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THE GENERALIZED STIELTJES AND FOURIER TRANSFORMS OF
CERTAIN SPACES OF GENERALIZED FUNCTIONS

S.K.Q.AL-OMARI

ABSTRACT. Inspired of Roumieu and Beurling definitions, we defined spaces of ultrad-
ifferentiable functions of rapid descents in LP spaces which shown to be closed with re-
spect to the classical Stieltjes transform. The generalized Stieltjes transform is thereby
defined on the duals through the generalization of the Parseval’s equation. Further, we
obtained spaces and derived certain related results justifying multiplication. Adopting
the concept of Boehmian spaces, the celebrated Fourier transforms were extended to a
so-called space of ultradifferentiable Boehmians .

1. Introduction

The Schwartz’ Theory of distributions and its applications are well known in the
literature. Spaces of generalization of the theory were obtained and developed by many
authors in the recent past. As a space of generalized functions the theory of ultradis-
tributions, being more general than distributions, considered by Roumieu [17], [18] and
Beurling [6] is formulated so that it generalizes the Schwartz’ space D" of distributions.
Various integral transforms for various spaces of ultradistributions have been obtained
and the corresponding properties are developed in Refs [1], [2] and [3] and, many oth-
ers. Tempered ultradistributions or ultradistributions of slow growth established in this
note and the ultradistributions which are employed in [3] and [4] generalize the Schwartz
space S” of tempered distributions [5]. However, the ultradistributions described in [2]
are, indeed, expand the space E of distributions of bounded support [22]. For detailed
treatment and relevant properties ( see [6] , [17] and references therein).

For a conventional function f, the Stieltjes transform, as a function of y, is given
by [21]

(L1) (rf) () = / f (@) (y +2)" de, (y > 0)
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provided the integral is convergent. Its generalized transform for an arbitrary complex
number p except the zero and negative integers and, all z in the z-plane cut from the
origin along the negative real axis is defined in [7, 18] by

(1.2) (o) ( f(z)(z+2) Pdx
)=

Authors such as Erdelyi [9], Pandey [13], Pathak [15] and others extended (1.2) to
certain spaces of generalized functions. The generalized Stieltjes transform , as a well-
known fact, can be formulated as an iterated Laplace transform and therefore its inverse
s, explicitly, expressed as an iterated inverse Laplace transform [19]. Authors, such as
Love and Byrne [11] and Pollard [16] obtain formulae for the inverse of the transform
for real values . The complex inversion formulae are established in [8] and [20] as well .

A complex valued measurable function f is said to belong to the space LP (R) if

1

p
11, = /If(:c)lpd:c
R

is finite . Two functions are identified whenever they are equal almost everywhere in the
Lebesgue sense.

2. Definitions and Notations

A base of this paper will be certain spaces of test functions of ultradifferentiable
functions and tempered ultradistributions which correspond to spaces Dys and DILS [14]
and spaces of type S [10] . Sequences (a;) and (b;) wherever they appear together with
conditions employed are to be treated as in [4] .

Definition 2.1. Let o be a fized real number. Then, the following have a meaning in
the sense of results

(i) By S% (4.0 (0,00) (respectively, SY,, ,(0,00) ), 1 <7 < oo, we denote the set of
all complex valued infinitely differentiable functions ¢ (x) such that there is a constant
m > 0 for which

(2.1) |(1+ 2)* 2" Do (2)]],, < ma®aq

or all a > 0 (respectively, for some a > 0).
f /2 Y,

(ii) ¢ (x) € SE b (0,00) (respectively, SE b }b( 0,00) ), 1 <r < oo if and only if
it 1s infinitely smooth and for some constant n > 0,

(2.2) (14 z)* 2" D¢ (z)||,, < mbb,

for all b > 0 (respectively, for some b > 0).
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(iii) Similarly ,the C™-function ¢ (z) € SL (b (O 00) (respectively, Sj}ibi}ab (0, 00)

if and only if for some constant L and for all a > 0,b > 0 (respectively, for some
a>0,b>0) the following

(2.3) (14 2)* 2" Do (z)||,, < La®b*asby,

holds good .

Obviously, due to definitions, subsets

L7 {b;},b

L"
(24) S Hai},a

C S aya SEOY C ST {b}bands b st

J(ai),a

are true and possess analysis Which is similar in application and thus the concern will
be on SL Sk “l)? and S b )b for further 1nvest1gat10ns

Natural topologies on SL Sa 260 and S (6 can be defined as

)a

ai)a’

aa’

||(1 +x)* 2k Dk (:E)|

(2.5) il 0 = sup o € (0, o0) T b0
(1 +2)" 2" D¥o ()],
(2.6) el = sup [z € (0, 00) s
and
1+ 2)* 28D (2)]|,.
(2.7) lell,.0 = sup [l kz € (0, 00) [C+2) AS01 PIS

a®bka, by,

A sequence (y,) € Sga Sa S0 and SL (b
So M and S G0 i

a

converges to SL 0’

(a)a

lim (14 2)° 2D (g, () — o (@), = 0
and there is a constant m > 0 independent of n such that
lim [[(1 4 2)° 2 D" (o, (2) — 0 (@), < maca,

n—oo

foralla > 0.

Denoting by S'% Skt and S b )b (S

a,{a;},a’

Sﬁ o(bi):b and

S(;LT,{bj}b nd S’LT Abi}b )

J(aq),a’ a{a;},a

The set of continuous linear forms on S 5 (as),a”
’ 1)

SL’“,(bj),b (S i), Séf,{bj} b nd SL {b;}.b )

a,(a;),a a{ai}a
The resulting spaces are the tempered (temperate) ultradistribution spaces of
Beurling - type ( of Roumieu-type respectively).
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3. Stieltjes Transform for Slow Growth Ultradistributions

For our results the following is the main theorem in this section which enables to define
the generalized Stieltjes transform in certain L” spaces

Theorem 3.1. Let z be a complex number, neither zero nor negative real, then
(z+2) "€ SL (ai).a (0,00)

where ,
ar+kr+1<0,k=0,1,2,...and o € Rep.

Proof. Assume z = o + iw. The fact we shall need is that

(3.1) |2|ReP eIl < |,p| < |z |ReP erlimp]
Employing (3.1) we have

(1+2)" 2" [(p)yl

’(z—l—x)erk

(0)u] (1 +2)° et

(o + ) +wz}m

|(1+2)*2"D* (z +2)™"| =

<

(3.2)

where (p), =p(p+1)(p+2)...(p+k—1).
We consider the following cases
Case I. Let o > 0. Properties of integration then yields

/ (14 2)*2"D* (= + x)_prdx = / (14 2)*2"D* (= + x)_prdm

+/ |(1+2)*2"DF (z+2) dz  (3.3)

= Il (O{, k’,’/”) + IZ (O{, ]{,’I")

We evaluate the integral I, (o, k,r) as follows :

) X . 1 —{—.23) kr r7r|Imp\
/|(1—I—x) 2*DF (2 + ) p{ dr < |/ 20 Rep+kz)) dz
7’7r|Imp\ ’ ‘
cx—i—k
< r(Re p+k)) / + 33' dx

rr(lmp| (1 + ar+kr+1

(& g

< |(p)k| ( 7n()Re( o (34)
(ar + kr +1) (20)"7
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The values of z are finite in (0, 0] and hence, the integral I; (a, k,r) will be reduced to
the form

(67

1 7’
/| 1+xa ka Z+.I' p’ d$<’ ‘/ +0' rﬂ'\ImP|dx

O—rRep
Hence,
r a —p|T 0-(1+0-)Ta 7|Im
(3.5) /!(1—1—:6) "D (2 4 x) p‘ dx < |(P)k|W€ [Tm ]

0

1
Invoking (3.4) and (3.5) into (3.3) and multiplying by , for any a > 0, and consid-
a“a

(6%
ering supremum over o < Re p implies that

lell,o <M

where
1
(1 + O_)a+k+;
20 (Re+k)) (o + kr + 1)

Case II. if 0 = 0 then z = iw. Set v = |w|.Therefore

[(p)] €™

M = [al—ReP (1+0)*

1
T

/}(Hx)amk (z+2)? dx = /}(1+x)“mkpk (z+2)"| de

b [l0sar D e e G

= L(okr)+ 15 (o k1)

ar

The integral I (o, k,7) < |(p),] f e™mPlrdy - That is,
o v

3.7 I; (o, b, L) sl

(3.7) (o, k,r) < |(p | T(Rep)ﬂ x

Estimation of the improper integral I3 (a, k:, r) can be confirmed as follows :

1 r7r|Imp|
L (o, k,r) /| o) dx

1)2 -+ w2] 2(R0p+k)

1+JI a+k ermImp|
/ Y T (3.8)
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and , therefore, (3.8) assumes the expression

(3.9) Lok, r) < (p), | — e Pir (1 4 g)@ R
' 2 s Mvy .
((a+k)r+1) (ﬂy)R (k)

provided ra +rk+1 <0 .
The right hand side part of (3.9) is a positive value for any non-negative integer k,

a < Rep. Thus, combining (3.7), (3.9), Multiplying by

, (3.6) can be formed as
ana”

(3.10) (14 2)*2"D* (z + x)7"|

where

1 < Caya®

(1 + V)ar (1 + V>ar+kr+l
plr(Rep)+1] (Oﬂ" Sk 1) (\/iy)Re(p-‘rk)

Letting « traverse the set of real numbers such that « < Rep, x € (0,00) we have

C:

] [(p) | P!

¢l < 00

for any a > 0. To complete the proof of the theorem it remains to be shown that the
theorem holds true for ¢ < 0. For this end assume o0 = —(3,3 > 0
Let v > (3> 0. We have

0o o' oo
/‘(1+x)a:cka (z+2)7"| do = /+/ (1 +2)*2"D* (2 + 2)7?| da
0 0 v

Similar proof to the proof considered in the Cases I and II yields

/‘(1+x)akak (z+m)7p‘rdx (3.11)
0
B N N & ) D I(p), | e
|w|"(ReP) "B (ar 4 kr+1) | "

provided ar + kr +1 < 0.
Allowing « traverse the set of real numbers which are less or equal to Rep and
x € (0,00) implies
], o < 00
for any a > 0 .
Thus, the theorem is completely proved. O
Due to analysis employed above we state
Theorem 3.2. For any complex number p , neither zero nor negative real, we have

(z4z) " e SLHba)b ( SLTv(bj),b>

a,(ai),a

where ar + kr +1 < 0,a <Rep,k=0,1,2,..., and z € (0,00).
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Proof. The proof is simillar to that in theorem 3.1 U
Definition 3.3. Let f € S), (a)a,SaL Bt nd S;L a(I;a , « < Rep . By virtue of The-

orem 3.1 and 3.2 we deﬁne the ultmdz’stmbutzonal Stieltjes transform of slow growth of
Beurling-type to be the map of z such that

(3.12) = (f(x),(z+2)")

where, ar +kr+1<0,k=0,1,2,....
Proofs of Theorem 3.1 and Theorem 3.2 for ultradifferentiable functions of Roumieu-
type are similar and thus, the generalized Stieltjes transform of Roumieu-type

fe S’LT D S/LT( and S/La is justified and can be defined as

a Y

S(z)=(f(2),(z+2)7")

for some constants a,b > 0.

4. Multiplicity of Ultradistributions

Definition 4.1. Denote by M@:La the set of complex-valued infinitely smooth 6 (x) |
on I(0,00), such that H(l +2) Dig (x)H < Cd'a; for some positive constant C' and
L’V‘

arbitrary £ and a .

u v 1 1 1
Theorem 4.2. Let 6 € M(’:;_)a and ¢ € SE aa(0,00). Letu>r and — + — = —.Then
1) kl 1) u U T

¢ — 09
maps Séif,(ai),a (0,00) into S an).a (0, 00), continuously .

Proof. With the aid of Leibnitz’ rule and the triangle inequality we have

(14 2)* " D* (69) ()] < (4.1)

(1+a)" " 3" D0 a) Do ()

< () [P0 @) (1+2)" 2| DH g (a)

Therefore ,

r

(14 z)" 2" D* (6¢) (

Zl—l—x D76 ()| (1+2)" " 2" | D90 (2)]
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Hence,
/\ (14 2)*2"D7 (0¢) (z)|" da (4.2)
o0 k s
< / Z (14 x) |D30 )] ( 1+x)a_éa:k|Dk’j9(a:)‘ dx
o =0
le
- 1
/\ (1+ )" 2"D* (09) (x)|" dx) (4.3)
0

1
p

< 72(1+x)€Dj9(x)(1+x)aexk|ij¢(x)‘de)

Employing Minkowski for (4.2) yields

||(1 + ) 2" D" (6¢) (ZL‘)

< (/ (1+2)" | D6 (2)| 1+x)a£a:kaj<b(x)|rdx>
S Z (1+£U ‘D]e ( —l—:Uae k}DkJ(b
0
By using the Holder’s inequality we find
/H(ljtx)e‘DjG(m)‘ +2)* 2 | DM (a } ‘d:v (4.5)
0
- T~ 1
(/ ‘(1 + )" DI (2) "’ dx) (/ ‘(1 +2)* "D () " dx)
0 0
1 1
where —+ - =1,7> 1.
rooT
Therefore, from(4.5) we have
|a+a) (Do @] +2) Do ()| (4.6)
< Jasa o], Jo+ortdt 0o w]
LT‘T LT‘I'
: , v g 11 , o
Setting © = r"and v = rf implies — + — = — and "> 1 implies u > r.
v
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Putting (4.6) into (4.4), then Definition 3.3 and multiplying (4.4) by 1\ a®a, leads to
the relation

||(1 + 2)% 2*D* (0¢) (x)|

L < 4.7

a%*q - ( )

ko asertatprs @)

> Cda; : N

=0 A~ Qg

e aseetatpte @)

= ) Cdaa™ = &
par; a“"*a,

From [4, (1.2)]we have
Ao—p S a[)af/aoc-

Using this in (4.7) leads to
|+ 2y~ 2+ D* (00) (@)

a%aq

‘(1 +2)* kDR (x)‘

Lv

k .
Cd’a;a
Lr j 4o
< (C -

= Z at

= ay a®La,_y

Considering the supremum over all z € (0,00) and o < Rep yields

k .
a’a;ag
(18) 1661, < O3 S o],
=0 “

Thus, from (4.8) we observe that (#¢,) — 0, as n — oo in the topology of Séi&(ai),a
when ¢,, — 0 in the topology of .S g}ai)’a . This completes the proof of the theorem . [

The theorem, above, suggests a space of operators for multiplication for a space M, é:)’a
of Beurling-type ultradifferentiable functions of rapid descents in S%” t(ai)a for the Stielt-
jes transforms . However the theorem includes no evident that M(La:)ﬂ admits all multi-
pliers of such spaces .

Definition 4.3. To define multiplication for SE(bs)b <SLU’(bj)’b

o (a).a )denote, respectively, by
ML) <M

Lu’(bj)’b> the spaces of all infinitely smooth 6 such that

(ai)’a

(1) H(l—i—x)eDjQ(x)‘Lr < Cbib,
and
(1) H(l + ) Dg (I)‘ < CalWayh,

with arbitrary constants a and b. Then ,
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Theorem 4.4. Let € M0 (M(Lau)(:])b> and ¢ € SE P <Sa,(;f,b)) )then ifu>r
1

1 1
and — + — = — the mapping
u v T

¢ — 09
resp., maps ¢ € Sii}(bj)’b (Sjié%l)l)ba) mto ¢ € S£T7(bj)’b <SLT7(bj)’b> continuously .

a,(ai),a
Proof. The proof is analogous to that of theorem 4.2 and thus avoided. O

Having permitted the constants a and b to be suitably selected in Definition 4.1 and
4.3 defines spaces M {L Y ME AR and M }{b Mt 45 the sense of Roumieu which leads
to the following results

Theorem 4.5. Let 0 € M{Lau} , and ¢ € SE, faitar The map ¢ — 60¢ is continuous from
1 1
SEY 0 {as}a iNEO Sa{a}a where u > r and u+;:;'

Theorem 4.6. Let § € ME"®i)b (M(Z)(s ) and ¢ € S5 <S§ (a{,l; }b> then ifu >r
1

1 1
and — + — = — the mapping
wov T

¢ — 0¢

maps ¢ € SL (b (Sﬁi;?ﬁf& into ¢ € SL AbLY (Sg{ifi}ab) continuously .

The poof of Theorems 4.5 and 4.6 is similar to that considered for Theorem 4.2.

5. Fourier Transform of Ultradifferentiable Boehmians

The concept of Boehmians is motivated by regular operators introduced by Boehme [7].
Boehmians have an algebraic character of Mikusinski operators and at the same time do
not have restriction on the support. Applying the general construction of Boehmians to
various function spaces yields various spaces of Boehmians. General Boehmians contain
the Schwartz space of distributions , Roumieu ultradistributions, regular operators and
tempered distributions as well.

The construction of Boehmians is similar to the construction of field of quotients. The
space of Boehmians we consider in this note contains the space of the tempered Boehmi-
ans [1] which in turn contains the space of tempered distributions and, the obtained
definition of the Fourier transform coincides with the definition of the Fourier transform
of the locally integrable Boehmian which appears in [12] .

Definition 5.1. An infinitely smooth function ¢ is said to be in S,, . (R) if for some
positive constants a and A its derivatives are estimated by

2'D7¢ (2)] < Ala+a)' a'

for all i,5 € Ny, and o > 0 being arbitrary constant. Elements in S,, . (R) are ,indeed
Jultradifferentiable functions of rapid descent. By D denote the space of all infinitely
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differentiable complez-valued functions on R with bounded support. A delta sequence A
s a sequence of real-valued functions 01,0, ....... ,0n € D such that

i— [0 (x)dz=1 foralln e N .

it — [ |6, (z)|dx < M for some M >0,neN .

iti- for every € > 0 there is ng € N such that 6, (x) =0 for |x| > ¢ and n > ny.

The convolution product of two functions f and g is defined by

<f*g><x>=/f<u>g<x—u>du

whenever the integral exists. A pair of sequences (fu,pn) » O fu/@n ,is said to be a
quotient of sequences if f, € Sa, 4, (,) €A, and fn % 0, = fm * @, for all m,n € N.

Two quotients of sequences f,, /@, and g, /1, are equivalent if f,, x,. = g, *¢,, for all
m,n € N. The equivalence class of f,/¢p,, is denoted by [f,./®,]. The space of all equiva-
lence classes of quotients is denoted by BSai’a . Its elements are called ultradifferentiable
Boehmians of rapid descents. The space B, . , indeed, contains the space of tempered
Boehmians defined in [1]. Properties of addition and multiplication and, convergence
and the same as in [1, 12]. Retaining the set of delta sequences, concept of quotients and
equivalence classes we construct, similarly, a space of C* - Boehmians Bge.

Lemma 5.2. Let f,/¢, be a quotient in By, o -Then fn/gbn is a quotient in Beeo .

Proof. f,/e, quotient in ésawa implies f; * ¢; = f; * ¢, for all 7, j € N . Employing the
Fourier transform to both sides implies fng] = f]gbl for all 7,5 € N. This completes the
proof of the theorem. O

Let the Boehmian B = [f,/¢,] € Bs, o then B=f,/¢, . Since p, € A, p, — 1 as
n — oo.Hence, the defined Fourier transform of the ultradifferentiable Boehmian B can
simply be simplified to

B = lim fn
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