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AN UPPER BOUND FOR THE RAMSEY NUMBER " (Ce:Ko)

ALRHAYYEL A.A.M.®, BATAINEH M.S.A.® and ALZAALIGA.M.N.®

ABSTRACT: Let C_ denote a cycle of length and K, a complete graph of order In
this paper we establish an upper bound for the Bamsmber ofy (CG, Kg) by proving
that 41< r(C,, Ky) < 46.

1. INTRODUCTION

All graphs considered in this paper are undireeted simpleCr, Pm, Kn and Sy
stand for cycle, path, complete, and star graphsesrtices, respectivelylhe open
neighborhood of a vertex is the set of all vertices ofs that are adjacent 18,

denoted byN(u) and the closed neighborhood af is N[u]={u} O N(u). The
minimum degree of all vertices @ is denoted by(G )If V, OV(G) andV, is a
nonempty set, the subgraph Gfwhose vertex set ¥, and whose edge set is the set
of these edges o that have both ends W is called the subgraph @& induced by
V,, denoted byv, > or G[V,] . If v,,v, OV(G), we useE(V,,V,) to denote the set of
the edges betweey andV,. The set ADV(G )is called an independent set if any

two vertices of A are non adjacent. The independence number of @h @as the

order of the largest independent set, and is ddl‘m}é’(G)'
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The cycle-complete graph Ramsey numb@,, K is }he smallest integed such

that everygraph of ordeiN contain a cycleC, on n vertices orG contains the complete

graphKm,, whereG is the complement oB. Chartrand and Schuster [5] proved For all

n>3, r(C,,K,)=2n-1 Bondy and Erds [3] proved that For alln=m*-2,

rC,,K,)=(n-)(m-Y+1. In 1978, Erds, Faudree, Roussean and Schelp [6]

conjectured the following.

rC,.K,)=(m-H(m-1)+1 forall n=m=3, and (n,m) # (33).

The conjecture was confirmed fae3, 4, 5, 6 and 7 (see [15], [4], [13], and [16]).
Nikiforov [11] proved the conjecture for alh>4m’+2, m=3. In related work,
Radziszowski and Tse [12] showed thdC,,K,)=22 and r(C,,K;)=26. In [10]
Jayawardene and Rousseau proved tf@t,K,) = . I2114] Schiermeyer proved that
r(Cs,K,) =25. In [2] and [9] Bani abedalruhman and Jaradat gdothatr (C,,K,) =37
andr(Cq,K,) = 43 In [7] Jaradat and Alzaleq proved that(Cg,K;) =50. In 2009,

Yaojun Chen, Edwin Cheng, and Ran Xu [17] proveftilowing theorem.
Theorem 1.1. r(Cq,K;) = 36.

2. The Main Results
In this paper we establish an upper bound for thengey number of (C,,K, by

proving tha#l<r(C,,K,) < 46 It worth mentioning that, in proving our theoreme

follow the same proof that used in [8] by jaradad &lzaleq. Our proof consists of a series

of seven lemmas.

Lemma 2.1. Let G be a graph of order 46 that contains neit@gr nor an independent

set of 9-elements. The{G) > 10
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Proof. Suppose not, that i€ contains a vertex, say of degree less than 10.
Then ’V(G)— N[u]‘246—10= 36. By Theorem 1.1r(C,,K;)= 36 as a result
G - N[u] has an independent set consistin@® okrtices. This set together with the vertex

u is an independent set consisting of 9-verticesw8daver(G) = 9 and this contradicts

the fact thatr(G) < 9

In the following five lemmas we assume tlaais a graph of order 46 that contains no
cycle of length 6 as a subgraph with minimum deg¥ég) =10 anda(G) < 9

Lemma 2.2. If G containK, - P,, thenV(G)| = 55.

Proof. LetU ={u,,u,,u,,u,,u; } be the vertex set &k, — P, where the induced subgraph on
{u,,u,,u,,u,} is isomorphic toK , . Without loss of generality, assume that. ,u,u; 1 E(G Dgfine
R=G-U and U, =N(u)nV(R) for eachl<is< 5 Sheed(G)= 10 |U;[=6 for all
1<i<5. SinceG contains ng,, we have U, nU; =¢ forall 1<i < j<5 except possibly for
=1 andj=2 EU,U)=¢ for all 1<i<j<5, andN (U;)n N (U )=¢ for al

1<i < j <5.From above, we have
i=5 i=5
DU ONgU;) O{u}=> (7+3+1) =33 SinceG contains no cycle of order 6, we
i=3 i=3

haved, n Nz (X) =U, n Ni(y) =¢ for all xOU, and ydU,.
LetA= (U, ONg(U,) O{u}) O (U, ONgU,) O{u,}) . It suffices to show tha#y > 22.
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Now we consider two cases.
Casel. U, -U,#Z¢@ and U, -U, #Z @. Then
|A4 2|(U1_U2 U NR(Ul_UZ) D{ul}) O (Uz _Ul U NR(Uz _Ul) D{uz})|

=|(U, =U,) ONg U, -U,) O{u}{+|(U, -U,) O N (U, -U,) O{u,}]

>11+11=22

Case2. U, -U,=¢ or U,-U, =¢. ThenlU, nU,|=6. SinceG contains no cycle
of length 6, we have for ank and yOOU, nU,, Ng;(X)n Ng(y)=¢ . And for

anyxOU, nU,, [Ng(x)|=8. So, we have.

D [Ng (%) ={u,u,}| 28U, nU,| =48

xU;nU,

Lemma 2.3. If G containK,, thenG containK, - P,.
Proof. LetU ={u,,u,,u;,u, } be the vertex set oK,. Define R=G-U and
U, =N(u,) nV(R) for each 1<i< 4 Sinced(G)= 10 |U|=7 for all1<i<4.  Now

we consider the following cases.

Casel U, nU,; #¢ forsome l<i<j< 4

Let wOU; nU; wherel<i<j< 4 ThenG ContainsK; - P, , as required.

Case2. U;nU,;=¢ forall 1<i<j< 4. SinceG contains no cycle of length 6, we
have for all 1<i<j< 4 , EU,,U)=¢ , NiU)nN;U,)=¢ and
E(Ng(U;),NU;) )=(p. If a(<U;>;)=3 and <U, >, are not complete for all
=2, 3 and 4, then we have(G)> 9 So we need to consider that at least one of

<U, >, is complete whereé= 2, 3 and 4, or a(<U, >,)<2. Now, if one of <U, >4
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for i =2, 3 and 4, is complete, say<U, >, is complete, therxU, >, containsK,

becausdU,| > 7. So G containK; - P,, and we are done. f(<Y1>e)<2 we know
thatd(G) = 10, andU,|=7, sincer(K,,K,-€)= 7 anda(<U, >;)<2 then <U, >,

containsK, —e, and so<U, O{u,} >, containK; —e, and soG containK; - P,, as

required.

Lemma 2.4. If G containK, + p,, thenG containK, .

Proof. LetU ={u,,u,,u,,u,,u, } be the vertex set &f, + p,, wherep, =u,u,u,u, is a
path and/(P,) O N(u,) . Define R=G-U andu, =N(u,) nV(R)for each 1si<5,
Observe thaﬁJi\Z 6 for all 1=i <5 pecausé(G)= 10 SinceG contains no cycle of
order 6 we have,U nU,=¢ , EU,,U)=¢ , NiU;)nNU,;)=¢ and
E(Ng(U,),NzU,) )=gforall 2<i<j<5 If a(<U;O0Ng(Ug)>c)23 and <U, >,
are not complete for all= 2, 3 and 4,then we have(G) = 9So we need to consider
the case in which at least one of<U, >, for i=2 3 and 4, is complete, or

a(<U,ONU,)>;)<2. If one of <U, >; for i=2 3 and 4 is complete, say,

<U, >, is complete, therU, >; containsK,, becaustz| >6 SoG containsKs. If
a(<U; ONg(Ug)>;)<2, we know thatd(G)= 10 and |U,ON,(U;) =9, since

r(K;,K,)=9 we have<U, 0 N.(U;) >, containsK,, and soG contains K,, as

required.

Lemma 2.5. If G containK, + p,, thenG containsK, + p, orK,.

Proof LetU ={u,,u,,u;,u,} be the vertex set &, + p,, wherep, = u,u,u,is a path

andv(P,) O N(u,) . IfY24s D E(G) then<u >_ is K, and hence we are done. So we
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need to consider the case in whichu, DE(G) . We define R=G-U and
U, =N@u)nV(R) for eachl<i<4 sinced(G)210 U|27 for i=1andi=3,
\Ui\28 for i =2 andi =4 . Now we consider the following cases:

Casel U, nU; =¢ foral 2<i<j<4

Since G contains no cycle of order 6 we havw, nU, =¢, E(U;,U,)=¢and
Nz(U;))n N;(U;,)=¢ for all 2<i<j<4 . If a(<U, >;)=3 for all
I =2 3 and 4, then we haver(G)> 9 So we need to consider the case in which
a(<U, >;)<2 for at least one | wherei=2 3 and 4 Sayl =2 We know that
d(G)=10 and |U,|=6, sincer(K;,K;) = 6anda(<U, >;)<2 then<U, >, contains
K,, and so<U, O{u,} >, containsK,, and sdG containsK,, as required.

Case2. U, nU, # ¢, thenG would haveK; + p,, as required.

Case3. U, nU,;Z@.

Let u, U, nU;. Now, if u,u; HE(G), thenG containsK,, hence we are done. So
we assume thatu,u, JE(G ) Define U ={u,u,,u,,u,,u;} , R=G-U" and
Ui =N(u)nV(R) for each 1<i< 5 SinceG contains no cycle of length6, we
haveU>nUs=¢, U2nUs=¢, UsnUs=¢, EU2U5s)=¢, EU>U)=¢ and
EU 4,Us)=¢. If a(<U, >,)=3 foralli=2 4 and 5, then we haver(G) > 9So we
need to consider the case in whieh(<U, >,)< f@r at least ond , where
i=2 4 and 5 we know thatd(G)= 1Q ‘U;‘28, ‘U’z‘28 and ‘UQ‘zS because
u,us DE(G) andu,u, DE(G) . Sincer(K,,K;) = 6and a(<U, >.) < 2then<U, >,
containK,, and so<U, 0{u,} >, containK,, and sdG containK,, as required.

Cased. U, nU, # @, thenG would have’s * Ps, as required.
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Case 5 U,nU,#¢ , then G would haves * P4, as required.

Case6. U, nU, # @, thenG would have‘s * P:. as required.

Case7. U,nU, # 9.

Let u, OU, nU,. Now, if uu, DE(G), thenG containsK, + p, whereK, =u, and
p, =ugdu,uu,, hence we are done. So we may assume fthat JE(G . )
DefineU ={u,,u,,u;,u,,u;} , R =G-U andU; =N(u)nV(R )for eachl<si< 5
Since G contains no cycle of length 6, we hawd,>,nUsz=¢, U>.nUs=¢,
UsnUs=¢,EU2U%)=¢, EU2Us)=gandEU 3U’s)=g. If a(<U, >.)=3 for
all i =2, 3 and 5, then we have(G)= 9 So we need to consider the case in which
a(<U, >.) <2 for at least onb, wherei = 2, 3 and 5 we know thatd(G) = 10 Thus,
U,|27 . |Us[27 and |uj27  becauseu,u, DE(G) and uu; E(G) . Since
r(K,;,K;) =6 and a(<U, >.) < 2 then <U, >, containsK,, and so<U, O{u} >,

containkK,, and sdG containsK,, as required.

Lemma 2.6. If G containK,, thenG containsK, + p, or K,.

Proof. LetU ={u,,u,,u; } be the vertex set oK,. Define R=G-U and

U, =N(u,) nV(R) for each 1<i< 3 Sinced(G)= 10 |U;|=8 for all1<i<3. Now

we consider the following cases:

Casel U, nU, #¢ forsomel<i<j< 3then G containskK, + p,, as required.

Case 22 U;nU,; =¢ for all 1<i<j<3.Llety 0U, 1<i<3. Lety={y,y,y;}-

Define R =G—(YOU ) and Y, =N(y,) nU(R ). Then [Y;|=8 forall 1<i< 3.
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SinceG contains no cycle of length6, we hawen Y, = ¢ and E(Y,,Y,;) = ¢ for all
1<i<j<3. If a(<Y, >;)=3for all 1<i <3, then we have(G)= 9So we need to
consider the case in whiah(<Y, >,)< or at least onei , wheré =1 2 and 3. We
know that‘Yi‘ >8, since r(K,,K;) = 6we have <Y, > containsK, . <Y, 0{y,} >,

containsK,. HenceG contains eithelK, , as required.

Lemma 2.7. Let G be a graph of order 46 with(G) > Jhda(G) < 9 Suppose that

G does not hav€, as a subgraph. Thé&hcontain ;.

Proof. Suppose not, that is G containskno Let uJV (G). Since (G) =210 then
‘N(u)‘ >10.SinceG contains nd,, then the induced subgragtN(u) >, is a null graph

of order at least 10. Hence,(G) =10. Contradiction witha(G) <9.

Theorem 2.1. 41<r(C,,K,) <46

Proof. We prove it by contradiction. Suppose tB@ats a graph of order 46 which
contains neithefC; nor a 9-elements independent set. Then by Lemrmhadgs) > 10.
By Lemma 2.7,G contain;. Thus, by Lemma 2.6, 2.5, 2.4, 2.3 and %/2G)| =55,

contradiction. Thug (Cy,Ky) <46. To prover(C,,K,)=41 Let H =8K; observe that
a(H) =8 and does not contain a cycle of length 6 as arsipbg Thus(C,,K,) = 41, and

hence41<r(C,,Ky) < 46. The proof is complete.
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