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CHARACTERIZATION OF MULTIWAVELET PACKETS IN L’ (R9)

FIRDOUS AHMAD SHAH® AND KHALIL AHMAD®

ABSTRACT. Orthogonal multiwavelet packets are based on several scaling functions
and several wavelets. They allow properties like regularity, orthogonality and sym-
metry being impossible in the single wavelet case. In this paper, we establish a
complete characterization of multiwavelet packets for arbitrary dilation matrices

by means of basic equations in Fourier domain.

1. Introduction

A finite set U = {41, 1y, ...,00r} C L*(R?) is called an orthonormal multiwavelet if

and only if the system
(1.1) ¢t (2) = |detA] ! (Alw — k) €=1,..,L, j € Z, k€L,

is an orthonormal basis for L?(RY).

For a given lattice I' = P.Z?, P an invertible d x d real matrix with
|detP| > 0, and dilation matrix A that preserves the lattice I', Calogero [6] charac-
terized all orthonormal multiwavelets ¥ = {11, 1, ..., } in L2(R%) in terms of two
basic equations given by

123 % W(A*jg)

=1 jez

2
‘ = |detP| for a.e. £ € R%,
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L oo
3) Y > (AP (A (E+ 7)) =0 for ae. { €RY 4T €T\ AT

=1 j=0
together with the assumptions |[¢)f|s > 1, for 1 < ¢ < L. This characterization
follows the strategy of the proof of Frazier et al. [7] in the classical case. However,
there are several differences. For example, in the general case A will not be isotropic,
since there may be different eigenvalues. Moreover, A may contain a rotation, so that

a neighbourhood U of the origin in general will not be contained in AU.

Rzeszotnik [12] presented the proof of the fact that the Calderén condition char-
acterizes the completeness of an orthonormal multiwavelet basis associated with in-

teger dilation matrix A in the following way:

Theorem 1.1. Suppose ¥ = {11, 1, ...,0r} C L*(R?) and the system {wka}, de-
fined by Equation (1.1), is orthonormal, then it is complete in L*(R?) (i.e., it is an
orthonormal basis) if and only if

L
ZZ ’ @&E(ij)r =1 for a.e. £ € RY,

(=1 jez

where B denotes the transpose of A.

On the other hand Bownik [2, 3] presented a new approach to characterize mul-
tiwavelets by means of basic equations in the Fourier transform domain given by the

following theorem:

Theorem 1.2. Suppose ¥ = {11, 1, ..., 01} C L*(RY) and the system {wf,k,}, given
by (1.1), is a tight frame with constant 1 for L*(R%), i.e

1712 =33 [ for all 1 e LR

(=1 je€Z kezd

if and only if
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L
(143 ‘  (BI€) )2 — 1 for ae. € €RY,
and (=1 jeZ

L oo
(15) (&) = D D " (BE) ¥ (BI(E +5)) =0

for a.e. £ € ]1{‘7,1 ;_é 7%\ BZ® where B = A'. In particular, ¥ is a multiwavelet if
and only if Equations (1.4) and (1.5) are satisfied and |[¢)||; =1 for £ =1, ..., L.

In the present paper, we follow the construction of multiwavelet packets given by Be-
hera [1] for arbitrary dilation matrices and study the characterization of multiwavelet
packets based on the new approach given by Bownik for dilation matrices discussed

above. Our results are the generalization of the results of Frazier et al. [7], Bownik

2, 3], Calogero [6], and Rzeszotnik [12].

2. Preliminaries

Assume that we have a dilation matrix A preserving Z¢, i.e, A is a d x d matrix such

that
(i) A(z%) c 74

(i) all eigen values X of A satisfy |A\| > 1.

Property (i) implies that A has integer entries and hence |detA| is an integer,
and (ii) says that |detA| is greater than 1. Let B = AT, the transpose of A and
a = |detA| = |detB|. Considering Z¢ as an additive group, we see that AZ? is a normal
subgroup of Z% so we can form the cosets of AZ? in Z¢. It is well known fact that the
number of distinct cosets of AZ? in Z9 is equal to a = |detA| (see [13]). For j > 0, let
D; denote a set of a’ representatives of distinct cosets of Z%\ AZ¢ where |detA| = a.
For j < 0, we define D; = {0}. We also take T¢ = R\ Z? with its fundamental
domain T? = [~1/2,1/2)%
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Definition 2.1[5, 9]. A sequence {V;:j € Z} of closed subspaces of L?(R?) is
called a multiresolution analysis (MRA) of L?*(R?) of multiplicity L associated with

the dilation matrix A if the following conditions are satisfied:

(2.1) V; C Vjyq for all j € Z;

(2.2) f(x) € V; if and only if f(Az) € Viy1, Vj € Z, x € RY,;
- TV — 72(R4)-

28) AV, = {0}, TV, = LAY,

(2.4) There exist L functions ¢, .....,¢or, € Vp, such that the system of functions

{w(x —k): ke 741 <1< L} forms an orthonormal basis of Vj.

The L functions whose existence is asserted in (2.4) are called scaling functions of

the given MRA .

Given a multiresolution analysis {V; : j € Z}, we define another sequence {W; : j € Z}
of closed subspaces of L?(R%) by W; = V1 ©V;, j € Z. These subspaces inherit the

scaling property of {V;}, namely
(2.5) fe W, if and only if f(A™7.) € Wjy1.

Moreover, the subspaces {IW;} are mutually orthogonal, and we have the following

orthogonal decompositions:

(2.6) L*(RY) = Pw;

21 =% (W)

>0

A set of functions {¢5 : 1 <r <a—1,1 < /¢ < L} in L*(R?) is said to be a set of
basic multiwavelets associated with the multiresolution analysis of multiplicity L if
the collection {wZ(. —k):1<r<a-1,1<(<L, ke Zd} forms an orthonormal

basis for Wj.
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Now, in view of (2.5) and (2.6), it is clear that if {¢)j : 1 <r<a—1,1</¢<L}isa

basic set of multiwavelets, then

{2y (A — k) 1<r<a—-1,1<(<L,jeZ, keZ'

forms an orthonormal basis for L*(R?) (see [1], [5]).

Now, for any n € Ny = N U {0}, we define the basic multiwavelet packets
w1 < ¢ < L recursively as follows. We denote wi = ¢y, 1 < ¢ < L, the scaling
functions and w; = ¢y,r € Ny, 1 < ¢ < L as the possible candidates for basic

multiwavelets. Then, define

L
(2.8) Wit (@) =D hiaPw(Ar—k), 0<s<a-1,1<(<L

Jj=1 kezd

where (h;;,) is a unitary matrix (see [1]).

Taking Fourier transform in both sides of (2.8), we get
L
s+ar\ N s — A\ _
(29) (i) (€)= X hi(B1E) ()" (B71).
j=1

Note that (2.8) defines w}’ for every non-negative integer n and every ¢ such that
1 < ¢ < L. The set of functions {w} : n > 0,1 < ¢ < L} as defined above are called
the basic multiwavelet packets corresponding to the MRA {V; : j € Z} of L*(R?) of

multiplicity L associated with the dilation matrix A.

Definition 2.2[1]. Let {w} :n > 0,1 <{¢ < L} be the basic multiwavelet packets.

The collection

p= {|detA|j/2w}7’(A. —k):1<(<LjeZke Zd}
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is called the “general multiwavelet packets” associated with MRA {V;:j € Z} of

L?*(RY) of multiplicity L over dilation matrix A.

Corresponding to some orthonormal scaling vector ® = wy, the family of multi-

wavelet packets wj defines a family of subspaces of L*(R?) as follows:

(2.10) U7 :W{aj/zwg(fljx —k): kezb1<1< L}; jEZNn=0,1,..

Observe that
UY=V;, Ul =W, = EB L jEL

so that the orthogonal decomposition Vj 1 = V; @ W, can be written as

(2.11) @U”

A generalization of this result for other values of n = 1,2, .... can be written as
a—1

(2.12) Uy, = UM, j €L
r=0

Lemma 2.3[1]. If j > 0, then

a?—1 att1-1
W, = @U’“ Pu = =P U, t<
r=a r=at
altl-1
- @ up
r=a’

where U} is defined in (2.10). Using this decomposition, we get the multiwavelet

packets decomposition of subspaces W;, j > 0.

Let {wl! : n > 0,1 < /¢ < L} be a family of functions in L2(R¢). Then the system

(resp. quasi) generated by w}’ and associated with matrix A is the collection

(2.13) F(wp) = {wm L JEZKkETI1<I<Lad <n< aj+1}
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(2.14) Fi(wp) = {a;;fm jEZ keI 1<I<Lad<n< aﬂ‘+1}
where we use the convention

wi; () = DayThwy (z) = |det AP Pwy(Ae — k), j € Z,k € 27,

and
Dy Thwi(z) = |det AP 2o (Ale — k), j >0, ke Z%,
Wi () =

|det APPT, D yywi(z) = |detAfwy (A (z — k), j <0, k € Z9,

where T, f(z) = f(z — y) is a translation by a vector y € R? and
Dy f(x) = |detAJ7/2 f(Az) is dilation by the matrix A.

Definition 2.4. A countable family F C L?(R?) is a frame if there exist constants
a,b,0 < a < b < oo satisfying

(2.15) all I < D 1{fmP < bllfIP for all f e L2(RY).

ne{F
A frame is a tight frame if @ and b can be chosen so that a = b, and is a normalized
tight frame if a = b = 1. The (quasi) system F(wy) (resp. F'(w})) is a (quasi) frame
if (2.15) holds for F = F(w}) (F = F(w})).

Given a second set of functions © C L?*(R?) with the same cardinality L € N,

we let 07,07, be defined as we define wy; ., and wy'; ;. We also define an operator

a?tl-1 L

(2-16) Pw?,@(fa 9) = Z ZZ Z(f» ij,k> <02j,k:7g>7 f,9€ L2<Rd)a

n=al (=1 jEZ kczd

which is obviously a bounded sesquilinear operator on L?(R?) x L?(R9), if both
F(w}) and F(O) are Bessel families. Similarly, we have another operator associ-

ated with the quasi system F¥(w}) given by
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atl-1 L

(217> Pq"@fg Z ZZZ fwfjk: eéjlm >7 fagELQGRd)'

n=aj (=1 jeZ kezd

Here we recall that @y is called a-dual of wy, if

Pw?,@?(fag) = <fag>7 fag € L2<Rd)

and a-quasi dual if
Pl o (f,9) = (f.9), frg € L*(RY).

We further use the notations

( adtl-1 L

- Z Z Z (f,wijn) <02j,kag>

n=al (=1 kezd
(2.18)

adtl—1 L

- Z Z Z<f>@?3k> <0~Zj,k7g>

\ n=ad (=1 kezd

for any 7 € Z. Note that w; and © are usually defined by the context and, in
particular, P; = P/ holds for all j > 0.

Lemma 2.5[8]. Suppose {e; : j =1,2,...} be a family of elements in a Hilbert space
H such that

i) IfI1? = Z\ f,e;)|? holds for all f € H
(ii) [lejl] = 1 for j = 1,2, ...

then {e; : j = 1,2, ...} is an orthonormal basis for H.

Definition 2.6[2]. For a given family of vectors {t; : i € N} C ¢*(Z%), consider the
operator H : (?(Z4)—(?(N) defined by
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(2.19) H(v) = (@,t»)im, for v = (vaf))kezd C A(N).

If H is bounded, then the dual Gramian of {¢; : ¢ € N} is the operator
G : (2(2%) — 2(Z%) given by G = H*H.

Note that G is a non-negative definite operator on (%(Z4). Also, for k,p € Z<,
we have

(2.20) (Gey, e,) = (Hey, He,) = Zt

ieN

where {e, : k€ Z?} is the standard basis of (2(Z?). By the Cauchy-Schwarz in-
equality the entries of the matrix G in (2.20) are meaningfully defined if the series
>ien [ti(k)|? < oo for all k € Z¢. The operator H defined in (2.19) is bounded when-
ever the matrix <Zi€N ti(k) m> e is bounded operator on £2(Z%). Hence, H is
bounded iff G is bounded.

The following Lemma due to Ron and Shen [11] characterizes when the system

of translates of a given family of functions is a frame in terms of dual Gramian.

Lemma 2.7. Suppose {¢; : i € N} C L*(RY). For a.e. £ € T?, let G(€) be the dual
Gramian of {t; = (4;i({ + k))peza : © € N} C (3(Z?). Then, the system of translates
{Tkapi ckeZiic N} is a frame for L?(R?) with constants b, b’ if and only if é(f) is

bounded for a.e. ¢ € T% and
(2.21) V/||v]|2 < (G(E)v,v) < b||v||?, for v € (2(Z), ace. £ € T

This lemma still holds if & = 0 and then it characterizes the system of translates

{Tkgoi keZic N} being a Bessel family with constant b.
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Definition 2.8[10]. A quasi-norm associated with a dilation matrix B is a measur-
able mapping p : R? — [0, 00), so that

(i) p(§) =0 =€ =0,

(i) p(BE) = |det Bl p(€), for all € € R,

(iii) there is ¢ > 0 so that p(& + ¢) < ¢(p(§) + p(€)) for all £, (€ R

For a quasi-norm p we define its characteristic number (&) by

I4(¢)
p(§)

where D C R? is a measurable set such that {Bj D:je Z} partitions R? (modulo
sets of measure zero), i.e., ;o B'D = R? and B'D N B'D = () for i # j, i,j € Z.

22) n(e) = [ 2

This number x(£) is independent upon the choice of D.

3. Main Results

Lemma 3.1. Let w}! € L*(R?) and let f € L?(RY) be a function with compact
support. Then
(3.1) Jim > P/(Dnf.Dxf) =0
j<0
and

(3.2) lim |detA|™" > > P(Dyf,Dnf)=0

j<—NveDy

for a special choice of D; = Z4 N AJ([1,2)%).

Proof. Let ) denote the support of f and let us first choose Ny > 0 so that D_x2
is contained in a ball of radius 1/2 around the origin for all N > Ny. Thus, in order

to prove (3.1), we estimate
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a?tl-1 L
' 2
ST PUDNf Dyf) =D ldetAl ST NS ’(f, D_nT.Djwp)
j<0 Jj<0 n=al (=1 kczd
a?tl-1 L 2
3<0 n=ai (=1 kezd
a?t1-1 L 2
< ldetAP >N ||f||2/ ‘Dj_sz?(w)‘ dx
<0 neai =1 gezd +A%E
a?tl-1 L

Z Z ) w?(x)rd:p.

I=N oy a9
Q+Ak i =1

3) = IS laeear 3 [

Jj<0 kezd

By our choice of Ny, we obtain

S PO Dx N < AP [ Kle) 303 [wto)] s
j<0 n—ai =1

which holds for all N > Ny, where

(3.4) Kn(x) = Z |d€tA|jXAj(zd+A_Nﬂ)(SC>, r € R

3<0

Since

Ky(x) < |detA = |detAl/(|detA] — 1), N > Ny,
7<0

altl—1

and since > S |wp(a))? € LY(RY), the Dominated Convegence Theorem can

n=aJ

be applied to the integral, or more precisely

lim Ky(z) =0 forall z € U:=R"\ J 4z,
<0

By the compactness of (2, there exists a sequence of numbers s; := sup {||A%y|| : y € Q}

which tends to zero as j — —oo. If we fix # € U, then all the terms in (3.4) which

satisfy

s,y <dist(z, AIZY) = ¢;(z), j <0,

j—N
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vanish. In other words,

Ky(z) < Z |detAl’ — 0 as N — oo.

<0
sj-n>cj(z)

In order to prove the second relation (3.2) of our lemma, we let N > Ny and use

similar transformations as in (3.3) to obtain

detA N S ST PATLL T

]< N’UGDN
adtl-1 L 9
SIEZEDD DN NS O 9l L0
j<—NveDy kezd VA Q+v)+E 5

We now define

(3.5) Ky(x) = [detAl™ > 3" > Xuiiorou(®), © €RY

J<—NveDy kezd

Now, we show that K, is uniformly bounded in N, as N — oo, and converges to zero

pointwise a.e. Since Dy is assumed to be of the form as given in (3.2), and hence

A NQ+v) CT=(1/2,3/2)¢, for all N > Ny, v € Dy.

In order to resolve the various summands in (3.5), we fix j and k and observe that

E : X A7 (Q40)+k < CIX 43N [y
vEDN

holds for all N > Ny, j < —N, and k € Z%, and the constant ¢; > 0 depends on the
compact set ). By the properties of dilation matrix A, we have

Z XA N 4 S C2Xp o)1

j<—N

for all N > Ny, k € Z¢ where the constant cy, s > 0 depends on A. Finally,
summation over k € Z4, gives another constant c3 > 0 which depends on s (hence on

A) such that
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Z XBs(0)+k < C3.

kezd

By combining all these relations, we get
K (2) < creges|det A|™, 2 € RY,
and hence K converges to zero uniformly. This completes the proof of the lemma.

Theorem 3.2. Suppose w? € L*(R%). Then:

(i) F(wp) is a Bessel family if and only if F/(w}) is a Bessel family.

Furthermore, their exact upper bounds are equal.

(i) F(w}) is a frame if and only if F?(w}) is a quasi frame. Furthermore, the constants

B = B, and B' = B, can be chosen as their exact upper and lower bounds.

Proof. (i) Let © = w} in (2.16) and (2.17). First we note that all summands of P,y ,»
and ij?’w? are non-negative. If wy generates a Bessel family with upper bound B > 0,

then

)= Tim > PIf,f)

]> m
= lim |detA|” mz Z (1o f, Tof)
m—oo veD; j>—m
S lim |d6tA|_m Z Pw?,w}}(vaa va)
veD;

< lim [detA|™ Y B|T.f|* = B| /|

UEDj

holds for all f € L?*(R?). Here we have used the fact that

P(f,g) = |detA|™™ > " P(T.f, T,9),

veED;
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for all j > —m and f,g € L*(R%). Thus, we have shown that quasi frame F?(w}) is

also a Bessel family with the same upper bound B.

Conversely, let us assume that F?(w}) is a Bessel family with upper bound

B, > 0. Let us further assume that there exists f € L?(R%) such that

1 = 1 and Py oy (. 1) > B,

Then, by the dilation invariance of F(w}), we can find N € N such that

[e.9]

> Pi(f.f) =Y Pi(Dnf.Dxf) > B,
j=—N j=0

But this contradicts with the definition of B,, since

Pl (Dnf, Dy f) > > PUDxf, Dxf) =Y Pi(Dnf,Dyf),
j=0 j=0

and the dilation D is an isometry. Thus, we conclude that F(w}) must be Bessel

family with upper bound B,.

(ii) The proof follows with the same argument as in the proof of (i). The only

differences are the use of Lemma 3.1 at certain places. We have

Pl o (fof) = lim > PI(f.f) = lim |detA]™ Y > Pi(T.f T.f)

j=>—m veED; j=>—m

Mmoo veED; jeZ
i A S P (T
veD;

> lim |detA|™ 3 BIT.fI* = B £

”UEDj
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which holds for all f € L?(R%) and has a compact support. Since this is a dense
subset of L?(R?), the relation Pl up(f, f) = B[ f]|* holds for all f € L*(R%). The

opposite relation B, < B’ is shown by assuming the contrary, so that
/ 2(md 2 _
ngwa(fuf) SBq—ngI' SOIIlefEL (R )7 ||f|| _17

and some £ > 0. Suppose that the function f has a compact support. Then dilation

invariance of the operator F,p ,» gives
Pop wr(Dnf,Dnf) < B, — e forall N € N.

By relation (3.1) of Lemma 3.1, there exists N € N such that

- £
Bap wp (DN, Dnf) < ZPJQ(DNJC, Dnf)+ 3

=0
= £

= ZPJ(DNquNf> T
=0

3

£
< Pw?,w?(DNfaDNf>+§ < B, — 5

which contradicts with the definition of the lower frame bound of B; of F?(w}'). Hence

we get the desired result.

Theorem 3.3. Suppose wj® € L*(R?). Then, the system F(w}) associated with the

dilation matrix A is orthonormal in L*(R?) if and only if

(3.6) > @pE+E) @y (BI(E+E)) = Gnwberdio

kezd

ae. £ €Réfor j >0, o <n,n' <datl, 0,0’ =1,..,L, where B = AT.
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Proof. By performing a change of variables, we see that

n n’
<We,j,ka Wz',j/,k'> = Opn Ot 05,7 O b

for 5,/ €Z, kK € Z¢, o/ <n,n’ <att, (0 =1,..., L, is equivalent to

!
(WE > Wir0,0) = Onnr0t,0:05,00k,0

for j >0, k€ Z o/ <n,n' <a*t, 0,0 =1,.. L.
Take any j >0, k € Z¢, o/ < n,n’ < a’*t, (. =1,..., L. By Plancherel formula, we
have

An ~n'
Onnr 00,005,000 = <We,j,k; 7%',0,0)

:/Rd'detAr‘”%”( €) eI G(E) de

|det AP/ (€) e ™R8 o (Big) d€

Rd
_ Z |detA|J/2/ wr(e)a on (ng) —27i(k,£) d¢
tezd +Td
]detA]]/Q/ Z (E+ 0wy (B¢ + g))] —2milhd) e
tezd

= |det AP | K(¢) e de,

Td

where K (&) = Y @p(€+ ) ap (BI(E +10)).

tezd

The interchange of summation and integration is justified by

a7(6) |

o (B(©)) | de

SR (€ + 0) w;/(Bj(gw))‘dg -
E zd

< \detA\ ) 1P e () I17 < oo
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It is clear from the above computation that the Fourier coefficients of K (&) € L(T9)

are zero except for the coefficients corresponding to k& = 0 which is 1 if j = 0 and

(=1 Therefore, K(&) = j’o(SZ’Z/(sn’n/ for a.e. 5 c Td. 0

Theorem 3.4. Suppose w} € L2(R?). The dual Gramian G(€) of F!(w}) at £ € T¢

is equal to

adtl—1 L

(37)< §ex, ex) ZZZ‘ BJE-I—/@ ’ for k € 7,

n=aJ El]EZ

(3.8) (G(&)ex, ep) = tp-muw—n (B™™E + B™™k) for k # p € 27,

where B = AT, m = max{j €Z:B(p—k)e Zd} and the functions t,
s € Z4\ BZ4, are given by

adtl-1 L

= ) YD (B wp(Bi(E+5s) =0

n=aJ {=1 7=0

for a.e. £ € R4, s € Z\ BZ-.

Proof. By applying (2.20) and the fact that D; = {0}, V j < 0, we see that
for k,p € Z4

adtl-1 L

< €)ek, ex) Z ZZ B I f+k)) (B J(ﬁ‘*‘?))

n=al ¢=1 j5<0

adtl-1 L

4+ Z ZZW (B7(E+ k) op(B(€+p))

n=aj {=1 720

X [ Z |det A| e~ 2 ’Bij(k_p»}

dEDj

adtl—1 m

= > > G(BUEHR) (B +p)

n—= a] ]—700




176 FIRDOUS AHMAD SHAH AND KHALIL AHMAD

where m = max{ j€Z:k—pe B/Z}, ie, m is the unique integer so that
B=™(k — p) € Z%\ BZ%, and m = oo when k = p. The expression in the bracket is
equal to 1 if (k —p) € B/Z% and is 0 otherwise (see [13]). Thus:

Case I. If k = p, then

atl-1 L

G (B +h)|

< eka ek
n— a] Z 1 jEZ

Case II. If k£ # p, then

adtl—1 L

(G(&er €)= D I D @p(B™E+k)&p(BIm(E+p))

n=ad (=1 j>0

atl-1 L

= Z Z Z Wy (BY(B™™¢ + B™™k))

n=ai =1 7>0

wp (BI(B=m¢ + B~k + B~™(p — k)
= tp-m(p-k) (B~"E+ Bk
which is the desired result.

Theorem 3.5. Suppose wy € L?(R%). Then, the system F(w}) associated with the

dilation matrix A is a tight frame with constant 1 for L2(R9), i.e

atl-1 L

1717 =32 SO ST [ iyl for all 7 e 2R

n=al (=1 jeZ kczd
if and only if

aitl-1 L

(3.10) > >N

na] EIJGZ

wy B] ‘ =1 for a.e. £ € R,

and
atl-1 L oo

= 2 2D B (B +s) =0

n=aJ {¢=1 j=0
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for a.e. £ € RY s € Z%\ BZ¢, where B = AT. In particular, w} are the multiwavelet
packets associated with the dilation matrix A if and only if (3.9), (3.10) and [|w}||2 = 1
form>0,¢=1,.., L.

Proof. By Theorem 3.2, F(w}) is a tight frame with constant 1 if and only if F?(w})
is so. This is equivalent to the spectrum of dual Gramian G (&) consisting of a single
point by Lemma 2.7. This in turn is equivalent to (3.9) and (3.10) by Theorem
3.4. By Lemma 2.5, F(w}) is an orthonormal basis if and only if ||w}|2 = 1 for

(=1,..,L, n>0.4

Theorem 3.6. Suppose wy € L*(R?). Assume that F(w}) is a Bessel family with
constant 1. Then, the following are equivalent:

(i) F(w}) is a tight frame with constant 1,

(i) wy satisfy (3.10),

(ili) wy satisfy

adtl—1 L
2 df

a1 X3 [ for@] g =nto)

for some quasi- norm p associated with B.

Proof. The implications (i) = (i) = (i7i) are immediate. If F(w}) is a tight frame
with constant 1, then (3.10) holds by Theorem 3.5. If in turn (3.10) holds, then

adtl—1 L

n 2£_aﬂ'+1—1 L o 2£
2 Z/ SCIFIEDY ZZ/BD He
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where D C R? is such that {B/D : j € Z} partitions R? (modulo sets of measure

7Z€ero).

(iii) = (i). Assume that (iii) holds. Since F(w}) is a Bessel family with constant 1,
by Theorem 3.2, F'(w}) is also a Bessel family with constant 1. Let G(£) be the dual
Gramian of FI(w}) at & € TY. Since F!(w}) is a Bessel family with constant 1, we

have [|G(€)|| < 1 for a.e. € € T by Lemma 2.7. In particular, || G(€)ex || < 1. Hence

(312) 12 | G©erll, = 3 |(G©)er )|

peZd

2—|— Z ’(é(f)ek,6p>

peZd,p#£k

2

— [(G(©ex er)

By applying Theorem 3.4, we obtain

adtl-1 L

(B + k) ’ <1forkeZ ae. ¢cT

na] Zl]EZ

Further
adtl—1 L
7 § dg
Z ZZ Wy B]f ‘ 5) @:H(P)
n=al (=1 jeZ P
We have
adtl—1 L

2. 2.2,

n=aJ Zl]eZ

wy BJ ’ =1forae £€D,

and hence for a.e. £ € RY, i.e., (3.10) holds.

By using Theorem 3.4, |(G()ey, ep)| =1 for all k € Z, a.e. £ € T? and by (3.12),
(G(€)er ,e,) = 0 for k # p, and G(€) is an identity on (%(Z%) for a.e. £ € T<
Therefore, by Lemma 2.7, F'(w}) is a tight frame with constant 1 so is F(w}) by
Theorem 3.2. This completes the proof. 4
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Theorem 3.7. Suppose w? € L*(R%). Then, the following are equivalent :
(i) wy are the multiwavelet packets associated with the dilation matrix A.
(ii) wy satisfy (3.6) and (3.10).

(ili) wy satisfy (3.6) and (3.11).

Proof. The implications (i)=-(ii)=-(iii) follow immediately by Theorem 3.3 and The-
orem 3.6. To prove (iii)= (i), we assume (3.6) and (3.11). Then, (3.6) implies that
F(w}) is a Bessel family with constant 1. Also, by Theorem 3.6, and (3.11) = F(w})
is a tight frame with constant 1. Since ||[F(w})|l2 = 1, for n > 0,4 =1,.....L, F(w})

is an orthonormal basis for L?(RY), i.e., w} are multiwavelet packets in L*(R?). 5

Remark 3.8. Although the present results work nominally for the standard lattice
Z4, they can be easily extended to the general lattice I' = PZ? where P is a d x d
non-degenerate real matrix. In this set up the dilation is a d x d real matrix A such

that all eigenvalues A satisfy |A\| > 1 and AI' C I
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