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( Short Note )

ON THE DIAMETER OF ZERO-DIVISOR GRAPHS OF
IDEALIZATIONS WITH RESPECT TO INTEGRAL DOMAIN

MANAL AL-LABADI

ABSTRACT. Let R be a ring with unity and let M be an R - module. Let R(+)M
be the idealization of the ring R by the R - module M. In this paper, we give new

results on the diameter of I'(R(+)M) when R is an integral domain.

1. Introduction

The zero divisor graph of a ring is the (simple) graph whose vertex set is the
set of non-zero zero divisors, and an edge is drawn between two distinct vertices
if their product is zero. The zero divisor graph of a commutative ring has been
studied extensively by several authors, see [1,2,3 and 4]. Let R be a commuta-
tive ring with unity. We use the notation A* to refer to the nonzero elements of
A. For two distinct vertices a and b in a graph I'(R), the distance between a
and b, denoted by d(a,b), is the length of the shortest path connecting a and b,
if such a path exists, otherwise, d(a,b) = oco. The diameter of a graph I'(R) is
diam(I") = sup{d(a,b) : a and b are distinct verices of I'}.  We will use the nota-
tion diam(I'(R)) to denote the diameter of the #nonzero zero divisors of R). Let
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M be an R - module. Consider R(+)M = {(a,m):a € R,m € M} and let (a,m)
and (b,n) be two elements of R(4+)M. Define (a,m) + (b,n) = (a + b,m + n) and
(a,m)(b,n) = (ab,an + bm). Under this definition R(+)M becomes a commutative
ring with unity. Call this ring the idealization ring of M in R. For more details, we

refer the reader to [5]. The set of all nonzero zero divisors of a ring R is denoted by

Z*(R).

Diam(T'(R(+)M)) when R is an Integral Domain

Lemma 1.1. Let R be an integral domain such that Zo is an R-module with

ann(Zsy) = {0}. Then R = Z,.

Proof. Now 1.1 = 1 since Z, is unitary R-module. So,

(lg+1p)l = lpl+1pl =1+1=0. Hence 2.1z = lp + 1p € ann(Z,) = {0}.
Hence ch(R) = 2. Moreover, r.1 =1 for all r € R* because ann(Zy) = {0}. Assume
that » € R — {Og, 1g}. Then (r + 1g).1 = 1+ 1 = 0, hence r = —1g = 1g, a
contradiction. Then R = Z,. O

Lemma 1.2. Let R be an integral domain such that Zs is an R-module with

ann(Zs) = {0}. Then R = Zs.

Proof. 0,1 € Rand 1g # Og. Then 2 15 € R. If 2 15 = Og, then 3 15.1 = 0 because
31gl=(1g+1g+1g) 1 =14+14+1=0. So,0=31g1 =21+ 1g).1 =2
1g.1+ 151 =041 =1, contradiction. So, 2 1g # Og. If 2 1g = 1, then 1 = Op
since (R, +) is abelian group. So, R has at least 3 element Og, 1 and 2 1. Assume
that there exist, r € R — {0Og, 1g,21g}, r € R. If .1 = 0, then r € ann(Z3). Hence

r = Og, contradiction. If .1 = 1, then
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(r+2lg)l=r1+42lgl=7r1+141=141+4+1=0. So, r+ 21z = Og since

ann(Zs) = {0}. Then r = —21x = 1, contradiction. If r.1 =2, then (r + 1g).1 = 0.

So, r + 1gp = Og i.e r = —1g = 21p, contradiction. Thus R = {0g, 15,21z} and
0 1p 21g

31g = Op. Then (R, +) & (Zs,+). (R,.) = On O On On

1 Or 1 21p

21g Ogp 21p 1p
Then R = Zs (as a ring). O
Theorem 1.3. Let R be an integral domain and M = Zs be an R-module.
(i): If ann(Zs) = {0}, then diam(I'(R(+)Zs)) = 0.

(ii): If ann(Zs) # {0}, then diam(I'(R(+)Z2)) = 2.

Proof. (i) M = Z,, and ann(Zy) = {0}. Then, by Lemma 1.1, R = Z,. Then
(o +)25) = {(0,1)}, 50 diam(T(R(+)Z)) = 0.

(i) M = Zy and ann(Z,) # {0}. Then there exists at least one element in R*
such that .1 = 0. Z*(R(+)Z2) = {(0,1)} U {(r,0),(r,1),...}. Any two elements in
{(r,0),(r,1),...} are non adjacent, but (r,0).(0,1) = (0,0) and (0,1).(r,1) = (0,0).
(r,0)—(0,1)—(r, 1) so, diam(T'(R(+)Z3)) = 2. O

Theorem 1.4. Let R be an integral domain and M = Zs be an R-module.
(i): If ann(Zs) = {0}, then diam(T'(R(+)Z3)) = 1.
(ii): If ann(Zs) # {0}, then diam(I'(R(+)Z3)) = 2.

Proof. (1) M = Zs, ann(Zs) = {0}. Then, by Lemma 1.2, R = Zs. So,
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Thus, diam(T(R(+)Z3) = 1. T'(R(+)Z3) is (0,1)—(0, 2).

(ii) M = Zs and ann(Zs) # {0}. Then there exists at least one element in R* such
that .Z 3 = 0. So, Z*(R(+)Zs) = {(0,1),(0,2)} U {(r,0), (r, 1), (r,2),...}. Any two
elements in {(r,0), (r,1), (r,2),...} are non adjacent since r.s # 0 for any r,s € R*.

But (r,0)—(0,1)—(r,2). Hence, diam(T'(R(+)Zz)) = 2. O

Theorem 1.5. Let R be an itegral domain and |M| > 4, be an R-module.

(i): If rrm #£ 0, for any r € R* and meM*, then diam(I'(R(+)M)) = 1.

(ii): If there exists at least one element m € M* such that r.m = 0,for any reR,
then diam(I'(R(+)M)) = 2.

(iii): If there ezists at least two elements in R* such that ry.m = 0, ro.n = 0,

rin #0, room #0, m#n , form,neM*, then diam(I'(R(+)M)) = 3.

Proof. (i) If there is no element reR* such that r.m = 0, for any meM*, then
Z*(R(+)M) = {(0,m) : meM*}. Then any two elements in {(0,m) : meM*} are
at distance 1.

(ii) If there exists at least one element m € M* such that r.m = 0,for any reR,
then Z*(R(+)M) = {(0,m) : meM*} U {(r,m),... : meM}. Then any two el-
ements in {(r,m),... : meM} are non adjacent. But (r,n).(0,m) = (0,0), and
(0,m).(0,n) = (0,0). Then (r,n)—(0,m)—(0,n), m # n, and m, neM*. Then
diam(I'(R(+)M)) = 2.

(iii) If there exists two elements ri, ro € R* such that ri.m = 0, ro.n = 0, m # n,
and m,neM*, then Z*(R(+)M) = {(0,m) : meM*} U {(r1,m), (ra,n),.... m # n,
m,neM*}. Any two elements in {(r{,n),(re,m),... : m # n, m,neM*} are non

adjacent . But (ry,0)—(0,m)—(0,n)—(r2,0). Then diam(I'(R(+)M)) = 3. O
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Example 1.6. Consider the ring Zs(+)Zs. Then diam(I'(R(+)M)) = 1. Since Zs is
an wntegral domain and Zs is an Zs-module , and there is no element in Z7 such

that rm = 0, for any meZ;.

Example 1.7. Consider the ring Z(+)Zis. Then diam(T'(R(+)M)) = 3. Since Z is
an integral domain and Zig is an Z-module, and there exists two elements

(r1 = 2,19 =9) in Z* such that 2.9 =0,92 =0, 22 #0, 9.9 # 0, 9,2¢Z/g, then
(2,0)—(0,9)—(0,2)—(9,0).

Example 1.8. Consider the ring Z(+)Zs. Then diam(I'(R(+)M)) = 2. Snce Z is an
integral domain and Zs is an Z-module, and there exists 5 € Z and 5.3 =0, 3 € Zs.
And for allr € Z, r.3 = 0.
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