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THE EXISTENCE OF PERIODIC SOLUTIONS FOR SECOND
ORDER FUNCTIONAL DIFFERENTIAL EQUATIONS CAUSED BY
IMPULSES EFFECTS

YUJI LIUM AND LIUMAN OU®)

ABSTRACT. The existence for solutions of the periodic boundary value problems

concerning the second order impulsive functional differential equation

a'(t) + aa'(t) + Br(t) = f(t,2(t), 2(ar(t)) -+, 2(an(t))), a.e. on [0,T],

Ax(ty) = Ix(z(tg), o' (tg)), k=1,-

Ax'(tr) = Jp(x(ty), o' (tr)), k= - ,m,
and the boundary conditions z(0) = z(T),2'(0) = 2/(T) at resonance case are
established. The method is based upon the theory of coincidence due to Mawhin,
which shows that the impulse infects cause the existence of solutions. Related

examples are mentioned to support the results of this paper.

1. INTRODUCTION

The motivations of this paper are as follows. First, there has been a large number

of papers concerning with the solvability of the following periodic boundary value
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problems ( PBVP for short )for second-order ordinary differential equations

SU”(t) = f(tv :L’(t)), te (07 27T)7
z(0) = z(2m), 2/(0) = 2'(27).

(1.1)

For example, in [1], it was proved that if f satisfies the non-resonance condition
—(N+1)* + € < fult,u) < —e = N,

then PBVP (1.1) has a unique solution, where N is a nonnegative integer and € is a
positive constant. The related researches on PBVP(1.1) can be seen in [10, 11, 12,
16, 17, 18] and the references therein.

Second, in [2], Nieto and Rodriguez-Lopez gave a Green’s function to express the
unique solution for the following second-order functional differential equation with pe-
riodic boundary conditions and functional dependence given by a piecewise constant

function

2" (t) + az'(t) + bx(t) + ca'([t]) + dz([t]) = o(t), t € (0,T),
z(0) = x(T), 2/(0) = 2/(T).

(1.2)

Using upper and lower solution method, they presented sufficient conditions to assure
the existence of solutions of PBVP(1.2). The authors in [4] and [5] also studied the
solvability of above problem by the similar methods.

In [3, 6], the authors studied the following PBVP

2 (1) + f(t,2(t), 2(6(1))) = 0, ¢ € (0.7,
2(0) = o(T), 2'(0) = 2'(T),

(1.3)

where 6 is defined by
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Sufficient conditions for the existence of solutions of PBVP(1.3) were given by using
upper and lower solution method. We note that in PBVP(1.2) or PBVP(1.3), the
functions [t] or 6(t) is not differentiable on [0,1]. It is interesting to establish existence
results for solutions of PBVP(1.3) when 6(¢) is differentiable.

Third, the periodic boundary value problems for second order impulsive ordinary
differential equations ( IPBVP for short ) were studied in papers [7, 8, 9, 14, 15, 20—
25] and the references therein. In [9], Rachunkova and Tvrdy studied the existence

of solutions of the following nonlinear IPBVP

¢

2"(t) = f(t,2(t), (1)), ¢ € (0, T),
o(T;7) = Jix(t:), i

?(t) = Mi(2'(t:), i=1,--- ,m,
z(0) = x(T), 2/(0) = 2/(T)

= 17 , M,
(1.4)

under the existence of lower and upper solutions.
In [14, 20, 21], Chen and Sun, Liang and Shen, Wang and Chen, respectively,

studied the existence of solutions of the IPBVP

2"(t) + f(t,z(t),z(0(t))) =0, t € (0,T),
Ax(ty) = I(xz(ty)), k=1,---,p,
Ax'(ty) = i (z(te), k=1,---,p,

x2(0) =x(T) + k1, 2'(0) = Xe/(T) + ko,

\

which contains IPBVP
2"(t) + f(t,x(t),z(0(t))) =0, t € (0,T),
(1.6) 2(0) = x(T), «'(0) = 2'(T),
ArO(ty) = Lig(w(t)), k=1, ,p, i=0,1
as special case. In (1.5), that 6 : [0,7] — [0, 7] is continuous is supposed and in (1.6)
that 0 < 6(t) < t is supposed. IPBVP(6) was studied in [15]. The methods used
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in [14, 15] are lower and upper solutions methods and monotone iterative technique.
Similar problems were studied in papers [D-H, L-G].

In recent papers [22, 23, 24, 25], the authors studied the existence of solutions of
different classes of IPBVPs, but their proofs are based upon the methods of upper and
lower solutions and the monotone iterative technique. In [27], by using Schaeffer’s
fixed-point theorem and monotone iterative technique, some existence results for
IPBVPs were obtained.

Consider the following periodic boundary value problem for the impulsive func-

tional Duffing equation:

;

2" (t) + ax'(t) + Bx(t) = f(t,z(t), z(a1(t)) - -+, 2(an(t))), a.e.on [0,T],
Ax(ty) = L(x(ty), 2/ (ty)), k=1,---,m,

AT () = Jp(z(te), 2/ (t), k=1,---,m,

2(0) = 2(T), (0) = (D),

(1.7)

\

where a, € R, T >0,0=1y<t; <--- <t <tni1 =T are fixed,
f:10,T] x R™! — R is an impulsive Carathéodory function, I;, J; : R x R — R are
continuous, Ay(t) stands for Ay(t) = lim; 4+ y(t) — limy_— y(t), a; : [0,7] — [0,T]
with o; € C1[0,T] and its inverse function 8; € C°[0,T](i = 1,--- ,n).

In recent paper [28], the authors investigated the solvability of IPBVP (1.7) under

the assumption that system

(

2"(t) + aa'(t) + Bx(t) = 0, a.e. on [0,T),
Ax(ty) =0, k=1,---,m,
Ad'(ty) =0, k=1,---,m,

| 2(0) = 2(T), «/(0) =a'(T)

(1.8)

has unique trivial solution z(t) = 0, which is called non-resonance case.
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In this paper, we investigate the solvability of IPBVP (1.7) under the assumption
that system (1.8) has nontrivial solution, which is called resonance case. This is done
by applying the well known coincidence degree theory and inequality techniques.
Since we do not rely on the existence of Lipschitzian condition and the existence
of upper and lower solutions and the method used in this paper is based upon the
coincidence degree theory of Mawhin, our methods are different from known ones
used [1, 2, 11, 14, 15, 16, 20, 21, 22, 23, 24, 25, 27|, and also different from those ones
in [19] since the autonomous curvature bound sets are used there.

The remainder of the paper is as follows: In Section 2, we present the main results
and the examples to illustrate the main results. In Section 3, we prove the main

results.

2. MAIN RESULTS AND EXAMPLES

In this section, the main results are presented, as well as the examples are given

to illustrate efficiency of the main theorems.

Suppose u : J = [0,T] - R, and 0 = tg < t; < -+ < t;, < tyuy1 = T. For

k=0,---,m, define the function wuy : (tx,tx+1) — R by u(t) = u(t). Choose

U € Oo(tk,tk+1),k = O,--- ,m, )
there exist the limits

lim, - u(t) = u(ty),
D IR | IO RN

llmtﬂt: u (t) )

limy o+ u(t) = u(0),

limy - u(t) = u(T)
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with the norm

lullx = sup_|u(?)]
te[0,7)

for v € X. Choose

Y=XxR"xR"

with the norm

lylly = maX{ sup [u(t)], max {[zx[}, max kal}

te[0,T] 1<k<m 1<k<m

for y ={u,z1, -+ ,xm,y1, -+ ,Ym}y €Y. Then X and Y real Banach spaces.

Lemma 2.1. ( see [28]) A function F : [0,1] x R"™ — R is called an impulsive
Carathéodory function if
* F(e,ug,u1, -+ ,u,) € X for each u = (ug,--- ,u,) € R"";

x F'(t,e - @) is continuous fort # txp(k=1,--- ,m).

Lemma 2.2. By a solution of IPBVP(1.7) we mean a function x : [0,T7] — R
satisfying the following conditions:

o 1 € X is differentiable in (tg,tgy1) (K = 0,1,--- ,m), there exist the limits
lim_+ 2'(2), limy_,— 2'(t) = 2'(tx) (k = 0,1,---,m) and lim, o+ 2'(t) = 2/(0) and
limy - 2'(t) = 2/(T);

o 1/ € X is differentiable in(tg,try1) (K = 0,1,---,m), there exist the limits
limy ¢ 2"(t), limy - 2"(t) = 2" (tx) (k= 0,1,---,m) and lim, o+ 2"(t) = 2"(0) and
limy_p- 2" (t) = 2"(T);

e e X;

e The equations in (1.7) are satisfied.
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We set the following assumptions which should be used in the main results.

(A1) Ii(z,y)(2z + Ix(z,y)) <Oforall z,y € Rand k=1,--- ,m.

(Az). aly(z,y)>0forallz,ye Rand k=1,--- ,m.

(As). In(z,y)Je(z,y) < 0 and yli(z,y) + vJe(z,y) + Li(x, y)Ji(z,y) > 0 for all
ryye Rand k=1,--- m.

(Ay). There exist constants §; > 0 such that |I(z,y)| < 0x|z| for all z,y € R with
Z?:l Gk < 1.

(Cy). There exist impulsive Carathéodory functions h : [0,7] x R™ — R,
g;:10,T] x R — R, r € X and constants ¢ > 1 and 6 > 0 such that
f(ta Lo, " - an) = h<t7 Lo, " - an) + Zgl(t7x2) + T(t)
i=0
and
h(ta Lo, - 71'”)330 > 9|m0‘q+1
hold for all (¢, zg, -+ ,z,) € [0,T] x R™™ and

7 t7
lim sup l9:(t, )]
|z| =400 tefo,T7] |9

=r; € [0,+00)

fori=20,---,n.

(Ey). There exist a constant My > 0 such that

c (—BT0+/OTf(t,c,c,-~- ,c)dt+zm:Jk(c,0) —l—ozZm:[k(C,O)) >0
k=1

k=1
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for all |¢| > My or

T m m
c (—BTO+/ ft,c,cp--- ,c)dt+ZJk(c, 0) +a21k(c, 0)) <0
0 k=1

k=1
for all |¢| > M.

Theorem 2.1. Suppose that a > 0, (Ey), (As), (As), (A4) and (Cy) hold. Then
IPBVP(1.7) has at least one solution if

o+ Sk ral B 7T for 5 <0,
(21) 6> q B+ro+ iy rallGillF for 8> 0,q=1,

ro + Sy il BT for 8> 0,4 > 1.
Theorem 2.2. Suppose that o < 0, (Ey), (A1), (As), (A1) and (Cy) hold. Then
IPBVP(1.7) has at least one solution if (2.1) holds.

Now, we give examples to illustrate the main results.

Example 2.1. Consider the following IPBVP

2"(t) + aa!(t) = S (1) + r(t),
te[0,T), t#ty, k=1,---,m,

(2.2) Ax(ty) = bpo(ty), k=1,---,m,
Ax'(ty) = aga’(tg), k=1,---,m,

| 2(0) =x(T), 2/(0) =2'(T),

where

e m,n are positive integers;

e U<ty <+ <ty <T,a>0,T>0;

e by >0anda, € R forallk=1,---,m with ap + b, > 0 and ay + by + arby, =0
forallk=1,--- ,m and > ;" |bx| <1;
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® Yo,1>0,v€R fori=1,2,--- 2n;

e 7 is continuous on [0,T].

Corresponding to IBVP(1.7), we have

2n+1
f(t, zo) = Z Wy +r(t), I(z,y) = by, Jy(z,y) = ary.
k=1

Choose h(t, 7o) = Yans122" ™ and go(t, 0) = 3 ary k. One sees that

227

f(t,zo) = h(t,z0) + go(t,x9) + r(t). Then we see that (C7) holds with 6 = va,41,

g=2n+1,and rp =0
It is easy to see that
(i). bx > 0 implies that (As) holds.
(ii). agbr <0 and ay + by + axby = 0 implies that (A3) holds.

(iii). Ax(tg) = bgpx(ty), k=1,--- ;mand > ;" | |bg] < 1 imply that (A4) holds.

(iv). One finds that

c (/0 f(s,c)+ ZJk(c, 0) + aZIk(c, O)>

k=1

c </0 (Z 7k0k+7“(s)> ds—i—c(Zak—l—oszk))

k=1

2n T m
= Yo T2 T Z Yeck + c/ r(s)ds + cZ(ak + aby).
k=1 0 k=1

Since 2,41 > 0, we find that (F;) holds.
It follows from Theorem 2.1 that IPBVP(2.2) has at least one solution.
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Example 2.2. Consider the following IPBVP

2 (t) + o' (t) + Ba(t) = Sy epat(t) + Y4 ™ (5t) + (1),
te[0,T)], t#ty, k=1,---,m,

(23) ¢ Ax(ty) = bpa(ty), k=1,--- ,m,

Az (ty) = apd'(t), k=1,--- ,m,

x(0) =x(T), 2'(0) =2a'(T),

where
e a<0,8<0,T >0, m,n,l are positive integers;

o U<ty < ---<t,, <T;

Cont1 > 0, cp,dp € R, n is a positive integer;

ag, b € R;

T 1S continuous.

It is easy to see that

(i). if bx(2 + by) < 0, then (A;) holds.

(ii). if agbr < 0 and ag + by, + axbr, = 0, then (As) holds.
(iii). if Y-, |bk| < 1, then (Ay) holds.

(iv). corresponding to IPBVP(1.7), we have

2n 1
- 2n+1 k 2n+1
ft,xo,x1, -+ 1) = Coprxy™ + E ckTy + g dixy" +1r(t),
k=1 k=1

choose h(t, ) = cans12®" ™, go(t, ) = 342, cxa® and gi(t, @) = dez®™* for

k=1,--- 1. If copy1 > 0, then (Cy) holds with 0 = copy1,q =2n+ 1,719 = 0,7 = dy.



PERIODIC SOLUTIONS FOR IFDES 229

(v). One sees that

T m m
c(—ﬁTc—l—/ f(s,e, - ,c)+ZJk(c,O)+aZIk(c,0)>
0 k=1 k=1
2n+1 m m
— c(—ﬁTc—i—/ <chc +Zd A" 4r(s >ds+c(2ak+a2bk>)
k=1 k=1
2n T m
= <02n+1T + TZ dk> Atz g CZ cpc® + c/ r(s)ds + CZ(% + aby) — BT
k=1 k=1 0 k=1

Since ¢g,41 + 22:1 dr # 0 and n > 1, we find that (E;) holds.
——t, then (;(t) = (i + 1)t and ||5]| = (i + 1)T.
It follows from Theorem 2.2 that IPBVP(2.3) has at least one solution if

(vi). choose a;(t) = 75

br(2+0k) <0, apbr <0, ap +bp+aphy =0, k=1,---,m,

and
m l
Z bl < 1, cony1 >0, de + cong1 # 0,
k=1 k=1

and
!

7(2n+1)/(2n+2) Z (k+1) @nt1)/Cnt2) )
k=1

Remark 1. It is easy to see that f(t,x¢) in IPBVP(2.2) and f(¢,z0, 21, -+ ,2;) in
IPBVP(2.3) do not satisfy either the Lipschitzian condition, or left Lipschitzian con-
dition, or right Lipschitzian condition. Hence Example 2.1 and Example 2.2 can not

be solved by known theorems in [7-9, 14, 15, 20-25].

3. PROOFS OF THE MAIN RESULTS

Let X and Y be real Banach spaces, L : D(L)(C X) — Y be a Fredholm operator
of index zero, P: X — X, @ : Y — Y be projectors such that

ImP=KerL, KerQ=ImL, X=KerL&oKerP, VYV =ImL&ImQ.
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It follows that

LlD(L)mKerP : D(L)NKer P —Im L

is invertible, we denote the inverse of that map by K.
If 2 is an open bounded subset of X, D(L) N Q # (), the map N : X — Y will be
called L—compact on 2 if QN (Q) is bounded and K,(I — Q)N : Q — X is compact.

We need the following fixed point theorems, one may see the text book [13].

Lemma 3.1. ([13], Theorem IV) Let L be a Fredholm operator of index zero and let
N be L—compact on ). Assume that the following conditions are satisfied:

(1). Lz # ANx for every (x,\) € [(D(L) \ KerL) N oQ x (0,1);

(ii). Nz & ImL for every x € KerL N 0%;

(iii). deg(/\QN’KerL> QN KerL,0) # 0, where A : KerL — Y/ImL is an
1somorphism.

Then the equation Lx = Nz has at least one solution in D(L) N Q.

Now, we define the linear operator L : D(L)(C X) — Y by

2" (t) + ax!(t)
Alf(tl)

Lz(t) = Ax(t,,) for x € D(L)
Al’/(t1>

Ax'(t,,)
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where

u € X is differentiable in (¢, tx+1)(k =0,1,--- ;m),
there exist the limits lim, .+ 2 (1),

lim, - a'(t) = '(te)(k = 0,1,- -, m),

D)= 0.7 - B limy o+ 2'(t) = 2/(0), lim, - 2'(t) = 2/(T),

' € X there exist the limits lim, .+ 2"(),
lim,_ - 2"(t) = 2"(ty)(k = 0,1,--- ,m),

lim; o+ 2”(t) = 2"(0), lim;_p- 2" (t) = 2"(T),

e X

and the nonlinear operator N : X — Y by

—Bx(t) + f(t,2(t), (1 (t)), -, z(an(t)))
Li(x(ty), 2'(t))

Nu(t) = L (2(t), 2 (t) for z € X.

I (2 (tm), 7' (t))

Lemma 3.2. The following results hold:
(i). KerL ={xz(t)=¢, t€[0,T], c € R}.
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(ii). it holds that

T m m
ImL = { (y(t), a1, Gp, b1, -+ bp) EY,/ y(s)ds—l—Zbk—i—aZak:O}.
0 k=1 k=1

(iii). L is a Fredholm operator of index zero.

(iv). There exist projectors P: X — X and Q : Y — Y such that KerL = ImP,
KerQ) = ImL. Furthermore, let @ C X be an open bounded subset with QN D(L) # (),
then N is L—compact on .

(v). = € D(L) is a solution of IPBVP(1.7) if and only if x is a solution of the

operator equation Lx = Nz in D(L).

Proof. The proofs of (i), (ii), (iii) and (v) are standard. We omit the details. To
show (iv), we present the projectors P : X — X and @ : Y — Y, the isomorphism
A :KerL — Y/ImL and the generalized inverse K, : ImL — D(L) N ImP:

Px(t) = 2/(0) + az(0) for z € X,
Qy(t), a1, -+ s am, b, -+ by)
([ “ -
:<f (/ y(s)d3+zbk+azak>a 0,"',0),
0 k=1 k=1
A(c) = (¢, 0,---,0), c € R,

Kp<y(t)7a17 T, Qmy, b17 to 7bm)

t
= [ Z ape®’ +/ e Z (by + cay)ds
0<typ<t 0

0<trp<s
1

t s t T -
+/ / y(u)due**ds + (/ eo‘sds) (/ eo‘sds> X
0 Jo 0 0

m T T s
<Z ape™ +/ e Z (b + aay,)ds +/ / y(u)due‘”ds)] .
k=1 0 0o Jo

O<trp<s



PERIODIC SOLUTIONS FOR IFDES 233

Lemma 3.3. Let

={x e D(L): Lr = ANz,3x € (0,1)}.
Suppose that (As), (As), (A4) and (C1) hold. Then € is bounded if

oo ) ot il l B for <0 or g > 1,
>
B+71o+ >y il B9 for B> 0 and g = 1.

Proof. Suppose x € (), then

¢

2'(t) + ax!(t) = =ABx(t) + Af(t,z(t), x(aq(t)), -, x(an(t))),
(31) Ail?(tk) = )\Ik(.ilﬁ(tk),ﬂfl(tk)), k’ = 1, e, M,

Ax'(ty) = Mg(x(ty), 2 (t)), k=1,---,m,

| 2(0) = z(T), 2/(0) =2/(T).

Step 1. Prove that there exists a constant M; > 0 so that [ |z(s)|?t'ds < M,
for each z € Q;.

Multiplying both sides of the first equation of (3.1) by x(¢), integrating it from 0
to T, we get from (C}) that

P()a(T) =/ 0)(0) = Yl (6 )o() =/ ()attn)) = | [
+51@(D) = @0 - 53 | (@)~ @@)?]

::_w/qx|ﬁ+A/fsx 01(8)), (o (s)))a(s)ds

:—Aﬁ/ 2t \ﬁ+A</ h(s,x(s), 2(0a(s)). - x(an(s)))x(s)ds

+ /O Tgo(s,x(s))x(s)ds—l—; /0 i, 2 (())a(s)ds + /0 Tr(s)x(s)ds).
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It follows from (Aj) that

[(06))? - @0)] = 3 (a(8]) - o(t) ((8D) + o(0)

k=1

Ms

k=

3

_ Az(ty) (2z(t) + Az(ty,))
k=1

= AZIk (t), 2" (t)) (2 (tk) + Mr(x(te), 2/ (t)))

m

- QAZIk (t), 2 (b)) (t) + A [Tl (te), 2/ (t)]?

k=1

v

2/\Zlk )a(ty) > 0.

On the other hand, (Aj3) implies that

WE

(@' ()= () — 2/ (t)x(t))

k=1

I
NE

(2D @) = w(t) + (@(1) = 2/ (0)(t))

i

1

m

-y (x’(tk)fk(:v(tk), 2 (t)) + 2 (te) Tz (ty), :U’(tk))>

+)\2ka 1)@ (L), 2 ()

m

)\Z ( (tp) I (x (tk>> + 2 (tg) Jr(z(tr), m,(tk))

v

+ (ot (¢ k>>Jk<x<tk>,x’<tk>>)

0.

v
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We get

/0 h(s,z(s),z(a1(s)), -, x(an(s)))x(s)ds +/0 go(s,x(s))x(s)ds

+ Z / (s, o(ou(s))als)ds + / " rs)e(s)ds < / Ran

It follows from (C}) that

9/0 lz(s)[7ds < —/0 go(s,x(s))x(s)ds—Z/o gi(s, x(a;(s))z(s)ds
—/0 r(s)x(s)ds—l—ﬁ/o |lz(t)[2dt
< [ lalsalisids + 3 [ latsateuele(olds

T T
d 2dt,
" / () [2(s)lds + o(8) / ()t
where o(3) =0 if 5 <0 and o(f) = Fif > 0. Let € > 0 satisfy that

(ro + €) + Yy (i + €)||B4] |74 for 8 <0,
(32)  0>3 B4 (ro+e)+ 0 (r+ 6|87 for > 0and g =1,
(ro +¢€) —l—zzzl(rkjte)\]ﬁ,’cl\# for 3> 0 and ¢ > 1.

For such € > 0, there is 6 > 0 so that for every i =0,1,--- ,n,

(3.3) lgi(t, )| < (r; + €)|x|? for a.e.t € [0,T] and all = such that |z| > 0.
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Denote, for i =1,--- ,n,

A = {t: te[0,T), [o(as(t))] < 6,
AQ’Z‘ = {t t € [O,T], |I(Oéz(t))| > (5},

L= (¢t
95 te[o{%ﬁilgéwz( , )],

Ay = {telo,T]|=(t)| <4},
By = {tel0,T][z(t)] >},

8 = max{gsr:k=0,---,n}.
Using Holder’s inequality, we get

T
9/ lz(s)|7ds
0

= lg0(s, 2(s))||z(s)|ds + [ |go(s, z(s))[|z(s)|ds
A1 Az

" Zl /A 19i(s, 2(ai(s))]|z(s)|ds

—i—;/AMygi(s,w(ai(s))HfE(S)]ds—i—/0 ]r(s)]]a:(s)\ds+g(ﬁ)/o 1 (1)|2dt

IN

(ro +¢) / a(s)[7ds + S (r + €) / ()| 7] (s) s
0 P 0

+ / " Ir()lla(s)lds + 50 / falolds + 3 gns / Ja(s)as

+o(8) / (0Pt
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o(8) / 2()2dt + (ro + ¢) / [2(s)["ds

n

+Z(rk +€) (/OT |x(ak(8))|q+1d8) a/(g+1) (/OT |;p(5)|q+1d3) 1/(g+1)

k=1
T q/(g+1) T 1/(g+1)
- (/ ]r(s)](q“)/qu) (/ ]x(s)|q+1ds)
0 0
T
+(n + 1)(5’/ lz(s)|ds
0

o(5) / 2()[2dt + (ro + €) / 2(s) 7+ ds

n

+ Z(Tk + 6)

T 1/(g+1)
([ teteras)
P 0
T q/(q+1) T 1/(g+1)
+ </ |r(s)|(q+1)/‘1ds) (/ ]:c(s)|q“ds)
0 0

T 1/(g+1)
+(n + 1)5/Tq/(q+1) </ |x(3)‘q+1d5>
0

q/(g+1)

ax(T) .
[ e i)

£(0)

o(8) / 2()2dt + (ro + ) / [2(s)|" 1 ds

n

T a/(q+1) T 1/(g+1)
+3 (i + )|/ D (/ |w(U)|1+q|dU) </ |I(S)|q+1ds>
0 0

k=1

T q/(g+1) T 1/(q+1)
+ (/ ]r(s)|(q+1)/qu) (/ ]x(s)|q+1ds)
0 0

T 1/(g+1)
+(n + 1)o'T D </ |I<s)|q+1ds>
0

o () /O |x<t>|2dt+((me)+Z<m+e>||ﬁ,;||q/<q+”> /O |z(s)| " ds

k=1

T q/(g+1) T 1/(q+1)
+ (/ |r(s)|(q+1)/qu) (/ ]x(s)|q+1ds)
0 0

T 1/(g+1)
+(n + 1)o'T D </ |I<s)|q+1ds> |
0
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If 3 <0, we get

n

T T
0 / ()| ds < ((rﬁe)+Z<m+e>||ﬁ,;||q/<q+”> / |z(s)[9 ds
0 0

k=1

T q/(q+1) T 1/(g+1)
+ (/ |r(s)|(q+1)/qd5) (/ ]x(s)|q+1ds)
0 0

T 1/(g+1)
+(n + 1)o'T D (/ |l“<s)|q+1d3> |
0

Then (3.1) implies that there exists a constant M; > 0 such that fOT |z (s)|7ds < M.

If B > 0, one sees from ¢ > 1 that

T
9/ 2(s)[ ™ ds
0

5/0 |z(t)[*dt + ((r0+e) +Z(rk+€)|lﬁé|IQ/(q+1)>/o [2(s)|" ds

IN

k=1

q/(q+1) T 1/(g+1)
+ (/ ]r(s)](q“)/qu) (/ ]a:(s)|q“ds)
0 0

T 1/(g+1)
+(n 4 1)'T9/@+D (/ |3:(s)\q+1ds>
0

T 2/(q+1)
BraD/(a+1) (/ |z (t) |‘1+1dt)
0

n T
+ ((7“0 )+ (et e)||ﬁ;’c||q/(q+”> / [(s)|**ds
k=1 0

T q/(g+1) T 1/(g+1)
+ (/ |r(s)|(q+1)/qu) (/ ]x(s)|q+1ds)
0 0
T 1/(g+1)
+(n + 1)o'T Y (/ |I<s>|‘1+1ds> |
0

Then (3.1) implies that there exists a constant M; > 0 such that fOT |z (s)|7ds < M.

IN
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Step 2. Prove that there exists a constant My > 0 such that ||z||x < M, for each

ZE‘EQI.

It follows from Step 1 that there exists £ € [0, T] such that |z()| < (M, /T)" @Y.

Multiplying both sides of the first equation of (3.1) by z(t), integrating it from 0 to
T, we get, using (Az), (A3) and (Cy) that

IN

IN

IN

IN

/O i (s)ds

[(@()* = (@))?] -

NE
NE

= & ()t — 2/ ()2 (t)]

i

1
T

i

1

I
>

S— S—

F(s,(s),x(an(s)), -, wlan(s)))a(s)ds + A3 / 2(t)]dt

T

A s a(5), 2(0n(s)), -+ 2(n(s))a(s)ds + A3 / 2(t) Pt

T

-2 h(s,z(s),z(a1(s)), -, x(an(s)))z(s)ds +/O go(s,z(s))z(s)ds

T

—
S—

NE
S~

+

gi(s,x(ai(s))z(s)ds—i—/o T(s)x(s)ds) —i—)\ﬁ/O |z(t) | dt

1

(2

—)\/OTgo(s,:p(s))m(s)ds—/\izn;/OTgi(s,x(ai(s))x(s)ds—)\/OTT(S)x(s)ds
+Aﬁ/OT\x(t)\2dt
/ T|go<s>a:<s>>ux<s>rds+i§: [ atssstatsnlieas + [ et
+A5/OT|x(t)|2dt

n T
(% T+ (et e>\|ﬁ;||q/<1+q>> [ latorras
k=1 0
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T a/(g+1) T 1/(g+1)
+ (/ ]r(s)](q“)/qu) (/ \x(s)lq“ds) ]
0 0

T 1/(q+1) T
+(n + 1)6'T‘1/(q+1) (/ |:1:(s)|q+1ds) + a(ﬁ)/ |z (t)[2dt.
0 0

If 3 <0, then

[ weras

((7‘0 +e)+ Y (i €)||52||Q/(1+q)> M,

<
k=1

T q/(q+1)
+ </ |7"(s)|(q+1)/qu) Mll/(q+1)
0

= MQ.

+ (n+ 1)5/Tq/(q+1)M11/(Q+1)

If 3 >0, then

[ weras

n T
(m D e)HﬁLW“*‘”) My [ o)
0

k=1

T q/(g+1)
+ </ |7 (s) |(q+1)/qu> Mll/(qH)
0

((7”0 +€) + Z(rk + e)Hﬁ,’CHq/(”q)> My + BTN/t pr2/(ath)

k=1

+ (n+ 1)5/Tq/(q+1)M11/(q+1)

/(g+1)

T q
+ </ |T<S) |(q+1)/qu> Mll/(q+1)
0

= MQ.

+ (n + 1)§'T9/ (@ pp )
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Due to (A4) one sees that

if ¢ > ¢,

[2() + A Lcyy et Telolti), ' (10)) + [} ' (5)ds

2(t)] =
2() = A ety ce T(wlta), ' (1) = [/ (s)ds| if ¢ < €

IN

m T
(M, /T)Y @+ 4 ZﬁkaHx - / |2’ (s)|ds
k=1 0

1/2

IN

m T
/T4 Y el 7 ([0 as)
k=1 0

< (M) 13" O[] [x + TV,
k=1

It follows from (A4) that

1

el < gy (/D)0 1 72015,
k=1

It follows that €2; is bounded. This completes the proof of Lemma 3.3.

Lemma 3.4. Let

Qo ={x € KerL, No € ImL}.

Suppose that (Ey) holds, then Qs is bounded.

Proof. Suppose z € , then z(t) = ¢ € R and

—ﬁC—I—f(t,C,C,"' 76)
]1(0, O)

Nx(t) = | In(c,0) :
Jl (C, 0)

Im(c,0)
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then Nz € ImL implies that

m

T m
—ﬁTc—l—/ f(t,c,cp--  o)dt + ZJk(c, 0) + az_fk(c, 0) =0.
0

k=1 k=1

It follows from (F;) that |¢| < M.

Lemma 3.5. If the first case in (Ey) holds, let

Qs ={zr € KerL, \ANxz+ (1 = N)QNz =0, I € [0,1]},

where A @ KerL — ImQ) is the linear isomorphism given by A(c) = (c,0,---

all c € R. If the second case in (Ey) holds, let
Qs ={r € KerL, \Nz—(1—-XNQNz =0, I\ € [0,1]}.

Then €13 is bounded.

Proof. Suppose z,(t) = ¢, € Q3 and |¢,| — 400 as n tends to infinity. Then

_ﬁcn + f(ta CnyCpy " ,Cn)
Il(Cn, O)

Nl’n(t) = Im(cm(])
Jl(Cn, 0)

Jm(cnu O)
It follows that
QNLU = <_6Tcn+f0Tf(t,Cmcm--- 7Cn)dt
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Hence
1—\ T
0 = ANA(en)+ —7 —BTc, + flt cn,cny e cn)dt
0
+ Z Ji(cn,0) + Z Ii(cy, 0)) .
k=1 k=1
So
) 11— T
Ae; = — cn | =BTc, + ft cn, -+ cy)dt
T 0
+ Z Je(Cn,0) + Z I (cn, 0)) )
k=1 k=1

If A\ =1, then ¢, = 0. If A € [0,1) and |¢,| > My, then A2 < 0, a contradiction.
Hence |c,| < My. Q3 is bounded.

If the second case in (E7) holds, similar to above discussion, we get €23 is bounded.

Proof of Theorem 2.1. We show that all conditions of Lemma 3.1 are satisfied.
Let €2 be a non-empty open bounded subset of X centered at zero such that
Q D U2, centered at zero. since L is a Fredholm operator of index zero and N is
L—compact on §. By the definition of €2, we have

(a). Lx # ANz for x € (D(L) \ KerL) N 992 and X € (0,1);

(b). Nz ¢ ImL for € KerL N oN).

We prove (c). deg(QN|kerr, 2N KerL,0) # 0.

In fact, let H(x,A\) = AN x £ (1 —A)QNz. According the definition of €2, we know
H(z,A\) # 0 for x € 00 N KerL and A € (0,1), thus by the homotopy property of

degree,

deg(QN|kers QN KerL,0) = deg(H(-,0), 2N KerL,0)

= deg(H(-,1),QNKerL,0) = deg(I,2NKerL,0) # 0.
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Thus by Lemma 3.1, Lz = Nz has at least one solution in domZL N €2, which is a
solution of IPBVP(1.7). The proof is complete.

Lemma 3.6. Let
={x € D(L): Lr = ANz,3x € (0,1)}.
Suppose that (A1), (As), (As) and (Cy) hold. Then Qy is bounded if

) [ ot S o 3 <0 org > 1,
B+ro+ >, Tl 1847 if B3>0 and ¢ = 1.

Proof. Suppose x € {2y, we get (3.1). Multiplying both sides of the first equation
of (3.1) by z(t), integrating it from 0 to T', we get from (C}) that

Ms

?(T)a(T) — 2/ (0)2(0) — p_[a'(t))x (tZ)—x’(tk)x(tk)]—/o [2'(s)]"ds

B
Il

1

«

+5[(2(T)" = (@(0))] -

| R

| @ (t)’ ~ @tte))’]
_ _)\ﬁ/ t)] dt+)\/ f(s,z(s), x(ou(s)), -+, z(an(s)))z(s)ds
Y / P+ </ Th(w(s),x(al(s)), o (an(s)a(s)ds

+/0 go(s,x(s))x(s)ds
+g/ngi(s,x(ai(s))x(s)ds+/OT r(s):z:(s)ds) .
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It follows from (A;) that

NE

k

I
NE

x~
I

1

1

[(w(5)* = )] = 3 (o) - w(80) (a) + (1)

k=1

Ax(ty) 2z(ty) + Az(ty))

= )\ka )) (2x(ty) + My (x(te), ' (tr)))
< AZ In(z(ty), )) Qa(ty) + In(x(tr), ' (1))
< 0.

On the other hand, (Aj3) implies that

v

v

A () (), o (0) - (11) T (1), (1))
AT Y L (te), 2 () T (t), @' (1)

)\2 Z <$/<tk)fk($(tk), I/(tk)) + x(tk)Jk(a:(tk), x/(tk))

i
I

I (), ' () Tl (i), ' (1) )

0.
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We get
/0 h(s,z(s),z(a1(s)), -, z(a,(s)))x(s)ds + /0 go(s,z(s))z(s)ds

+ Z / " (s, aleu(9)a(s)ds + / " r(s)e(s)ds < 7 / ()P

The remainder of the proof ia similar to that of Lemma 3.3 and is omitted.

Proof of Theorem 2.2. It is similar to that of Theorem 2.1 and is omitted.
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