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INCLUSION PROPERTIES OF AN INTEGRAL OPERATOR
INVOLVING HADAMARD PRODUCT

S. F. RAMADAN® AND M. DARUS®

ABSTRACT. In this paper, new subclasses of analytic functions associated with
an integral operator are introduced. Inclusion properties of these subclasses are

investigated.

1. INTRODUCTION

Let A be the class of analytic functions
(1.1) fl2)=2+4) a.2",
n=2

defined on the open unit disk U = {z : |z| < 1}.Let S, S* (o), C' (), Q () (0 < v < 1)
denote the subclasses of A consisting of functions that are univalent, starlike of order

a, convex of order «, and close-to-convex of order « in U, respectively.

Let f and g be analytic in U. We say that the function f is subordinate to g, written
by f <gor f(2) < g(z), z €U if there exists a Schwarz function w (z) analytic
in U, with w (0) =0 and |w(2)| <1, z€ U such that f(2) =g (w(z)), z€U.
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For functions f given by (1.1) and g (z) = z+ > b,2", z € U. Let (f * g) (z) denote
n=2
the Hadamard product (convolution) of f(z) and g (z), defined by :

(f*xg)(2)=2z+ Zanbnz”.
n=2
Let N be the class of all functions ¢ which are analytic and univalent in U and for

which ¢ (U) is convex with ¢ (0) =1 and R{¢ (2)} > 0 for z € U.

Making use of the principle of subordination between analytic functions, many au-
thors investigated the subclasses S* (¢), C' (¢), and Q (¢, %) of the class A for
¢, v € N (cf.[[5],[9]]), which are defined by

2f'(2)
f(z)

5% () ::{feA: < ¢ (2) z‘nU},

2f" (2)
f'(z)

C (¢) ::{feAzlJr < 6(2) mU},

Q(,0) = {feA:HgES* () s.t.zj(i;) < () in U}.

For ¢ (2) = ¢ (2) = (14 2)/(1 — 2) in the definitions defined above, we have the

well known classes S*, C, and @), respectively. Furthermore, for the function classes

S*[A, B] and C'[A, B] investigated by Janowski [8], it is easily seen that

14+ Az
* = 9= —1 < <
S (1+Bz) S*[A, B] (-1< B< A<1),
1+ Az
= —-1< <1).
<1+Bz) CIA, B] ( < B< A<

For numbers a € R and ¢ € R\ Z; the function h (a,¢) (z) is defined by

(1.2) hia,c)(z) = EZ;”Z”H (z€ U)

n=0
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where (), is the pochhammer symbol defined by

(), = I' (x) z(x+1)...(x+n—-1), n=1,2,..

For f € A of the form (1.1), the authors in [12] have recently introduced a new

generalized differential operator DX 4 | 5. as follows:
D°f (2) = f(2)
Dogrsf (2) =[L=(A=08)(B—a)] f(2) +(A=0)(8—a)zf ()
=2+ i[()\—é)(ﬁ—a)(n—l)—i-l]anz”

n=2

Dg,ﬁ,A,sf (2) = Dcly,ﬁ,m (Dfi:@l,x,éf (Z))
(1.3) D gasf (2) =2+ Z [(A=0)(B—a)(n—1)+1]"a,2",
n=2

fora >0, >0, A>0,0>0, A\>0, §>aand k€ Ny = NU{0}.

Remark 1. (i) When o« =0, 6 =0, A = 1, § = 1 we get the Salagean differential

operator (see[16]).
(ii)) When o = 0 we get Darus and Ibrahim differential operator (see[6]).

(iii) And when o« =0, § =0, A = 1 we get Al- Oboudi differential operator (see [1]).
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Analogous to D} ;5 z € U, we define an integral operator Ii% vs A= Aas

follows. Let

[e o]

(1.4) Fp=) [(A=68)(B—a)(n—1)+1]"z",

n=1
where « >0, >0, A >0, >0, A>0, §>a,and k € Ny = NU{0}. And let
Y be defined such that

(-1) _ <
It is well known that for u > —1, we have
< _ - (:u + 1)n n+1
Then we obtain
(1.7) I s =F Ve f(2).

Now the explicit form of the function F,Efl) is given. Putting (1.4) and (1.6) in (1.5),

we get

Z —a)(n— 1)+1] *F,f,_l) = Z%z"

n=1 n=1

Therefore the function F| ,i_l) has the following form

- (p+1),. n
Lo G -wm-ni e Y
Note that
k, an (P +1), n
(18 Lapaef (2 +Z (=) ( )(n—1)+1]k(n—1)!z Sl

where « >0, >0, A>0, §>0, A>9, 8>a,and k € Ng= NU{0}.
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Now we define an operator: —,5% asA— Aby

(1.9) [5% W) (a,c) f(2) =h(a,c)x* Iz% aof (2),

such that ]2:%7)\75f (z) is given by (1.8), where « >0, >0, A >0, § >0,
A>0, >a,and k € Ng= NU{0}.

Similar operation can also be found in [2].

Remark 2. Let f € A, then
(D) 1% 5 s (Lp+1) f(2) = f ()
(i) Ios a5 (@ @) f(2) = 2f' (2) .
(i) = [1% .5 (0,0) 1 (2)] =

(1) Jolsi s (@e) f(2) = Iyl 5 (a,0,0) £ ()
(iv) 2 [Izj%,,\,a (a,c) f (Z)]/ =
alilss(a+le) f(2) = (a= 1) ulyl 5 (a+1,0) f ().

By using the integral operator Iz’z_, W) (a,c), we introduce the following classes of

analytic functions for ¢, ©» € N, a € R and ¢ € R\ Z;:
Skt aalaed) = {f € A1, (a,0) f(2) €5 ()]
(1.10) it sslac,0) = {fe A1l (0.0 f(z) € C)],
Qs (e, 0.0) = {F € A I, 5 (0,00 F (2) € Q0,0)

Note that

(1.11) f(z) € Cz:%,x,d (a,c,0) & 2f'(2) € Sz:%,A,a (a,c,9).
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In particular, we set

(112) Sk’,%,/\,é (CL?C? (1 + AZ)/(l + BZ)) = Sz:#ﬁ,)\,é (CL, G, [A7 B]) )

[0}

[0}

(113) 023%7/\,6 <a7 G (]‘ + AZ)/(l + BZ)) = Ok:%,/\,ﬁ (a7 C, [Aa B]) )

where —1 < B< A<1.

In this paper, we investigate some inclusion properties of classes S;“g A6 (a,c, ),
C’f{’g s (@, ¢, ¢) and QZ,NB,/\J (a,c, d,1) associated with the integral operator
IS% x5 (@, ¢) . The work here reflects results given by Cho [4]. In fact the techniques
are similar. In addition the integral preserving properties in connection with this op-

erator are also considered. Furthermore, relevant connection of the results presented

here with those obtained in earlier works are pointed out.
For this paper, we need the following results in the sequel.

Lemma 1.1. ([14, pages 60-61]) Let ¢ > a > 0. If ¢ > 2 or a+ ¢ > 3, then the

function

(1.14) hia,c)(z) = (@ i1 (z€ U,

belongs to the class C' of convex functions.

Lemma 1.2. [15] Let f € C' and g € S*, then for each analytic function H in U,

(1.15) U=H9) 1y e wom @),

(f*9)

where coH (U) denotes the closed convex hull of H (U) .
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Lemma 1.3. [7] Let ¢ be analytic, univalent , convex in U, with ¢ (0) =1 and
R (z) +pn) >0 (npeC; zel).

If p(2) is analytic in U, with p (0) = ¢ (0), then

zp’ (2)

m <9(z)=p()<¢(2).

p(z)+
2. INCLUSION PROPERTIES INVOLVING THE OPERATOR I.% | ;(a,c)
The following will be our main results.

Theorem 2.1. Let ag > ay, c € R\Zy, and ¢ € N. If ag > 2 or ay + ay > 3, then

(2.1) s{;;fg,m (az, ¢, ¢) C s{j;f;j, s (a1,c,9).

Proof. Let f € Sﬁvﬁ’ A6 (a2, ¢,¢). Then there exists an analytic function w in U
with |w (2)| <1 (z € U) and w (0) = 0 such that
k /
2 (D s (a2,0) 1 (2)

2.2 =o¢(w(z ze U).
) Bhslmare W EED

Since we can write ]5:’2’/\75 (a,c) f(2) =h(a,c)(z)* ]s% vel (7))

(sl S () = (R, () e Il ()

I35 6 (@1,0) £ (2) h(an,0) (2) % 15 5 5 (2)

2 (ha0) () b (n00) () 5 150 o ()
h (ag,¢) (2) * h(ay,a9) () * Isfé’)\ﬁf (2)

!/

Plara) (2) 52 (180 1 5 (a2.0) £ (2) )
h(ar,02) (2) #1555 5 (2,0) f (2)
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h(ar, az) (2) x ¢ (w () 1o 0 5 (az,€) ] (2)
h(ar,ag) (2) * I 5 (az,) f(2)

It follows from (2.2) and Lemma 1.1 that [s’;} A (az,¢) f(2) € S* and

(2.3) —

h(ay,as) (2) € C, respectively. Then by applying Lemma 1.2 to (2.3), we obtain

{h(a1,0) (2) % 6 (w () 5% 5 (a2 ) £
{h(ara) (=) « 154, 5 (a20) £}

Since ¢ is convex univalent, therefore, from the definition of subordination and (2.4),

(2.4) (U) ceo(¢(U)) co(U).

we have
/
2 (184 351,01 (2)
ff.f% X6 (a1, ¢) f(2)

or equivalently, f € Sg:%’/\’é (a1, ¢, ), which completes the proof of Theorem 2.1.

(2.5)

<¢(z) (z€U),

Theorem 2.2. Leta € R, co > ¢, k€ Ng and ¢ € N. If co > 2 or c¢; + ¢co > 3, then
(2.6) Ss:%,,\,a (a,c1,0) C St Toas (@,c2,0)

Proof: Let f € Sk "5.a5(a,c1,0) . Using a similar argument as in the proof of

Theorem 2.1, we obtain

!/

. (505 @) 1) han,a0) () £ 6 (w(2) s (0.0 ()

I s (a,e) f(2) h(as,az) () * 15 5 (ayen) £ (2)

where w is an analytic function in U with |w(z)] < 1 (2 € U) and w(0) = 0.

Applying Lemma 1.1 and the fact that I** Has(a,cr) f(z) € S, we see that

{h(ar,a2) (2) o () 5%, 5 (a,en) £}
{har,a) ) 1%\ 5 (a.0) £

since ¢ is convex univalent. Thus the proof of Theorem 2.2 is complete.

(2.8) (U) ceol(o(U)) Cco(U),



INCLUSION PROPERTIES OF AN INTEGRAL OPERATOR INVOLVING ....

Corollary 2.1. Let as > ay > 0,c0 > ¢ >0, k € Ny and ¢ € N. If

az > min{2,3 —a;} and co > min{2,3 — ¢}, then
(2'9) Si’ff@,x,a (a’27 C1, (b) - Si’ff@,x,a (a’27 C2, (b) - Sz;lf@,)\,é (alv C2, (b) :

Theorem 2.3. Letay; > a1 >0,c>¢1 >0,k €Ny and ¢ € N. If

as > min{2,3 — a1} and co > min{2,3 — ¢1}, then

(2.10) Cij%,,\,a (az,c1,¢) C Cs:%, A (az,c2,0) C CSZ%, s (a1, c2,0).

Proof. Applying (1.11) and Corollary 2.1, we observe that
f(z) € 053%7)\,5 (az,c1,9) < IZ%,,\,g (az,c1) f(2) € C(9)

& (I8 s (e,e) £ () € §*(9)
& I 5 s as ) 2 (f(2)) € 57 (9)
e 2f'(2) € Sfy:%,,\,a (az,c1, )
= z2f'(2) € Sfy:%,,\,a (az, c2, ¢)
& I3 5 5 (as, ) 2 (f (2)) € 57 (9)
& (I8 s (0,0) () € §*(9)
Ag ISZ%,A,a (ag,c2) f(2) € C'(9)
& f(2) € Oyl 6 (a2 2. 9),

F(2) €CYY y s (az,c2,0) & 100 | 5 (az,0) f (2) € C ()
A ISZ%,A,J (a2,¢2) 2 (f (2)) € 5*(9)
e z2f'(2) € Sfy:%,,\,a (a1, c2, 9)
& (I8 s (m0) F(2) € 5°(9)
& f(z2) € Ci:%,x,(s (a1, c2,9),

which evidently proves Theorem 2.3.

193
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Taking ¢ (2) = (1 + Az)/(14+ Bz) (1< B < A<1;z¢eU)in Corollary 2.1 and

Theorem 2.3, we have the following:

Corollary 2.2. Letay > a; > 0,c0>¢1 >0,k €Ny, (-1 < B<A<1)and ¢ € N.

If ay > min{2,3 — a1} and c; > min{2,3 — ¢, }, then

Sk:lé’)\,g ((12, Cy1, [AJ B]) - Sk”t,ll@)\,& (a27 Ca, [A7 B]) C Sk’%,)w (aly Ca, [A7 B]) 9

« a, «,

(2.11)
Oz:%,)\,a (ag, c1,[A, B]) C Cs:’;ﬁ,,\,a (a2, c2,[A, B]) C Cs:%,,\,a (a1,c2,[A, B]).

Theorem 2.4. Let k € Ny, ¢ € R\Zy, and ¢ € N. If f € St | (a,c,¢), then

F€ (f) (Z) < Sz:%,)\,’y (CL,C7 ¢> :
Notice that F. is the generalized Libera integral [10] given by

(2.12) F.(f) = 5;1 / =71 f (t) dt.

Proof. Let f € Sﬁ:’g’/\ﬁ (a,c, @), and set

213 (B @ R )
(2.13) p(z) = NI

where p (z) is analytic in U with p (0) = 1. From (2.12), we obtain
/
2 (1850 (@O B (1) (2)

(2.14) = (e+ 1) I, (a.c) f(z)—eIl | (a,0) Fe(f)(2).

Then by using (2.13) and (2.14), we have

(2.15) p(z)+e=(c+1) Ikiajﬁ,k,(v (a)?i;;)( s
a, B,y a,C) e z
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Taking the logarithm differentiation on both sides of (2.15) and multiplying by z, we

have

(Is!é Ay (a,c)f(z))/ o Zp’ (z)
(210 moworm PO e

Applying Lemma 1.3 to (2.16), it follows that p < ¢, that is,
F€ (f) (Z) < Sz:%,)\,’y (CL,C7 ¢> :

To prove the theorems below, we need the following lemma.
Lemma 2.1. Let o € N. If f € C and g € S*(¢), then fxq € S*(¢).
Proof. Let ¢ € S* (¢). Then

(2.17) 2q' (2) = q(2) d (w(2)),

where w is an analytic function in U with |w(z)| <1 (2 € U) and w (0) = 0. Thus

we have

CYR R {CLY [0) N {CLE W (LTI CIC)TIC Ry

(
f(z)*q(2) f () xq(2) f(z)*q(z)
By using similar arguments to those used in the proof of Theorem 2.1, we conclude

that (2.18) is subordinated to ¢ in U and so f % q € S* (¢).

Theorem 2.5. Letas > ay >0,c0>¢1 >0, ke Ny and ¢ € N. If

as > min{2,3 — a1} and co > min{2,3 — ¢1}, then

(2.19)  QE%\ s(az,c1,6,0) C QN | s (as,ca,0,0) C QY s (a1, c2,0,0).

Proof. First of all, we show that

(22()) Qz:luﬂ,)\,é (a27 C1, ¢7 1/}) C Qz:luﬂ,)\75 (CL2, Ca, ¢7 Q/}) .



196 S. F. RAMADAN®™ AND M. DARUS®

Let f € Qi“ﬁ a5 (@2, c1,¢,1) Then there exist a function gy € S* (), such that

z <I§:*§7>\,5 (ag,c1) f (2)>/

(2.21) e <1 (z).
From (2.21), we obtain
(2.22) 2 (15, 5 (a2,0) £ () =6 (w () (=),

where w is an analytic function in U with |w(z)] < 1 (2 € U) and w (0) = 0. By
virtue of Lemmas 1.1 and 2.1, we see that h(ay,a2) (2) = g2 (2) = ¢1 (2) belongs to

S*(¢) . Then we have

2 (19 5 ,00) F(2) hene) (2) ez (18 g (0, e0) £ (2))
@ (2) - hiere2) (2) % a2 (2)
_ hlen ) (@) x 9 (w(z) g (2)
h(er,e2) (2) * g2 (2)
<9 (2) (2€U),

which implies that f € QL% | ; (a2, 2,6, v).
Moreover, the proof of the second part is similar to that of the first part and so we

omit the details involved.

3. INCLUSION PROPERTIES INVOLVING VARIOUS OPERATORS

In the next theorem we will show that the classes S’;’g v (@6, 0), CS% s (a¢9),

and Qa’f‘ﬁ’ \6 (a,c, ¢,1) are invariant under convolution with convex functions.

Theorem 3.1. Leta >0, c € R\Z;, k € Ny and ¢, € N. and let g € C. Then
(i)f € 521%,,\,5 (a,c,0) = g= f € Sﬁ’,‘é,m (a,c,9),
(ii)f € Cz:%,,\,a (a,c,9) = gx* f € Cs:%,,\,a (a,c, ),
(iii)f € Quls a5 (asc,d,0) = g% f € Quls 5 (are,0,0).
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Proof. Let f € Sfl:%,)“é (a,c,¢). Then we have

/ /
(31) (ISIZH\&( ,C)(g*f)(z)> _g(z)*z(]ﬁ:’z,’&é(a,c)f(z»
| s @ N @ s @a f()
By using the same techniques as in the proof of Theorem 2.1, we obtain (i).

(i) Let f € C™* 506 (@,¢,¢) . Then by (1.11) and from Theorem 3.1(i), we have

fGC’i:“B’/\,(;(a,c@)(:)zf (2 )Gskgms(a ¢ 9),

= g+ (2f'(2)) € S35 5,5 (a:,0),
29 f) €Syl s(a.0),
@g*fGC /@Aé(acgzﬁ)
(iii) Let f € Qa '5.x.5 (@,¢,0,9) . Then there exist a function ¢ € S* (¢), such that

(32) 2 (15, 5 (0,0 £ () = (w(2)a(z) (z€ ),

where w is an analytic function in U with |w (2)| <1 (z € U) and w (0) = 0. From

Lemma 2.1, we have that g x g € S* (¢) . Since

/

(15500 g N () g(e)ez (18505 (0,0) £ (2)

(9*q)(2) g(2)xq(z)

g(z) x(w
g(z) =

(33) - o
we obtain (iii).

Now we consider the following operators [[13], [10]] given by

=1
\Ifl(z)zznj:iz" (ceC, R{c} >0, z€U),
n=1

(3.4)
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1
‘112(2):1_1,108;[

1—
1 xz] (logl =0; |z| <1, z€U).
—z

It is well known [3] that for f in A the operators I'; : A — A defined by:

(i) I'y (f) = ¥y * f is the Bernard’s operator [10],

(ii) o (f) = Wy * f is the operator was first used by Pommerenke [11]. And Wy,
W, are convex in U. Therefore, we have the following result, which can be obtained

from Theorem 3.1 immediately.

Corollary 3.1. Let a > 0, c € R\Z;, k € Ny and ¢,v € N. and let ¥; (i = 1,2) be
defined by (3.4). Then

(i)f € 5ol 6 (0:0,0) = Wix f € S5, 5 (a,c.0),

(i)f € Cs:%,A,a (a,c,0) = Vi [ € Os:%,,\,é (a,c, ),

(iii)f € QN \ s(a,cd,0) = Uix f € QM | s (a,c,0,0).

4. CONCLUSION

By using the principle of subordination between analytic functions, new subclasses
of analytic functions defined by an integral operator are introduced. Some inclusion
properties for theses classes are investigated. Many other results are yet to be solved
using the operator particularly in the case of harmonic functions and logharmonic.

It may not be easy, but it is worth of trying.
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