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AN EXTENSION OF MULHOLLAND’S INEQUALITY

BICHENG YANG

ABSTRACT. By introducing multi-parameters and using the way of weight coeffi-
cients and Hadamard’s inequality, a more accurate extension of Mulholland’s in-

equality and the equivalent form are considered.

1. Introduction

pr>11+——1am,b >0,0< Y mPtal, <ocoand 0 < > 07, nP1he < oo,

then we have the following Mulholland’s inequality [1]:

(1.1) Zzlnmn - W/p {Z mPla }é{z‘;nq—lbg}é,

n=2 m=2

™

where the constant factor S 7p) is the best possible. In 2007, by assuming that

a > €6 2—min{p, ¢} < A < 2, Yang [2] gave a more accurate Hilbert-type inequality
similar to (1.1) as

(1.2) Z Z

— = 1ln amn

— m’lah, lap T 1bq 1
where k) (p) = B(E2=2 %) is the best possible and B(u,v) = [° i dt

p 0 Feere

(u,v > 0) is the Beta function(cf. [3] ). There are some publishing results about more
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accurate Hilbert-type inequalities in [4], [5], [6] and [7]. In this paper, by introducing
multi-parameters and using the way of weight coefficients and Hadamard’s inequality,
a more accurate extension of (1.1) and the equivalent form are given. That is
Theorem 1.1. Ifp,r > 1,%4—5 = %4—% =1,0<vy<1,0 <~yA <min{r, s},

B,a > —%,am,bn > 0, such that

o0

0<

(m + a)P~ta?, = (n+B)r e
B <o00,0< Z

=% [In(m + o) s "= In(n+ A7
then we have the following equivalent inequalities:

i i QD < lB(i é)
fe i I (m+a)+ I (n+ By s

2

13) (A gy Wl

= [In m+a)] (=)

Q=

S et [ o p
Jo= ; n+ 3 [WLZ:Z In"(m + «) + In"(n + B)]}
LA AP (m+ a)P™? o
(14) = {53(;’2)} mee [In(m + «)]” (=) e

p
where the constant factors %B(%, ) and [%B(%, f)} are the best possible.

S

Remark 1. Fory =X =1,a=p=0,r = ¢,s = p in (1.3), we have (1.1). Hence

inequality (1.3) is a more accurate extension of (1.1).
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2. Some Lemmas

Lemma 2.1. Ifr > 1,%+§:1,0<7§ 1,0 < AA < min{r, s}, B, a > —%,

define the following weight coefficient:

n’ a)+In"(n+ B)PMn+5)

B [tn(m + )]
a) +In"(n + B)Mm + «a)

> n(m YA/ n(n (vA/s)—1
(21)  wnls) :Z[l[l( : )" [In(n + B)]
_|_
_.I_

(m
(22) wulr) : =Y UHE (m,n € N\{1}).

Then we have inequalities wy(r) < %B(%, 2) and

(2.3) 0< =B 21-0

LA A 1 » 1A
0 In(m+a)’ v

Proof. Define the function f(y) as

[In(m + )" [In(y + )]0 3

I = s o) Tty P T B Y 2

Setting u = [ﬁ?&i@)ﬁ since 3 > —1, we find

w1y, 1 a9 Tqy 1 X A
2.4 )dy = < = - = B(= %)
(2:4) / Fly)dy = /[ln(g‘Fﬂ)]»y Y1 +u) Ty /0 (14 u)? ¥ <7“’ s)

In(m+a)

It is obvious that f’( ) < 0 f”( ) > 0(y > 2). By Hadamard’s inequality (cf.[8]),
it follows that f(n f y)dy(n € N\{1}) and then

(2.5 onls) =Dt < [ fo)dy < ZBE2).
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By the same way, w,(r) < ;B(A 2). Since f(y) is strictly decreasing, then

onls) = 300 5y ﬂwﬁw=émf@My

n=2"v"
1 [ w914y, 1 DY
(2.6) /[ln((ziﬁ)]w (14 u)* v (7,7 S)[ (s)] >0
A A [ﬁi(fi@)]” w91y,
0 0,.(s):=[B(=,2) ! u ™ du
< (3) [ (7"’ 8)] /0 (1 +u))\
In(2+5)
Ll s R
21 < Ean $ldy = e

and then 6,,(s) = O([;]%) O

In(m+a)

Lemma 2.2. As the assumption of Lemma 1, if p > 1, }D—l— % =1,a,,,b, >0,

J is indicated by (1.4), then

LTI M A S )
28) J<[ B(T’S)] Z " [ln(WH—oz)]pUA D

Proof. By Hoélder’s inequality (cf. [8]) and Lemma 2.1, we find

. 1
- {mZ::Q In”(m + «) + 1In"(n + G)]A

}p

LZ=:2 In”(m+ «a —l—ln”(n—l—ﬁ)]

XFMWHcm“”W%m+aﬁ%1[UMn+m] Vo(n + B)s
In(n+ 8)] = (n+8)r | | [In(m+ )]0~V 9(m 4 a)
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= ar, [In (m+oz)](1*ﬁ)p/q(m+a)§
: Z 7 (m+a) +In"(n+ B [n(n+ B)]0~)(n + B)
i ! o+ )3+ 9|
= W7 (m+a)+I"(n+ B [In(m+ o))~ (m + )
n+ () A A
: In(m + a)]®% 1)[73(70 o)
m+a)p LaP, [ln(m—i—oz)](l_ﬁ)(p_l)
XZ [In”(m + ) + In"(n + B)]* In(n + B)] ) (n+ 8)
;o< 2B Yy
Yy T s
o & (m + o) la, ln(m + o)) 0
2 2 TG o)+ 700 5 9 (n+ 30+ )
IR L O Rt
B LB(T’ s)} {mz " lin(m + a)P }

Hence the lemma is proved. [

3. Proof of Theorem 1.1

Proof of Theorem 1.1. In view of (2.8) and (2.3), we have (1.4). By Holder’s

inequality, we find

= 1nn+ﬁ]71%)oo A,
Z [ (n+ B)1/p mZ:2 [In”(m + ) + In”(n + B)]}

n=

(n+ 5)'"7b, ] s lmh

A S ']5{ 'v
[in(n + 3))G ) = [In(n + B))7 "

By (1.4), we have (1.3). On the other hand, suppose that (1.3) is valid. Setting

(3.1) X [

p—1

_In(n+ g))Ps Y dm
by = n+ g3 Lzzz [In”(m + a) +1In"(n + B)]*
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then J = 3%, %bq By (2.8), J < 00. If J = 0, then (1.4) is
[In(n+8))* s P
naturally valid; if J > 0, then by (1.3), we obtain

("H%)qi b= —1<ip2
s [In(n+ B))C rs

1)TL 7

- (m + a)P~? (n+ B)7~ .

" A_1 b7qm K )
™ {Zn A 1nn+ﬁ>1q<1 pid <
) n+5q1% AN (m+a)p—1ap
E L =J<[-B(5,= Im_
s [In(n + B8)1" %) [v s s [In(m + o) P e

Hence (1.4) is valid, which is equivalent to (1.3). Without loss of generality,

[In(m+a)] % 5!

m-4a ’

suppose that a < (. For 0 < e < qﬁ, setting a,,, b, as: a,, =

ﬁ_é_l
b, = n(n+B)] * ¢~ 418§ = (l _

o L— =) > 0,R= (L + =)' > 1, we have by (2.3),
o _22[1n7(m+a?15fn7 (n+ B mi; In(m + )] (li)(m—i-a)
> G %>Wi e e~ O 2
_ 53(%%)[72 [ln(qzzm++a())})1 c ZO [In( mjL;;)L ;)(wsm)]
= %B(%’ %) ; [ln(TmTc)y])_l_e
(32) {1 [Wi ln(rglm++ag})—1—€]_1 ni o( [In(m Jr(:L)IlO:)W/S)_a)}-
s {mi [1n<<ﬂ;z++62>7p<1g%é> };{g [18212](5) F
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If there exists a constant 0 < k£ < %B(%, 2), such that (1.3) is valid as we replace

LB(2,2) by k, then I < kH, and by (3.2) and (3.3), it follows that

= [In(m + )]t 5 = [In(m —|— o
B 1—] O( <k.
(R S { mz:; (m+ ) mEZ:Q (m+ ) )
Then fore — 0+, % B(%, 2) < k. Therefore k = B(f}, 2) is the best value of (1.3). The
constant [,—yB(T 2)]P in (1.4) is the best possible, otherwise, we get a contradiction

by (3.1) that the constant in (1.3) is not the best value. J
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