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EXISTENCE OF BOUNDED SOLUTIONS FOR A NONLINEAR
PARABOLIC SYSTEM WITH NONLINEAR GRADIENT TERM

HAMID EL OUARDI

ABSTRACT. In this note we show the existence of bounded solutions of the nonlinear
parabolic system

(u1)e + Arur = a1 (2) [Vur [P* + fi(x, w1, ug)
(u2)t + Asus = az(x) [Vua " + fo(z,u1, us)

where A; is the pseudo-Laplacian operator and a;, f; are given functions, i = 1,2. We
prove the existence of weak bounded solutions using a priori L°°— estimate and the
theory of nonlinear parabolic approximation.

1. Introduction

Let © be an open and bounded subset in RY with smooth boundary I' and let 7" be
a positive real number. In the cylinder Qr = Qx]0,7T[, with lateral boundary Sr =
I'x]0, T'[, we consider the nonlinear system (.5)

8u1

(11) W — A1u1 = al(:v) |VU1|p1 + fl(.fE,Ul,Ug) (l’,t) € QT;

(12) % — ./42u2 = ag(l’) ‘VUQ“DQ + fz(l',ul,UQ) (.T,t) € QT,

(1.3) uy(z,t) = ug(z,t) =0 (x,t) € Sr,
(1.4) (ur(z,0),us(z,0)) = (u10(x), ugo(x)) r e,
where

.CB]' 63:]-

N
]:

is the pseudo-Laplacian operator. Precise conditions on a;, f; and u;y will be given later.

The prototype systems (S) is only weakly coupled in the reaction terme f/ s and
turns up in many mathematical settings as non-Newtonian fluids, nonlinear filtration,
population evolution, reaction diffusion problems, porus media and so forth. Therefore,
it is important to obtain information about the existence of solutions for this problem.
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When a; = 0, much attention has been given to the existence and the regularity of
solutions of systems (S), by using different approaches (see, for exemple,[13, 14, 15] and
references therein.

The case of a single equation of the type (S) is studied in [10, 11]. The purpose of
this paper is the natural extension to system (S) of the result by [5], which concerns the

single equation %% — Ayu = d|Vul’ + f(z,1).

We organize this paper in the following framework. In Section 2, we define a concept
of weak solution and present our main result. The proof of the weak bounded solutions
existence is postponed to Section 3 and is obtained as the limit of approximated solutions
corresponding to regularized problems.

Notation. We represent the Sobolev space of order m in ) by
WmP(Q) = {u € LP(Q) : D*u € LP(Q)V|a| < m},
with the norm

1/p
llny = (3 1D%ul0y) o € W), 1 < p < o0,

laf<m

Let D(Q) be the space of test functions in Q and by Wy"?(€)) we represent the closure of
D(Q) in W™P(Q). The dual space of Wy"?(Q) is denoted by W~ (Q) with p’ is such
that % + % = 1. We use the symbols (-, -) and | - |, to indicate the inner product and the

norm in L*(Q). We use (-, ->W,1,p(9)7wo1,p(m to indicate the duality between W~ (Q)

and Wy P(Q) and || - ||o to indicate the norm W,*(€).
The pseudo-Laplacian operator A; is such that for i = 1,2

Ai: WeP(Q) — W hri(Q)

u — Aiu
and it satisfies the following properties:
e A; is monotonic, that is, (A;u — Av,u —v) > 0,Yu,v € Wy (Q);

e A; is hemicontinuous, that is, for each u,v,w € W,”(Q) the function A
(A;(u+ A\v),w) is continuous in R;

o (Awu(t), ult)) w10 @pwir) = lullt;

o (At), v (O)w 1o @) = paellull

o [[Au(®)|ly-10r () < Cllu|?~", where C' is a constant.



EXISTENCE OF BOUNDED SOLUTIONS 75

2. Assumptions and main results
First we specify our notion of weak solution.
Definition 2.1. A pair (uy, us) is said to be a weak solution of (S) if fori=1,2

u; € C(0,T; L*(Q));

T e LAO.TWR) + L@

/uz(:c T)w;(z, T)dx — / wi(z, 0)w;(z, O)dx—/ (v, ug)dt — / /UZQUlde’dt“‘
/ /|Vul Pi=2 7y, Vwdzdt = / / x) |[Vu|” wzdmdt—f—/ /fZ T, Uy, ug )w;dzdt.

V1 €[0,7],Yw; € L=(Q x (0,7)) N LP (0, 7; Wy P (Q))

and % — i1 4 vig € L' (0, 73 WP(Q)) + LY x (0, 7)).

We consider the following assumptions on the data:
(H1) p; € 2, N[ , (i = 1,2).
(H2)u;o € LT°(Q), (i = 1, 2).
(H3)a; € L*(Q), (1 = 1,2).
(H4) fi € C*(Ax R x R), (i = 1,2).
The next lemma plays a central role in the proof of the existence theorem. Its proof
can be found in [D — G — S].
Lemma 2.2. For every 5, f € L>®(Q), 0 < fB(s) < M,Vs € R and a € [2,N], the

problem
— div(|Vu|* > Vu) = B(u) |Vul|* + f, u =0 on 9,
possesses a solution u such that u € L=(Qr) N L>(0,T; L*(Q)) N L0, T; Wy *(Q)).

3. Existence of weak bounded solutions

Our main result is the following:

Theorem 3.1. Let (H1) to (H/) be satisfied. Then there exists at least one weak bounded
solution (u1,us) of problem (S) such that for i =1,2 , we have
u; € LP(0,T; Wy (Q)) N C(0,T; L%(Q)) N L®°(Qr), for all ¢; € [1,400).

We will prove Theorem 3.1 by means of nonlinear parabolic regularization.

Starting from a suitable initial iteration (u?,u3) = (u19,ug), We construct a sequence
{(uy,uy)}>~ | from the iteration process
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(3.1) 8(;;” Al = a;(z) min {|Vul' ", n} + fi(z, w1 ub™h)  (2,t) € Qr,

(3.2) uy(z,t) =0 (x,t) € St,

(3.3) ui(x,0) = uip(x) x €
where ¢ = 1,2. It is clear that for each n = 1,2,..., the above systems consists of

two uncoupled initial boundary-value problems. By classical results, the existence of
weak solution u € C(0,T; L*(Q)) N LP(0, T; Wy (Q)) follows from [17] By lemma2.2
we assert that

(3.4) ul e L¥(Qr),i = 1,2.

To find a limit function (uq(z,t), us(z,t)) of (uf(z,t), ub(z,t)) we will divide our proof
in the following four lemmas.

Lemma 3.2. There exist a constant ¢ independent of n such that for T € [0, T

T
(3.5) sup /|u?(x,r)|2dx+/ /|Vu;1
0<r<T JQ o Jo

Proof. Since u? € L®(Qr)NLP (0, T; W, 7 (Q)), sinh(Au?) € L®(Qp)NLP (0, T; W, (Q))
(A =max (|a1]| , |laz|l,)) is a testing function for (3.1). For each 7 € [0,T], we derive

ul(z,7) T
// sinh(As)dsd:c—i—/\/ /cosh(Au?HVu?
o Jo 0o Jo

)\/ /|sinh()\uf)||Vuf b d:vdt+/ /|Sinh()\u?)|‘fi(x,u’f_l,ug_l)‘dxdt
0o Jo 0o Jo

wio ()
+// sinh(As)dsdz.
aJo

It is not difficult to cheek that
v 1 1

(3.7) / sinh(As)ds = 2 lexp(As) + exp(—As)]y = =3 [cosh(Aw) — 1] >
0

(3.8) cosh(s) > |sinh(s)], cosh(s) > 1.

By (3.4), (H2), (H4), (3.7), (3.8), we obtain

(3.9) /Q|u?|2(x,7')dx+/0T/Q|Vu?

Taking the supremum for 7 € [0,7], we have, for Yn € N

T
(3.10) sup /|u?|2(x,7)dx+/ /|Vu;Z
0<r<T Jo 0o Jo

Pidzdt < c.

Pidadt <

(w)?,

Prdadt < ¢;(T).

Prdxdt < ¢i(T).
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This proves (3.5). By lemma 3.3, there exit a subsequence {u'},i = 1,2 (denoted again
by {u?}) and a function w;(z,t) € LP (0, T; Wy (Q)) N L=(Qr) such that as n — +oo,

(3.11) ul — u; weakly in LP (0, T; Wy P (Q));
(3.12) u; — u; weakly * in L(Qr),
and u; satifies (3.4) and (3.5) by the weak lower semicontinuity.

Lemma 3.3.

(3.13) uy — wu; strongly in LP(Qr);
(3.14) ul — u; a.e. in Qr.
Proof.

We have aaif = Au? + [a;(z) min {|Vul
By (3.4) and (3.10) we derive

Piin} + fi(a:,u?_l,ug_l)} )

' HLP9<0,T;WJ @)
(3.16) | @:(2) min {|Vu]

IN
o

Pin} + fi(x,u?’l,u§’1)||L1(QT)
By virtue of lemma 4.2 in , [5] we obtain

(3.17) u — wu; strongly in L (Qr).
Taking a subsequence of {u?},i = 1,2 ( denoted again by {u!'}) further, we have

(3.18) up — u; a.e. in Q.

By Vitali’s theorem, we have, for any r € (1, 4+00),

(3.19) fi(uy,uy) = fi(L, ug, ug) strongly in L7 (Qr).
Lemma 3.4. Vu! — Vu; a.e. in Q.
Proof.

Fix u,e > 0. Due to (3.18), Egoroff’s theorem implies that there exists a measurable
set A. C Qr such that LN (Qr\A.) < & and u! — u; uniformly on A., which follows
that
(3.20) lui — u*| < pon A,

if n,m > M. Let £ be a cutoff function such that £ =1 on A., spté C Qr.
By subtracting (3.1),, and (3.1),, we have

]

ot ot

oui  Ouf"

— (A} — Aw") =

as(x) (min {|Va ", n} — min {| Ve ,m})
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(3.21) +filw,up ™ up ™) -

Choosing a testing function 7. (ul' — ul")

filw,u ™ ug ).

= {max {—e, min {(u — ul"),e}} for (3.21)

and noting that 7 is an odd function satisfying |T.| < &, we conclude that

(IVe}
Qr

Pim2gy
1

= [Vu"

(w' = u)Te(uf! = u")&dz

T

(IVui

A
S

_I_

pi*ZVuT}
K3

— V"

N

a;(x) (min {

_I._
\Q\@\

filz,u"™

IN +

(xul -1 -
).

P2 Y

b 771} — min {‘u;n

PRV (Yl — VT (uf — ) d

(ETe(u — ")) dz

"omp) ST (uf —wi) dz

Luy ™) €T (uf - uf) dz

Ci (
By virtue of (3.4) and (3.5). It follows that from (3.19) that

lim
n,m—-+00

We deduce that

(3.22)

Pi*QVUn
1

li Vuy
A s [ (9

Since p; > 2, we obtain

|Vul — V' " dz < c/ (|Vuy
Ae Ae

Therefore it follows from (3.22) that

2 li

We deduce that

= |Vu"

Pim2ul — |Vul"

sup/ |Vu! — Vu
Ae

sup/ (VU P2Vl — Vo' [P 2Vul) (V) — Vu)dz < Ci(pe.
AE

P (V) — Vul)dz = 0.

P (V) — Vui)dz.

Pidz = 0.

Vu; — Vu; a.e. in A..

This is true for each € > 0 and so

(3.24)

By (3.5) and Vitali’s theorem, we have, for any r;

Vu! — Vu; a.e.in Qr.

€ (1,p1>,’l = 1,2



EXISTENCE OF BOUNDED SOLUTIONS 79

(3.25) Vui — Vu; strongly in L"(Qr),i = 1,2.
Lemma 3.5. Vu} — Vu; strongly in LPi(Qr),i = 1,2.

Taking a testing function sinh(A(u —u™)) € L=(Qr) N LPi (0, T; Wy (Q)) for (3.21)
(A =max (|a1]| , ||laz|l) + 1), we deduce that

A / cosh(A(uf —uf")) (|Vul [P ?Vup — [Vul|Pi>Vuf") (Vu)! — Vu)dz

"

< A/ sinh(A(u — ")) (|Vu} P dz
(3.26) +/ |sinh(A(u] — ul"))| |(fZ x,ul” ) — fi(z, 72”_1))| dz,

where A = max (||a1||,[|az]l..) -
Since sinh(As) is an odd function. The above inequality becomes

PimA gyl — |Vl

PO (V) — Vui)dz

1

/ Acosh(A(u — u™)) — Alsinh(A(uf — w))| (IVac?

T

=2
PEEVU! VUl + [Vul

< A/ |sinh(A(uf" — u™))| (|Vuf PVl dz

(3.27)
+L;meMW—M%HHﬁ@wTK%A)—ﬁ@w?*w?*Dwz

Recalling (3.24) and let m — +o00, by Fatou’s lemma we deduce that

| (v

< A/ |sinh(A(u] — u;))] (‘VU?

piiQVU? — | V’Lbl

P2V ;) (V) — Vug)dz

P N + |Vl P V. Val') dz

+/ [sinh(A(u — wa))| | (fi(w, ui ™" us™") = filw, w1, u0)) | dz

(3.28) = Ji+Js

And we use (3.4) and (3.5) to estimate J; and J; as below. For J;, by Holder inequality
we have
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Pi—

pl)dz) bi
Pz)dz) b

pi

i

IN

Vui

pidz)pi (/ |Vl
Qr

pPi—

pidz) " (/ |Vl
T

1

A (/QT |sinh(A(u — u;))

A (/T [sinh(A(u? — ;)

Y

1
Pi |VUZ

C < / Isinh(A(w? — u))[”" [V [P dz) "y

(3.29) c < / linhA ) 2 dz) *

Since [sinh(A(u’ — u;))| is uniformly bounded for all Lebesgue dominated convergence
theorem, in view of (3.14) and (3.19) we assert that J; + J5 tends to zero when n — oo .
Then

(3.30) lim (VU P2Vl — |V P> V,) (Vuf — V) dz = 0.

n—-+o0o Qr

With the similar process to (3.23), it follows that

IA

P}

Vui

(3.31) lim [ (|Va?

n—-4o0o Qr

b |V'LL1

Pi) dz =0,
which implies that
Au? — A;u; strongly in in LPi(0, T; Wo_l’p;(Q));

Sl ug) — filyuf,ug) strongly inin LPH(0, T3 Wy 7 (2);
a;(z) min { |V’ ,n} — a;(z) |[V;[” strongly in in L'(Q7).

Thus .
a;ti — % strongly in in L (0, T; WO_Lp;(Q)) + LN Q7).
Therefore
u; / —1,p; 1
e 0, Ty Wy ) + L (@)
ou;

pi
+ filx,ur, uz).
> filz,ur, uz)

As LP(0,T; ng’p;(Q)) + LY(Q7) C LY(0,T; H*(2)) for large enough, then ul con-
verges strongly to u; in C(0,7; H*(2)) and

uf(x,0) — u;(x,0) strongly in H*(2)

implies u;(z,0) = uio(z).
The proof of Theorem 3.1 is completed.
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