and Y07 | A, = 1.

fi(2) = = and fu(z) = 2

Theorem 2.10. Let f € TCsR(«, B, 1t). Then f is convex in the disc

|z| <r =r(a, ), where

o) — it [OD) + (L= (1M (E1 = 20) — DA |7

> 2.
h n2(B]3 — 4a] — 1) =

Similar to (2.1), we can introduce the classesT S¥R(«, 5, 1) and TC.R(«, 3, 11), the
class of starlike functions and the class of convex functions, respectively, of order
a and type B with respect to conjugate points involving Ruscheweyh derivative. A

function f € T is in TS R(«, 3, 1) if and only if

[ T A

and f € T is in TC.R(«, B, 1) if and only if zf' € TS!R(a, B, ).

The following results for the classes TS*R(«, 3, 1) and TC.R(«, 3, 1) are analogous
to those for classes TS*R(c, 3, 1) and TCsR(c, B3, 1) and can be derived in similar

fashion.
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Theorem 2.11. A function f(z) =z =3 ", |an|2" is in class TSI R(«, B, p) if and

only if

e}

> {n(l+ ) +2(8(1 — 20) = D} A, (p)]an| < I3 — da| - 1.

n=2

This result is sharp.

Theorem 2.12. If f € TS*R(«, 3, 1), then

B3 —4al =1 B3 —4al =1 )
(2.12.1) r—45<1_a)(1+ﬂ)r < ’f(z)‘ §T+4ﬁ(1—a)(1+,u)r’ 2| =7
8|3 — da| — 1 , 8|3 — da| — 1 B
(2122) 1= garm i s f(z))§1+2ﬁ(1_a)(1+'u)r, 2| =
and
53— da| ~1 B3 — o) -1 _
(2123) — m’rz S ’Duf(Z)) S T+ m’l"Q, |Z| =T
with equalities for f(z) = z — %22, (z==£r).

Theorem 2.13. If f(2) =z — > ", |an|z" and g(z) =z — >~ |ba]2" are in
fe€TS:R(a, B, 1), then h(z) =z — 137 |a, + by|2" is also in f € TS:R(a, 3, ).

Theorem 2.14. Let

Bl3 —4dal —1
[n(1+8) +2(8(1 = 2a) — 1)]An(p)
Then f € TS*R(a, B, p) if and only if can be expressed in the form f(z) =Y o7 | Aufu(2),
where A\, >0 and > 02 A, = 1.

fi(z) =z and f(2) = z — 2" (n=2,3..).

Theorem 2.15. Let f € TS!R(a, B, ). Then f is starlike in the disc

|z| <7 =r(a, ), where

r(a, §) = inf | L2ULF5) + 250 = 20) = DiAn() =

> 2.
n n(B]3 —da] - 1) =
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Theorem 2.16. A function f(z) =z =3, |as|2" is in class TC.R(«, B, p) if and

only if

S {1+ 5) +23(1 — 20) = D}Au()lan] < 513 — 4a] — 1.

n=2

This result is sharp.

Theorem 2.17. If f € TC.R(«, 3, i), then

O3 —4a| -1 , B3 —4al -1 , _
(2.17.1) r_8ﬁ(1—a)(1+u)r S’f(z)‘gr+8ﬁ(1—a)(1—l—,u) , lz| =7

Bl3 —4a| —1 , Bl3 —4dal —1 B
(2.17.2) 1_45(1—a)(1+u)r_ f<z))_1+4ﬁ(l—a)(1+,u)’ |z| =7

and
3—4dal—1 3—4 1

(2.17.3) - m%(l—fda)rz < ‘D“f(z)( <r+ ﬁ|85(1 fé|a) L =
with equalities for f(z) = z — %22, (z==£r).

Theorem 2.18. If f(z) = 2z — Y 2, ]a,|2" and g(z) = z — > ", |by]2" are in
TC.R(c, B, 1), then h(z) =z — 3 307, |an + by|2™ is also in TC.R(w, 3, ).

Theorem 2.19. Let

B3 —4al —1
[n(1+8) +2(8(1 = 2a) = 1)]An(p)
Then f € TC.R(«, 3, 1) if and only if it can be expressed in the form

n

2" (n=2,3....).

filz) = zand fu(z) =z — —

f(z) = Zz\nfn(z), where A, > 0and Z)\n =1
n=1

n=1
Theorem 2.20. Let f € TC.R(«, 3, 1). Then f is convex in the disk

|z| <7 =r(a, ), where

[{n(l +0) +2(6(1 - 2a) — 1)} An(p)

=
> 2.
n2(3]3 — dal) — 1 ] =

r(a, ) = inf

n
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3. CLASSES OF FUNCTIONS INVOLVING A LINEAR OPERATOR
Let us consider the linear operator L(a, ¢) f, introduced by Carlson and Shaffer
(cf. [9]), which is given by
L(a,c)f(z) = o(a,c;z) = f(2)

_ — (@) alsn
< Z (c)n71| n|

n=2

o0

Here 9(a, c; z) =Z+ZEi))"_lz";forc#o,—l,—z ..... ca#£ —1;2€eU
n—=2 n—1

where (\),, is Pochhammer symbol defined by

o _T+xn )1 n =0
S A0y AA+ DA+ 1A +n—1) neEN

In analogy with the classes considered relating to the operator R(«, 3, u) in Sec-
tion 2, we consider here the classes relating to the linear operator L(a,c); namely,

TS!L(a, B,a,¢), TS:L(c, B,a,c), TCsL(a, B,a,c), and TC.L(«, 3, a,c) :

(i) A function f € T is in T'S!L(«, 3, a,c) , the class of starlike of order

a(0 < a < 1) and type (0 < § < 1) with respect to symmetric points, if and only if

[ Tooma |/ [rwaror= taor=s

(ii) A function f € T is in T'SiL(«, 5, a,c) , the class of starlike of order a(0 <

+(1—20z)} ‘ < B,z < 1.

a < 1) and type 5(0 < 8 < 1) with respect to conjugate points, if and only if

2(L(a, ) f(2)) )_1} / [L(a, 2(L(a,0)f(2))

c)f(z) +W+(1_QQ)H <]z < 1.
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A function f € T is in TCsL(av, 3,a,c) and TC.L(«, 3, a, ), respectively, if and
only if zf' € TS*L(«, 3,a,c) and zf' € TS*L(«a, 3, a,c).

Analogous to Theorems 2.1 to 2.20, we can now have theorems for these four classes
involving the operator L(a,c). In what follows, we only give results concerning coef-
ficient inequalities for each of these classes and the others can be stated analogously

which are omitted for the sake of brevity.

Theorem 3.1. A function f(z) =z =3 ", |a,|z" is in class TS*L(w, §,a,c) if and
only if

(a)n—l
(C)n—l

D An(1+8)+ (1= (=1)")(B(1 —2a) = 1)} jan| < B3 —4a| — 1.

This result is sharp.

Theorem 3.2. A function f(z) = z—> ., |ay|z" is in class TCsL(w, (8, a, ) if and
only if

Zn{n(l +8)+ (1= (=1)")(B(1 - 2a) — 1)}(a)n_1

n=2 ( )n—l

lan| < 6|3 —4a| — 1.
This result is sharp.

Theorem 3.3. A function f(z) =z— ", |a,|z" is in class TS:L(w, §,a,c) if and
only if

(@)n-1 lan| < 813 — 4a] — 1.

(C)n-1

> {n(1+8)+2(8(1 — 20) — 1)}

This result is sharp.

Theorem 3.4. A function f(z) = z—> ", |an|z" is in class TC.L(c, (3, a, c) if and
only if

Zn{n(l +8) +2(8(1 — 2a) — 1)} (a)n—1

n=2 <C)n_1

la,| < B|3 — 4| — 1.

This result is sharp.
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4. CLASSES OF FUNCTIONS WITH SYMMETRIC CONJUGATE POINTS INVOLVING

RUSCHEWEYH DERRIVATIVE AND A LINEAR OPERATOR.

In this section, we consider the classes T'S*.R(«, 3, 1) and TCs . R(«, 3, 1) in-
volving Ruscheweyh derivative R(«, 3, 1) and the classes T'S%. L(«, 3, a, ¢), TCs. L, 3, a, c)

involving the linear operator L(«, 3, a, ¢).

A function f € T is in T'SER(«, B, i), the class of starlike functions of order «
(0 < a < 1) and type 5(0 < 8 < 1) with respect to symmetric conjugate points, if

and only if

(4.1)

< f,|z| < 1.

[l

Further, f € T is in TCs.R(«, 3, 1), the class of convex function with symmetric
conjugate points, if and only if zf" € T'S* R(«, (3, u).

Similarly, a function f € T is in T'SI.L(«, (3, a, ¢), the class of starlike functions of
order a(0 << 1) and type (0 < # < 1) with respect to symmetric conjugate points,

if and only if

(4.2)
2(L{a.0)f (=) )_1} /{L(a,f@(a’dﬂz)l _ “‘2‘”” <a <1

‘ [Lw,c)f(z) —L{a,0f(— )F(2) - L{a, ) f(—2)

Further, f € T is in TCs.L(«, 3, a, ¢), the class of convex functions with symmetric
conjugate points, if and only if zf" € T'S* L(«, 3, a, c).

Given below, without the details of the proofs, are the coefficient inequalities for
above four classes whereas the results concerning distortion theorems, extreme points,

radii of starlikeness and convexity etc. for these classes can be formulated accordingly.
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Theorem 4.1. A function f(z) =z — > ", |a,|z" is in class TS R(«, B, 1) if and

only if
D {n(148) + (1= (=1)")(B(1 = 20) = )} A (p)]an| < B3 —da| — 1.
n=2

This result is sharp.

Theorem 4.2. A function f(z) =2z — Y ", |a,|z" is in class TCs R(a, B, 1) if and

only if

Y n{n(1+8)+ (1= (=1)")(B(1 = 2a) = 1)} A, (n)|an| < BI3 —4da| — 1.

n=2

This result is sharp.

Theorem 4.3. A function f(z) =z— ", |a,|z" is in class TCs.L(a, 3, a, c) if and

only if

> {1+ 8) + (1= (1) (31~ 20) = DY as| < 613 — dal ~ 1.

This result is sharp.

Theorem 4.4. A function f(z) =z— ", |a,|z" is in class TCs.L(a, 3, a, c) if and

only if
> nfnll+8)+ (1= (~1)(5(1 = 20) = D} o] < 53— da] - 1

This result is sharp.

Remark 1. If the definitions for the classes T'S*R(«, 3, i) given in (2.1) and T'SE R(«, 3, 1)
given in (4.1) are compared, it appears that these classes are identical. This is further
justified by observing that the coefficient inequality for the class T'S% R(«, 3, 1) ob-
tained in (4.1) is exactly the same as that for the class T'S* R(«, 3, 1) obtained in The-
orem 2.1. Similar remark is also applied to the classes TC. R(a, B, p), T'SE. L, 8, a, c)
and TCs.L(a, 3,a,c) .
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5. PROOFS OF THE RESULTS

Proof of Theorem 2.1.  Let |z| = 1. Then

2(D*f(2)) = D*f(2) + D' f(=2)| = Bl2(D*f(2))" + (1 = 2a) (D" f(z) — D" f(=2))]

- ‘”Z(”—1+(—1)”)An(u)lanlz” —ﬁ‘(3—4a)z

=D [ (1= (=1)")(1 = 20)] A () an| ="
< =B —dal]+ Y (1 +5) + (1= (=1)")(B(1 = 2a) = D] Ay (w)an| < 0.

hence, by the maximum modulus theorem, f € T'SER(a, 3, f1).

For the converse, assume that

[T,/ T TR

Since |Re(z)| < |z|, for all z, we have

Z+ Zfzo=2(n — 1+ (=1)")An(p)|an|2"
Re{ B da): ~ S+ (L 2a)(1 - <—1>n>]An<u>|anrzn} <7

<

z(Df(2))

DR f(2)—Drf(—2) is real and then let z — 1,

Choose values of z on the real axis so that

through real values, we obtain
D {nB+1)+ (1= (=DM = 20) = 1)} A1) an| - [613 = 4| = 1] <0,
n=2

which gives the required condition.
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Finally, the function

Z (3ol 1) .
7 {n(1+5)+ (1 = (=D)") (B = 20) — 1)} An(p)
is an extremal function for the inequality. O

Proof of Theorem 2.2. We note from (1.1) and (2.2) that

(2.2.4) r=r2> aa| <[f(2)| < v+ agl,
n=2 n=2
(2.2.5) L=r) nfa <[f(2)| <14+ nla,
n=2 n=2
and
(2.2.6) r—r ZA Van| < |DFf(2)| <7412 ZA ).

By Theorem 2.1, we have

- Bl3 —4al — 1
P (R e

o0

B3 —4al —1
2 el < g

n=2
and

>~ i < el
Using these inequalities in (2.2.4), (2.2.5) and (2.2.6), respectively, the results (2.2.1),
(2.2.2) and (2.2.3) are established. O

Proof of Theorem 2.3. The proof follows directly by appealing to Theorem 2.1. In
fact, f and g being in T'S*R(«, 3, i), we have

(23.1) Y {n(1+8)+ (1= (=1)")(B(1 = 20) = D)} Au(p)lan| < [5]3 - da] - 1]
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and
232) S 1+ 8) + (1 — (C1)(B(0 — 20) — 1)} An()lba] < (513 — da] —1].
n=2
It is sufficient, for h to be a member of T'S*R(«, 3, i), to show
LS 14 8)+ (1= (1)(3(1 — 20) = D} Au(0)lan + bl < [313 —da] - 1.
n=2
which follows immediately by the use of (2.3.1) and (2.3.2). O

Proof of Theorem 2.. Let

f2) = > Aaful2)
i (8]3 = 4a| — DA,
—{n(l+5)+ (1 - (=1)")(B(1 - 2a) — 1)}Au(p)

=2

2",

z —

I
[\
|
~
3
I8
3

Then

= (01 4+ )+ (1 — (—1)")(B(1 — 2a) — DA, ()
53{ B3 —da] — 1 }“

n=2

2

Thus, by Theorem 2.1, f € TS*R(«, 5, 1) .

Conversely, suppose f € TS*R(«, 3, 1). Again by Theorem 2.1, we have

0] < Bl3 —4da| —1
T A{n 4B+ (1= (=1)M)(B( - 20) = 1)} AL (k)]

n=273... .

Setting

{n(1+0)+ (1= (=D)")(BA = 2a) — 1)} An(p)

A =
' (BI3 — 4al = 1)

la,|, n=2,3....

and

AM=1— ixn,
n=2
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we have

=Y Aafal2)

which completes the proof. O

Proof of Theorem 2.5. Noting that

2f'z) 1‘ < A2 = 1+ (=D)"[an|2["
fR) = f(=2) 17 202 = 20+ (1) ]|an||z]
we find that |ff_—)_| < 1for |z| < 1if
> nlan|]2 < L
n=2

Hence f is starlike if

(n(1+8) +[1 — (—1)")[8(1 — 20) — 1JA () \ ™
1< { T Y

which completes the proof. O

Proofs of Theorem 2.6 to 2.10.  Using the fact that f € T is in TCyR(«v, B, p) if
and only if zf" € TS*R(«, 3, 1) and the results proved for the class T'S*R(«a, 3, i) in
Theorem 2.1 to 2.5, the proofs follow. O

Proofs of Theorem 2.11 to 2.20 Using arguments similar to those for Theorems 2.1

to 2.10, the proofs can be derived. O

Proofs of Theorems 3.1 to 3.4  The coefficient inequality in these theorems can be

derived by using the arguments similar to those of Theorems 2.1, 2.6, 2.11 and 2.16. O
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