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LIPSCHITZ ESTIMATES FOR COMMUTATORS OF SINGULAR
INTEGRAL OPERATORS ON WEIGHTED HERZ SPACES

YAN LIN, ZONGGUANG LIU, MINGMING SONG

ABSTRACT. In this paper, we establish the boundedness of commutators generated
by weighted Lipschitz functions and Calderén-Zygmund singular integral operators
on weighted Herz spaces.

1. Introduction

The standard singular integral operator is defined by

(1.1) Tf(x) =pv. | K(z—y)f(y)dy.
Rn
A well-known result of Stein ([9]) states that if 7"is bounded on L(R"), 1 < g < o0,
and
C
(1.2 K@< 0 Va0

then T is also bounded on the weighted spaces folg(Rn), —n < B <n(q—1), where

the range of 3 is the best.

In 1994, the above Stein’s result was developed by Soria and Weiss ([8]) in the
following way. The singular integral operator satisfying (1.2) will be replaced by any
sublinear operator 7' satisfying the following size condition: For any f € L'(R™) with
compact support and for = ¢ suppf,

Tf() < C / REICI

R T —y|m
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Throughout this paper we focus on the Calderén-Zygmund singular integral oper-
ator,

(1.3) Tf(x) =pv. [ K(z—y)f(y)dy,
R’n

with the kernel K satisfying

(WK (z)] < Clz[™, = # 0, o

Y

2K (z —y) — K(z)| < OW’ 2|yl < [=|.

Let b be a locally integrable function on R"™ and let T be a Calderén-Zygmund
singular integral operator. The commutator [b, T'| generated by b and T is defined by

[b, T]f(x) = bT'(f)(x) = T(bf)(x).

Janson ([4]) proved that [b, T is bounded from LP(R") to LY(R") for
l<p<g<oo,0<f<landl/q=1/p—pF/nif and only if b € Lips. Lu and
Yang ([7]) proved the boundedness of [b, 7] on Herz spaces. On the other hand, the
necessary and sufficient conditions for boundedness of some commutators of singular
integrals with weighted Lipschitz functions on Lebesgue spaces recently are obtained
by Hu and Gu ([3]). Since Herz spaces are generalizations of Lebesgue spaces, a
natural question is whether this kind of commutators also have boundedness on Herz
spaces. The answer is affirmative. The main purpose of this paper is to generalize
the above results to the case of weighted Herz spaces.

Let B, = {x € R" : |z| < 2*}, Ex = By \ Bx_1 and x; = xg, for k € Z, where by
Xt we denote the characteristic function of a set E. Let fg = ﬁ fB f(z)dz.

Definition 1.1. (11]) Let « € R and 0 < p,q < oo. The homogeneous Herz space
KP(R") is defined by

KeP(R") = {f € L, (R™\ {0}) « [|flliegor ) < 00},

where
(o)

1l ey = ( 3

k=—00

1/p
2'mp||ka|rz;)

with usual modifications made when p = oco.

A non-negative function p defined on R" is called a weight if it is locally integrable.
A weight 4 is said to belong to the Muckenhoupt class A,(R") for 1 < p < oo, if
there exists a constant C' > 0 such that

(a7 o) (i [ty #ar) e <,
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for every ball B C R". The class A;(R") is defined replacing the above inequality
by

x)dx < Cu(x), aex € R".
51,1

A function p € Ay if it satisfies the condition of A, for some p > 1. It is well-known
that if 1 < p < ¢ < oo, then we have A; C A, C A,.

Definition 1.2. ([6]) Let 0 < a < oo and 0 < p < 00, 1 < q < 00, and let py and s
be non-negative weighted functions. ‘
The homogeneous weighted Herz space K$P(uuy, j12) is defined by

K 7p(:u17,u2) - {f € Lloc( "l \ {0}7 /'L2> HfHK Ml,#Q < 00}7

where

00 1
p
||f||K (i1 y12) :( E Ml(Bk)ap/n“kaHZq(m))

k=—o00

with usual modifications made when p = co.

It is easy to see that K»?(R") = LY(R") and K9 RY) = Li,.(R") for
0 < ¢ < ooand a € R. Actually, for 1 < ¢ < oo, L‘ |a(R”) is a Lebesgue space
with power weight if and only if —n < o < n(¢ — 1). Thus, Herz spaces are gener-
alizations of Lebesgue spaces. Moreover, the homogeneous Herz spaces include the
Lebesgue spaces with power weights as special cases. Obviously, when p; = ps = 1,
Kg"p(/u,/zg) = Kg’p(R") forall 0 < a < 00,0 <p<o00,1<g< o0 On the other

hand, when o = 0, K(‘;"q(ul,uz) = L (us) for 1 < ¢ < 0.
2. Main Results

In order to obtain our main results, first we need introduce some necessary nota-
tions and requisite lemmas.

Definition 2.1. ([2]) We say that a locally integrable function f belongs to the
weighted Lipschitz space Lz’pgu for1<p<oo,0<pfB<1andpé€ Ay, if

1/p
Supb w(B B/n [ / |f(z) = felPu(z)Pdx < C < o0,
where the supremum is taken over all balls B C R".

Modulo constants, the Banach space of such functions are denoted by sz . The
smallest bound C' satisfying conditions above is then taken to be the norm of fin
this space, and is denoted by ||f||Llp . Put Lipg, = Llpﬁu Obviously, for the case
i =1, the space Lipg, is the classmal Llpschltz space Lipg. Thus, weighted Lipschitz
spaces are generalizations of classical Lipschitz spaces.



56 YAN LIN, ZONGGUANG LIU, MINGMING SONG

If p € A;(R"), Garcia-Cuerva in [2] proved that the space Lipg ., coincide, and the
norm of ||.|| Ligt,, are equivalent with respect to different values of p provided that
"

1 <p<oo. That is HfHLip%# ~ HfHLz-pM, where 1 < p < o0.

Lemma 2.2. ([5]) Let u € Ay, then there are constants C1,Cy and 0 < § < 1
depending only on Ai-constant of 1, such that for any measurable subset E of a ball

B,
Bl _ m(E) 2%
B S ) = C2(|B|) |

Lemma 2.3. Let p € Ay and b € Lipg,, then there is a constant C' such that for
J >k,

, 5 (1(Bg)
bg, — b, | < C(J — k)llbllup@,#M(Bj)”Wj-

Proof Write

|b23—b3| = ‘E Bb([)ﬁ)dl’—bgB
1

< — [ |b(x) = bypld

< |B|/| (#) — basldo

< b(x) — bapld

: |B|/ ) Dunl

< ||b||LZpﬂ;L (23)

Thus, by Lemma 2.2, we obtain
|ij - ka| < |ij - ij—1| + |ij—1 - ij—zl +ooet |ka+1 - ka|
1 1
< / o) b o + b(z) — by, ,|dz
| Bj-1| |Bj-2| JB,_,

—bp,.,|dz
’Bk| Bk+1 B
p(B)) "t (B 1>ﬁ+ p(Br) !

< Ol ( A +.--+—)

i |Bj1| |Bj—a| | By|

o (W(B;) | wBj-1) ((Bt1)

< Cb||L; (B‘)"( + +--- 4+

Pom 1B |Bj-a| | By|

. s pu(Bg)

< C(j = k)bl Lipg 1t (Bj)»

Byl
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Lemma 2.4. Let u € Ay, then for 1 < p < oo,
[ ntay s < By um)
B

where 1/p+1/p = 1.

Proof Since A; C A, (1 < p), p satisfies the condition of the weight A,

(i [ o) (i ] (u(x))zfldx)pldx <c.

for every ball B C R".
We obtain

/

/Bu(x)l_p/dx < C(%) pll|B| = C|B|” i(B)*7.

Recently, the authors in [3] discussed the boundedness of commutators generated
by singular integrals and weighted Lipschitz functions on weighted Lebesgue spaces.

Theorem A. ([3]) Let T be a Calderdn-Zygmund singular integral operator. Let
peA,l/qg=1/p—p3/n for0 < B <1landl <p<q<oo. Letb € Lipg,. Then
the commutator [b, T] is bounded from LP(u) to LI(u'~7).

The purpose of this paper is to state the boundedness of commutators generated
by singular integrals and weighted Lipschitz functions on weighted Herz spaces. Our
theorem is as follows:

Theorem 2.5. Let T be a Calderon-Zygmund singular integral operator. Let

be Lipg,, n€A,0<<1,0<p<o00,1<q1,¢20<00,1/qo=1/q1 — /n and
—n/q < a<n(d—1/q), where § is defined as in Lemma 2.2, then the commutator
[b, T is bounded from Kg‘l’p(u,u) to K;‘Q’p(u,ul_%).

Proof We only consider the case 0 < p < oo and omit the details of the case p = oo
since their similarity.
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Set f =37 . IXj =2~ . fj- Then, by the Minkowski inequality, we write

H[b,T]fHZ;{a,pwlw) = Z (( By )P/ (Z [b,T]fXj>Xk
2 7 k=—o00 J_*oo L2 (pu'—92)
<03 s (. S 15 T wel s o)
k=—o00 =—00
’ k41 P
1O By A O DR [((Eaan e ey
k=—o00 j=k—1
oy u(Bmp/“( 3 ||<[b,T1ij>xk||m1@))
k=—00 j=k+2
= ]1 + .[2 + 13.

For I5, by Theorem A and Lemma 2.2, we find

k+1 »
]2 S C Z Bk ap/n( Z ||[b7T]fXj||Lq2(y,1‘12))

k=—o00 j=k—1

o) k+1 P
< Cllty,, Y- 0B (X Il

k=—o00 j=k—1
00

< Clbll,, D mB™ " 1 Xk 0

k=—o00

= Oy, 1
To obtain the estimates for I; and I3, we first observe that for x € Fy and |j—k| > 2,

([0, T]f x;)xn(x) = (b(x) — bp, )T (fx;)(x) = T((b— bs;) fx;)(2).
Thus,

|| ([bv T]fXj)Xk”le(Hlﬂm)

1

o( [ 1060 - 1) T (100 - T~ b))ty )

IN

1

< C( . |b($) — ij’qQ|T(fXj)('T)|q2Iﬂ(x)l_quI’> a2

+c( [ (- ij>ij><x>|q2u<x>1—q2dx) ;
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1

M(l‘)l‘”dx) h

q2

q2

< C( b(x) — bp,|*
Ey

+C([E /E'K(ﬂf—y)(b(y)—ij)ij(y)dy
= Dl(]ak)+D2(]>k)

| K@i

1

M(:v)l_qzdx) "

Now, let us estimate I. If j < k — 2, using Lemma 2.2, Lemma 2.3 and
Lemma 2.4, we have

1

([ 1) b, oty
Ey

1 1
<( [ w) - mtruorde) " ([ o b ey e)
By, By

B 1 -~ q
< O|bl| Lipg, 1t (Bi) = pi(By) 2 + [bp, — ij|(/ p(x)' =% da
By

1§

8 a . 5 (B, _ 2
< Cllbllims (B (B + Ok — )8l 1 (Bi) 5 >( / ()" d)

|Bj

B L . B
< Clblipg,11(Bi) = 1(Br) % + C(k = )|[bll i ,1(Bi) [Bil(By) =

. 541 |By| u(Bj)
< C(k = 71Dl Lipy 1e(Br) ™22 B, u(By)

. B B
< C(k = )16l g, (Br) |]Bk|‘ (|‘BIJ|)

— Ok = J)|bll ipy ,po(By) o1 259m0=0),

By Holder’s inequality, denoting that 1/q; + 1/¢} = 1, we obtain

/]Ejlej(y)ldy < (/ )™ mly) @ ‘“dy) " (/B_u(y) q1q1dy)

J

_ 1
< Cllfxllpon ! Bilp(By) .
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By the above two estimates and Lemma 2.2, we have

Di(j: k) = C{ : \b(@—bBﬂ‘”( E_ﬁlij(y)ld@ u(:v)lqzdx] :

02*”( (&) — by [ ) d) ( / ol |dy)
Ey

C(k — 5)27F1b]| Lipg, (Bre) 1w 2570 £y por (027" u(By) 00

11(Bg)
1(B;)

n | Bi| | ™
< Clh= 2 Pl 1] "l
J

N ey (k—jn(E =8
= C(k— 12" b] pap 1 F 5 21 )

Dyjik) = O( / k / K= p)(0) ~ b, P )y u<x>1-q2das);2

cre( [ | u(sv)l-qzdx) g ( / ) b))l
cr | 1Bl B] (/ ) — b, ) 5y )
X (/B IfXj(y)lqlu(y)dy> ’

—knokn L1 qi/ 8
< C27R 2" u(By) e 10l Lip (By) 5 1 B) 7 || X £t ()
1—L
M(Bj)l a2
- C b 7 1 q
. L<Bk> T
s(1-L
!qu Sy
| By|
i—k)nd(1— L
= OlbllLips, 29" 7% sl o g

Combining the estimates for D;(j, k) and Ds(j, k), we obtain that if j < k — 2,
then

IN

IN

— Ok )2, [ } 1 Fxslln oo

and
q2

IN

H\"—'

IN

< onbuupﬁ,u{ T
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H([b T]fXj)XkHqu pul—az)
*—5 k—5)nd( ——1
< Ok = 7)2% ™G0l iy 15 | 201 ) + OB g, 27 N6

k— n—f(s
< Ok — 7)2% "GN b]| iy 11X 21 (0
a k—j)(a+2—nd)
= C10]|ip,, 2972 (ke — 5)2% ) sl )

Let W(j, k) = (k — §)2% 7T We have

k—2 P
<oy u(Bmp/"( S 2u R, k)||b||Lz‘p,@,u||fXj||LQ1(u))
k=—o00 j=—00

o0

k—2 »
< o, S u<Bk>ap/n( S 2R, k>||ij||qu<#>) |

k=—o00 j=—00

If 0 < p <1, then by Lemma 2.2 and o < n(d — l),

Lo< i, Y. Z By W (5, k)| x5
k=—00 j=—00
< CblTap,, D B Xy Y WK
j=—o0 k=j+2

= ClIlLap,, 1

When 1 < p < oo, by Holder’s inequality, Lemma 2.2 and o < n(§ — qil),

%) k—2 p
no< cplg, S u(&:)"( > 2“"“>awu,k)fome(m)

(1,10)”

k=—00 j=—o00
< il S ul ap/n(z Wi k ) {Z (zo—wawu,k)puijum))]
k=—oc0 Jj=—00 j=—o0
[’ k—2
< Ol S u<Bk>ap/”( S auRery(, k>|\ijwqu(m)
k=—oc0 Jj=—00

IN

Clol,, Z(Zu P G R G n, )

k=—00 “j=—o00

= bl S HB) sl m( 3 W(j,m)

j=—00 k=j+2
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o0

= Clbll,, D> wBY x50

j=—00
= CUBI o, sy
For I3, by analogy to the estimates of I;, we find, for j > k + 2,

Di(j, k) <C(j — k>2<’“ DT[] im0

Dy(j. k) < C2° % 1Bl 1L 2

and

. (
100, T X)Xkl Loz ur-any - < Cllbl i, (5 = K)2
= Cllbllzips, (j — k)2 Peo2E=Dtn/@ £y o,

Let V(j, k) = (j — k)2*T%)°  Thys,

p
]3 S C Z OZP/TL( Z ”b”LZngZ(j aéV(], )”fXJHqu(M)

j=k+2

il 2o )

k=—o00

oo o0

= Clblly,, S ( >

k=—o0 j=k+2

P
(B 2Ry (), k>||ij|rm<u>) |

When 0 < p <1, by Lemma 2.2 and o > ﬂ,

Iy < Clbll7,, Z Z By) P25V (G NP\ X

k‘_f()O] k+2

< ClblLiy,, Z Z (B ™V (3, k)P
k=—o00 j=k+2
00 Jj—2

= Clblsp,, > 1B Xy D VG R
j=—00 k=—00

= ol S B G
j=—00

= ClIblIzip, , 1 e
When 1 < p < oo, by Hélder’s inequality, we obtain

(p,p0)”

(W)
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s ad p b . ] 1 p %-p
Lo o, S ue0* (X vin) | X (2 v Gnile ) |

k=—o0 j=k+2 j=k+2
sm%mZ(Zwm>wmeU
k=—oc0 “j=k+2
= b, S MBI
j=—o00

= Uy,
Combining the estimates for Iy, Iy and I3, we complete the proof of Theorem 2.5.

As the special case of Theorem 2.5, we can deduce the following conclusion im-
mediately. When p = 1, Lipg,(R") = Lips(R"), § = 1,K&P(u, ) = K3P(R"),
K P, ') = K, wP(R"). Thus, we have the boundedness of commutators gener-

ated by singular integrals and classical Lipschitz functions on Herz spaces, which was
established by Lu and Yang in [7].

Corollary 2.6. Suppose that b € Lips(R"), 0 < < 1. Let 0 <p < oo,
1 <qi,q2 <00, 1/gop = 1/q1 — B/n and —n /g < a <n(1 —1/q:). Then [b,T] maps
quélaP(Rn) continuously into K(?Q’p(R”)_
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