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BOUNDEDNESS OF CONVOLUTION OPERATORS ON
TRIEBEL-LIZORKIN SPACES VIA FOURIER TRANSFORM
ESTIMATES

XIA XIA U, SHANZHEN LU 2

ABSTRACT. In this paper, we study the boundedness of some convolution operators
defined by T'f =, 5 ok f on the homogeneous Triebel-Lizorkin spaces by Fourier
transform estimates. As applications, we improve some known results, by proving
the boundedness for singular integral operators with rough kernels on homogeneous

Triebel-Lizorkin spaces.

1. INTRODUCTION
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where h is a measurable function on R, and 2 is a homogeneous function of degree

zero such that Q € L'(S"™!) and

(1.2) /S @)de(e') = 0.

If h =1, then we denote Tqj, by Thh. This operator was first studied by Calderon
and Zygmund in [2] and [3]. In [8], Fefferman generalized this Calderon-Zygmund
singular integral by replacing the kernel Q(x)|z|™ by h(|x|)Q(z)|z|™™, where h is
a function in L*°. This allows the kernel to be rough not only on the sphere, but
also in the radial direction. Using a method which is different from Calderon and
Zygmund'’s, Fefferman showed in [8] that if 2 satisfies a Lipschitz condition then Tg,
is bounded on LP(R") for 1 < p < oo. Afterwards, in [6], using Littlewood-Paley
theory and Fourier transform method, Duoandikoetxea, Rubio de Francia extended
the result of Fefferman[8], and obtained the LP boundedness of Tq ), for 1 < p < oo
when h satisfies

1 (R

sup — |h(t)dt < oo
r>0 R Jo

and Q € L1(S"1) for some g > 1.

On the other hand, the Triebel-Lizorkin space F;’Q(R") which is denoted by the
following, is a unified setting of many well-known function spaces including Lebesgue
spaces LP(R"), Hardy spaces H?(R") and Sobolev spaces Lg (R"). It is natural interest
to extend the above mentioned results to the more general Triebel-Lizorkin spaces.
Recently, Chen, Jia and Jiang[5] obtained that a convolution operator 7" is bounded
on F;’Q(R”) if T is bounded on LY(R™ w(z)dz) for all w € A;. However, many
convolution operators are not weighted bounded on LY(R™). As a result, we give
a method which is different from the one given in [5], to prove F;’q—boundedness
for convolution operator. This paper is motivated by the method in [6]. Indeed, we

study the mapping properties on the homogeneous Triebel-Lizorkin spaces for general
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convolution operator T by using the Fourier transform estimates. The operator T’
can be decomposed by T'f = >, 0, * f, where {0} }rez is a sequence of measures
on R". As applications, in section 3, we obtain the boundedness for singular integral
operators with rough kernels on homogeneous Triebel-Lizorkin spaces . Our results
extend some known results([6],[7], [8],[10]) on the singular integral operator.

Let us recall the definition of the Triebel-Lizorkin spaces.

Fix a radial function ¢ € C*°(R") satisfying that supp ¢ C {z : 1/2 < |z| <
2}, 0 < ¢(z) <1, and ¢(z) > ¢ > 0if 3/5 < |z| <5/3. Let ¢;(x) = ¢(2/x). Define
@7‘(5) = ¢j(§)f(§). For 1 < p,q < oo and s € R, the homogeneous Triebel-Lizorkin

space F;’Q(R”) is the set of all distributions [ satisfying

(1.3) If1

1/q
foist] = (Z 2]sq|Sch‘q) < 0.

jez >
It is also known space (see[12]) that the choice of ¢ in the definition of F;,q is quite
flexible. For instance, for the above ¢ and any fixed number p € [1/2, 1], let ¢, , =
#(27px) and S/M,\f(f) = ¢j7p(£)]?(£). Then using S}, instead of S; in (1.3), we obtain
a Triebel-Lizorkin norm equivalent to the norm in (1.3). Also the ratio of these

two norms is between two positive constants C; and Cy that are independent of

p € [1/2, 1]. Furthermore, Let us recall the following Lemma.

Lemma 1.1 ([4]). For any p > 0, we have

(1.4) Cillf]

“s.q
Ey

1/q

jez .

where Cy > C are independent of p.
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2. MAIN RESULTS

Theorem 2.1. Let o, p be positive and {o}}rez be a sequence of measures on R"
such that

(i) |lok|| < 1 for all k € Z;

(i) llo*(F)lr = || supy | ow] * f[ [[or < CllflLr, for some 1 <7 < oo;

(iti) |5%(&)| < Cmin {26 pl¢] , (2%p|¢])™}, for all £ € R™ and k € Z.
Suppose that s € R and 1 < p,q < oo satisfy

(¢) g<p, 1/¢—1/2<r(l/q—1/p)<1/q; or

(b)p<q, 1/2=1/p<r(l/p—1/q) <1-1/g; or

(¢c)p=q=2.

Then, the operator
(2.1) Tf(x)= Y onxf(x)

is bounded on F’;”(R”), and || T f|

e S O fl fpe, where C' is independent of p.

Proof. Let ¢ be a C* function and ¢; ,(z) = ¢(2/pzx) for j € Z, and assume that

[e.9]

S @ =1 Va0,

j=—o00
Then for all f € S(R"), define the multiplier operators S} , by

— o~

Sipf(§) = 0 (E)f(E) . JEZ.

Decompose T' as follows

Tf = Z O * <Z Sj+k,p5j+k,pf>

ez jez
(2.2) = Z (Z Sjthp(ok * 5j+k,pf)> = ZTJ‘f :
iez \kez jez
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Let T; = {£ e R": 27971 p~t < |¢] <277+ p~1} By Plancherel’s theorem,

LS S MNGICACRMEES

keZ

For 7 > 2 and k € Z,

G4 Pxr,,, (€) < C (25 Lple]) Xy, (€) < € (281 /2701)? < 0272672)

Then, we have

1/2
T f]l> < C27072 (Z / \f(&)\2d€> < 27U fl 2 .

kezZ ¥ itk

For j < —1and k € Z,
G(E) X, (6) < C (2%18]) ™ Xr,, (6) < € (274471 /25)™ < 0920+

Then, ||Tjf|z < C220FV||f]|z2. Tt follows from |53 (€)| < |low|| < 1 that ||Tjf]|z2 <
C||f]lzz for j = 0,1. Consequently, we have ||T}f||z2 < C27| f| 12 for all j € Z.

Therefore, there is a constant C' independent of p such that
(2.3 17371 g2 < C2 91 fll o

Setting 1/r+ 1/ =1. f l <¢<p<ooand 1l/g—1/2<r(1/qg—1/p) < 1/q,
then 0 <7'/p—1/q¢ < (" —1)/2. We choose 1 < gy < py < 0o such that

2(z — 1 1 6 1-6 1 6 1-46
0<0=M<1, - =-+ , - =+ :
r'—1 p 2 Po q 2 )
Then
Po l/q_6/2_l
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For s € R, taking s = (1 — 0)sq. For any g € sz)so’ % (R™), it follows from (1.4) that

(Tif, ) = D (0% * Sisknfs Siin,9)
kez
1/q0
< ||g||F_SO, a (Z(gk‘ﬂp)—soqo o), * Sj+k7pf|q°>
Po keZ o0
Therefore,
1/q0
1T5.f [l g0 < (Z(Qkﬂﬂ)_soqo |0 * 5j+k,pf!q°>
kez

LPo

As ||og]| <1 we get at the end of the line, for all 1 < ¢ < oo

ok * Sjrrpf(2)] < A 1Stk f (x —y)| dlow(y)]

IN

1/q
( [ ikt y>|qd\ak<y>r) ol

llok] [ Ssrpf ()] 7

IN
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(@)/ n T n 3
Hence, we choose u(z) € L'’ (R") = L"(R") with ||ul/zr = 1 such that

q0

1/q0
(Z(2k+jp)_s°qo o, Sj+k,pf|q0>
kez

Lro

- / 325 0) 00 [ S5 () ()

" kez

< [ o 1Sy )ula)da
keZ
= / D (25 p) 0w Sy, f ()| sup [|oi] * u(w)| de
R" 127 i€z
0 /do q0/po
< ol | [Z(z’“ﬂ'p)—so%rsj+k,pf<x>|%] &
keZ
1/qo || %
= llo" (wlzr (Z(QH]P)s°q°|5j+k,pf|qo> < Cllullzr [ I Ezp a0 -
kez e
Therefore,
(2.4) 1341l 000 < CllF g

where C'is a constant independent of j and p. By interpolation between (2.3) and

(2.4)(see [9]), noting (2.2), we get

ITflgge = D TS lgea < C Y 27N fllgra = Cll fll o

JjeZ JjeZ

where 1 <g<p<oo, 1/¢—1/2<r(1/q—1/p) <1/q.
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Setting 1/p'+1/p = 1 for each real number p > 1. f I < p < g< o0, 1/2—1/p<
r(1/p—1/q) <1—1/q, then 1 < ¢ <p <ooand 0 < 2(r'/p'—1/¢) <r"—1. By

duality, we can obtain [|T'f| zss < C|f]

o forall s € R.

If p=g¢g=2and s € R, taking py = qo = 4,50 = $/2, then pg, qo satisfy the
condition (a). Similarly, taking p; = ¢ = 4/3,s1 = s/2, then p;,q satisfy the
condition (b). Thus

1T f]

sm < C|f]

pon TS

g < C|f]

51,91 .
Fpy

By interpolation between the two inequalities above, we have that 7" is a bounded

operator on F;’q (R™). This completes the proof.

Remark 2.1. When ¢ = 2 and s = 0, 7" is bounded on LP(R") where |1/p — 1/2| <
1/(2r). This is Theorem B in [6] when a;, = 2Fp.
Remark 2.2. If (ii) holds for all 1 < r < oo, then 7" is bounded on F;’q(R”) for

all 1 < p,qg < o0, seR.

Theorem 2.2. Let o, p > 0 and {0y }rez be a sequence of measures on R™ satisfying
(i) and (ii) of Theorem 2.1 and
(i4) |G(&)| < Cmin{281p|¢|, [log" (28p|€])]" O} for all € € R and k € Z.
Suppose s € R and 1 < p,q < oo satisfy
() g<p, 1/g—1/2<r(1/q—1/p) < 1/g—1/(2+20a); or
() p<a 1/2-1/q<r(l/p—1/q) < (1+20)/(2+2a) = 1/q; or
(c)p=q=2.
Then operator T, defined by (2.1) is bounded on F;vq(R”), and || Tf|

i < Clf]

F;,q,

where C' is independent of p.
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Proof.  As in the proof of Theorem 2.1, decompose T" as follows

Tf=>) oxx (Z Sj+k,ij+k,pf> => (Z Sithp(O * Sj+k,pf)> = "T;f .

kez JjEeZ jEZ \keZ JjeZ

Let T; = {£¢ e R": 27971 p~t < |¢] <277+ p~1}. By Plancherel’s theorem,

1T < Y / FOPIBUE) P, (€)d

keZ

For j > 2 and k € Z, we get

|3k(§)|2er+k ¢ <cC (2k+1p|£‘)2 XDt ¢ <cC (21”1/23'“9*1)2 < 027272

Then, ||T;f|lrz < C27U=2||f||z2. For j < —1 and k € Z, we get

2(14a)

GL(E)Pxr,, () < C log™(2°plE])] X1 (6)

< C [log+(2’j’1)]_2(l+a) < C’j|72(1+a) .

Then, ||T;f|lz: < C|j)~3F|| f]|z2. As the inequality [54(£)| < |low|| < 1, for j = 0,1,
we have ||T;f|lz: < C||f|lzz. Consequently, ||T;f|lz2 < C(1+ [§])~3F)| |12 for all

J € Z. Therefore, there is a constant C' independent of p such that

2.5) I3 g2 < CQL+ )04 £l oo

fl<g<p<oocand 1/qg—1/2<r(1/q—1/p) <1/q—1/(2+ 2«), then
(r—1)/0+a)<2(r'/p—1/q) <r' —1.

We choose 1 < ¢y < py < oo such that

Hence,
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Using similar arguments as in proof of Theorem 2.1, we have

(2.6) 175 £

s < CIIf]

50,90
Fp0 ’

where C'is a constant independent of j and p. By interpolation between (2.5) and

(2.6)(see [9]), noting 6(1 + a) > 1, we get

pga = Y Tiflgga < C Y (L+[5) ) £
jez jez

Ifp<gq, 1/2—1/¢<r(l/p—1/q) < (14 2a)/(2+ 2a) — 1/q, then

171

iga = C|f]

05,9 .
FP

l<qd <p <oo, 1/g—1/2<r(l/g—1/p) <1/q—1/(2+2«)

which satisfying (a). By duality, we obtain the same result.

If p=¢g=2and s €R, taking py = qo = 2 + «, S = $/2, then py, qo satisfy the
condition (a). Similarly, taking p; = ¢1 = (2+a)/(1+«), s1 = s/2, then py, ¢, satisfy
the condition (b). Thus

1T 1]

foao < O f]

s o TS

g < C|f]

F;llvql .
By interpolation between the two inequalities above, we have T' is bounded on
F;’q(R”). This completes the proof.

Remark 2.3. Let ¢ = 2 and s = 0. If (ii) holds for all 1 < r < oo, then T is

bounded on LP(R™) where (2+2a)/(1+2a) < p < 24 2a. This is the corresponding

result in [1] when a5, = 2%p.

3. APPLICATIONS TO SINGULAR INTEGRAL OPERATORS WITH ROUGH KERNELS

In this section, we apply the main theorems obtained in section 2 to prove the
boundedness for singular integral operators with rough kernels on homogeneous Triebel-

Lizorkin spaces. Let Tq ) be the singular integral operator defined by (1.1) and
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h e A,(Ry) for some v > 1, where A (R;), v > 1 is defined by
R

AL(R,) = {h;supl b dt < oo} |

r>0 12 Jg
It is easy to see that L™ C Ag(R;) C A,(Ry) for any 1 < v < (3 and the inclusions
are proper. We will use Theorem 2.1 to show T 5, is bounded on Fps’q ,which improves

the corresponding results in [6] and [8].

Now in order to prove Theorem 4.1, Let us recall the following Lemmas, which are

proved by Duoandikoetxea and Van der Corput, respectively.

Lemma 3.1 ([6]). Let a > 0 and {pu }rez be a sequence of measures on R"™ such that

forallk € Z, pr >0 and
1k (€) — 1] < C2%] | ik (€)] < C|2%¢[™ .

Then the mazimal operator p*(f)(x) = supyez |ux * f(2)| is bounded on LP(R™) for

all 1 < p < 0.

Lemma 3.2 ([11]). Let u(t) be a real-valued function, which satisfies u'(t) is mono-
tonic on (a,b) and u/'(t) > 1 for all t € (a,b). If ¥(t) is a function on (a,b) with

integrable derivative, then

/ bem<t>w<t>dt\scxl po+ [ s

a

Theorem 3.1. Let h € A (Ry) for some~y > 1. Let Q € L®(S™ ') be a homogeneous
function of degree zero and satisfy (1.2), where max{0,1 —2/7'} < 1/qy < 1. Then

foralll <p,qg<oo, s€eR,

[Tonf

foa < C||Q‘|L‘10(5"’1)||f‘

08,9 .
Fy
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Proof. As A,(R;) C Ay(R;), where v > 2. Define a measure 1 < v < 2 and
1—2/4"<1/qp < 1. Define measure o on R" by

1 Qy)
do. = h
ST /| SR T

dy .

Then

TQ’hf = ||QHqu ZO’k * f .

kez

It follows from Holder inequality that

2k+1 ’

1 ()
ol < 15—/ |Q<y>|< /. Tdt) do(y)
1 2k+1
< o5t

1/~
|h(t)]7dt> <(C.

Write

/w@ /S e‘g“itg'yfl(y)da(y)@dt

!
t

~ 1/
dt) |

/ e 2TV (y)do (y)
Snfl

[\
%
EQ

RS

/ e VO (y)do (y)
Snfl

C 2
3 = 2w (/

Setting He(Q)(t) = xp.2)(t) [gnr e 272 #9Q(y)do(y), we have

(3.2) | He(9) |l o r) < Cllgllpi(sn-1y -

Since

(33 o) = [ [ e g an )
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it follows from Lemma 3.2 that

2 di . - 1 -
/ e—sz2kts~<y—z)?’ <C2tE-(y—2) T =CRMENTE (-2
1

< 1. Since 0 < 1 —1/gp < 2/7', we choose

1 ! 1
_:1_1<1__>
Q1 2 qo

Thus, we have for all 0 < o < 1/¢],

On the other hand, ‘ff e~ 2mi2tie(y—2) dt

1 < ¢1 < oo such that

2 e dt i a
(3.4) [ et <optey e -
1

Therefore, it follows from (3.3) and (3.4) that

2 1/2
”H§<9)HL2(R) < C(/1 !Hg(g)(t)P%)

= C (/12 /Sn_1 /Sn_1 e_mmg'(y_z)g(y)ﬁda(y)dg(z)%)1/2
= /. / “@\ oo )in ) "

t
_ 1/2
Bl o2 9wg(z)
C (2¢] (/S | oo >>

1/2q
—a 1
€ (1) lgllmesns (/S /S |€/.(y_z)|aqida(y)da(z)> .

IA

IA

Hence

—a/2
(3:5) 1He(9)ll2my < € (2%1€) " lgllzar (sn-n) -

Taking 6 = 2/4/, then 1/qo = 6/¢q; + 1 — 6. By interpolation between (3.2) and (3.5),

we have

70[/ /
1He ()l 2y < C (2811 Nlgll oo (sm-1) -
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It follows from (3.1) that |o%(£)| < C (2k|€|)*a/w" Moreover, since
fSnfl Q(y)do(y) = 0, we have

el = o[ [

. h(t
e 1| jofy)ldo(y) i

L 1 1 R 1/v
< el [ -gl10widst) (sw [ Inoae)
192]] Lao Jign— r R Jo
< C2"¢l.
Let pr = |og|, note that fix(0) = |lox|| < C < oo, then the similar arguments as
above yield:
AR < CEMENT™M, 1m(E) — in(0)] < C2"g]

By Lemma 3.1, 6*(f)(z) = supsez | |ok| * f(x)| = p*(f)(z) is a bounded operator on
L"(R™) for all 1 < r < oo. It follows from Theorem 2.1 and Remark 2.2 that for all

1<pqg<oo, seR,

< O[] oo 1 £1

8,9
FP

[Tonf]

ZO'k*f

kezZ

g = 191z oo

This completes the proof.

Let h = 1. Grafakos and Stefanov in [10] introduced the following condition

39 o [ 106 (losr ) dot) < .

gesn—1 -yl

where o > 0 is a fixed constant. They showed that it implies the LP-boundedness of
T = Tq,1 which defined in (1.1), where (2+a)/(14+«) < p < 2+ . The range for p
was improved later to (2 +2a)/(1+2a) <p <2+« in [7]. Let F,(S"!) denote the

space of all integrable functions 2 on S™! satisfying (3.6). It should be noted that
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Grafakos and Stefanov showed that

() Fa(s™ ) g H'(S" ) ¢ |J FalS™ ),

a>0 a>0

where H'! is the Hardy space. We will use Theorem 2.2 to improve the results stated

above.

Now, let us recall the following Lemma, which will be used in order to prove

Theorem 3.2.
Lemma 3.3 ([11]). Let y € S" ! and

(M, f)(z) = sup -

>0 T

f(x—ty)dt' .

[t|<r
For every 1 < p < oo, there ezists a positive constant C, = C(p,d) which is indepen-

dent of y such that

[Myfllr < Gl flle -

Theorem 3.2. Let Q be a homogeneous function of degree zero satisfied (1.2) and
(5.6). Then T is bounded on sz’q(]R”) where s € R and p, q satisfy

(a) (2+2a)/(1+2a) <p<q<oo;

(b)) 1 <qg<p<242q;

(c)1<p=gq<oc.

Proof. Using similar arguments as in [1]. Define a measure o, on R™ by

Q(y)
doy, = d
R fdox /2k§|y<2k+1 1) ly|™

Then Tof = Y ez 0k * f. There exist finite numbers: {n,--- ,n,} in S"! and
A; c S" 11 <i<msuchthat J;", A; = S" ' and |y-n;| < 1/10 for all y € A;. Tt
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follows from (3.6) that

ol = [ 0tlastn) <U [ 1960 (1og

1\
<o | |Q<y>|(1og ) do(y) < C .
gesn—1 Jgn-1 |f ’
Since
2k+1
o (@) = sup / )| / Flo — ty)tdtdo ()
keZ JSn—1

< C’/ Q(y)| sup / flx —ty)| dtdo(y
[ Jowlsp g [ G- w)adsty

keZ

< C QU] My f](2)] do(y) ,

Sn—1

by Lemma 3.3, we have for all 1 <r < oo

7 (Dl <€ [ IMDI2wldot) < Ul

Moreover, since [, Q(y)do(y) = 0, we have

el = [ ]

< o2l [ €110l < €2l

aie = [ ([ et e

It follows from Van der Corput’s Lemma 3.2 that

—2mwi2kty- dt
21| [0(y)ldo(y)

Write

2 ket L
|fk<s,y>\:\/ t“t‘<0\2’“€ w| " =02l ¢ -ul)
1

On the other hand, |I,(¢,y)| < 1. If (2¥|¢] ]§’~y\) > 1, thenlog 77 > log™ (2*[¢]).
If (28] 1€ y]) ™" < 1, then 1 <

‘5, < 2k|¢|. Since t~1/(HY)]og ¢ is a decreasing
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function when log t > 1 + a and is a increasing function when 0 < log t < 1+ «, we

have for log @ > 1+ a,

log" (2"€))  log(1/1¢' - y|) <0 1+a
(2F[E)YO+e) (1 y|er . y[y/OF = (/] )T

andfor0<log|§,—1,y|<1—|—a,

log™ (2*[¢]) | l+a l+a
< /(1+a) = < .
(e = Mo ) = g S o

Therefore,

(21e] 1€ yl) 0 < [log™ (2] (1+a+log ﬁ) .

Thus

14+o
(€ w)| < Omin {1, (2¢] J€"-ol) ™' | < [log™ 241g) (1+a+10g |§’1.y|) |

Therefore,

Buel < O flog* @e)] ™ sup /Snlwmyn(log ) )

resSn—1 ‘ilf : yl
(1+«)

< C[log* (2¢[¢])] "

Moreover, Tq is a bounded operator on F;’Q(R"), follows from Theorem 2.2.
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