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GENERALIZED HANKEL-TYPE TRANSFORMATION FOR A CLASS
OF TEMPERED ULTRADISTRIBUTIONS OF ROUMIEU-TYPE

S.K.Q.AL-OMARI

ABSTRACT. As the third in a series of papers the present paper aims at investigat-
ing a theory supporting Hankel-type transformation on certain spaces of generalized
functions. In an attempt to extend the transform to a space of generalized functions,
namely, a space of tempered ultradistributions, an adequate definitions of classes of
rapid descent ultradifferentiable functions is provided .In light of those definitions, var-
ious mappings involving various differential operators are shown to be continuous .
Further, the generalized Hankel-type transform of Roumieu-type tempered (of slow
growth) ultradistributions is obtained .

1. Introduction

The theory of ultradistributions is one of the generalizations of the theory of
Schwartz’ distributions. Since then in the recent past and even earlier it was exten-
sively studied by many authors such as : Roumieu[13], [14], Komatsu [9], Beaurling [7],
Carmichael, Pathak and Pilipovi¢ [12], Pathak[10], [11], Al-omari [2],[3],. .. ,to mention
but few. The discussed spaces of tempered ultradistributions (ultradistributions of slow
growth) which function as spaces of generalized functions are quite obviously include
the Schwartz space S’ of tempered distributions. For the sake of desired extensions of
classical integral transforms to generalized functions researchers , along time of research,
have reported two approaches which we find appropriate to be employed for tempered
ultradistributions. The approach we specifically apply in this article consists in defining
an appropriate testing function spaces HY . 4, H,/ ’bj’B, H : (f]f of ultradifferentiable func-
tions of rapid descents .Those test function spaces are shown to be closed with respect to
the classical Hankel-type transform(see [1] and [6] ). The corresponding transform of an
ultradistribution f in the dual spaces is accordingly defined through the generalization
of the Parseval’s equation

(Tf,0) = (/. T9)

v v,b;,B v,bj,B
forall o € HY, 4, H, " H, "y

2000 Mathematics Subject Classification. : 40H05, 46A45.
Key words and phrases. : Hankel-type transform,Ultradifferentiable function,Tempered ultradistri-
bution, Differential operator, Roumieu-type ultradistribution .
Copyright (© Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.
Received: July 29, 2009. Accepted : Dec. 6, 2009.
83



84 S.K.Q.AL-OMARI

Let p be an arbitrary real parameter. The Hankel-type transformation is defined by

(1) ) ) =0 [ Dylan) F @) e, v =

where 9, , (2) = 27#J, (2),J, (2) is the Bessel function of first kind of order v.

For real values pu = —%and pu = —v — 1, the transformation (1.1) respectively includes
the Hankel transform [15,p.127] and the celebrated Schwartz -Hankel transformation as
well.

Verifying results spreads in two sections, namely, Section 3 and 4. In Section 3, we
establish certain results for certain differential operators and further, make use of a new
defined differential operator and accordingly prove new relevant theorem. Section 4,
extend the Hankel-type transform to spaces of tempered ultradistributions of Roumieu-
type we have recently discussed in [4, 5].

2. Ultradifferentiable Functions of Rapid Descent

It is assumed the reader is acquainted with the results reported in [4, 5]. The notation
and terminology used in those papers will be continued. Sequences a; and b,,

1,7 = 0,1,2, ..., wherever they appear, are sequences of positive real numbers imposed

by some of the following constraints:

(21) a? S ai_laiH,Vi € N,

(2.2) b7 < bj_1bj11,Vj € N,
There are constants S, 57 and T, T} such that,

(2.3) a; < ST' min aga;_y,i € No,

0<k<i

(24) bj S Slle oglkhglj bkbjfk,j S NO.
From [5,pp.2], recall the consequences

(2.5) aar, < aoiyp, Vi, k € Ny
and

(2.6) bibr, < bob;r,V7, k€ N,

Definition 2.1. By H] . ,, we denote the set of all infinitely smooth functions on (0, 00)
satisfying

(2.7) ! (x*ID)j r g (1) < CY (A + oz)i a;,i,j € N,

where A, Cj’f Y are positive constants depending on ¢ and a > 0 being an arbitrary con-
stant.
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An infinitely differentiable function ¢ (z),0 < x < oo, belongs to H,f’bj’B if it
possesses the property that

(2.8) 2 (271 D) g (g;)‘ < O™ (B+B) by,i,j € N,

where 3 > O,C’“ " and B are positive constants depending on ¢.
Similarly, ¢ € H”""" if ¢ € C* (0, 00) and,

(2.9)

win*lex‘“ﬂ”*¢<x>\S‘?“”@4+—aY<B—+ﬁV¢u@

holds for 7, j € N, and positive constants «, 3 depend on ¢.
In view of Definition 2.1 we, on Hy . 4, H:’bj’ ,and H’ ’GJ’A, respectively, define the
norms

x (xle)j L) (x)’

(2.10) i (¢) = sup |z € (0,00) i € N, AT JeN,a=1, %
(ZH)W§W%:wMME(Qw%jEN;ﬂ@lDyxukl¢@AJ€N@5=Llwn
’ (B+58) a; 2
and
) I (mle)j :L,—,ufzz71¢ (x)‘ 1
(2.12) @gﬁ (¢) =sup||z € (0,00),i,7 € N, ar a)i B ﬁ)ia/jbj o, =1, 50
Inspired in the work of Roumieu [13], the dual spaces HY, 4, Hy V0B and H: s]f

are called tempered ultradistributions of Roumieu-type . The generahzed Hankel-type trans-
form of the classes on the duals is called tempered ultradistributional Hankel-type trans-
formation of Roumieu-type.

v,b;,B

, AND H"""¥

3. Operations of H; . 4, H,' i A

We initiate the study with known differential operators [10,p.243]

(3.1) N,, =" "Dz # V1,
and
(3.2) M,, = "V Dghtr!

Theorem 3.1. (i) The mapping ¢ — N, ,¢ is a continuous linear mapping from HY . a

—p,ai,A
(1) Let the sequence ( j) satisfy (2.4) . Then, the mapping ¢ — N, ,¢ is a continuous
linear mapping from H%B into H b”BTl

(1i1) If the sequence (bj) satzsfy (2 4) then the map ¢ — N, ,¢ is a continuous linear

mapping of H,'w") into H""}
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Proof of (i) is a straightforward consequence of (2.7) and (3.1)and thus, details are
avoided.
Proof of (ii). Let ¢ € H:’bj’B. By virtue of (2.8) and (3.1) we have

xt (x’lD)j ahvt (N,.9) (x)‘ < CHM(B+ 5)j+1 bj1

Employing (2.4) yields

2 (7' D)’ 27 (N,,,0) (x)) < O (B + BYH ST bib,

Therefore,

2 (¢71D) @ (Nywd) ()| < O (BT + 5) b,

where 3 = Ty 8 and C* = C*" (B + 3) 51T1b;.
This proves Part (ii).

Proof of (iii). Let ¢ € H:j f Allowing b; satisfy (2.4) yields

z' (le)j 2"V (N o) (I)) < CPp(A+ a)' (B + BY ™ aibji1
< Chp(A+ o) (B+ B) (B + 3) a;S1T! "' byb;.

Therefore, the relation can be formed as

7’ (:E_lD)j 2" (N, 9) (x)‘ < C’;‘fb” (A+a) (BTl + ﬁl>j a;b;

where C ”ﬁ” = C”“’ (B + () S1T1b; and B8 =T.
This completes the proof of the theorem.
In an attempt to provide alternative differential operators which possess linearity

among the test function spaces we define a differential operator S, , through a motivation
of the operators N, , and M, , defined by

(3.3) Sy =a Y Dxl g

The operator (3.3) is shown to possess the property of linearity of the rapid spaces
and hence the corresponding duals as follows:

Theorem 3.2. (i) Let the sequence (a;) satisfy (2.3). Then the mapping

1% 12
Hua A Hmai,AT

¢ - S,u,z/¢

18 a continuous linear map.

(1) Let (b;) satisfy (2.4). Then, the map ¢ — S,,¢ is a continuous linear map of
HYP into HYY P

(i73) Let a; and b; satisfy (2.3) and (2.4), respectively. The operation ¢ — S, ,¢ maps

v,b;j,B . v,b;, BT .
H,."y into H,'\" 47 continuously.
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Proof of (i). Let ¢ € HY, ,. With the aid of (3.3) we have

(27'DY 271 (S,,9) (x) =
(ac_lD)j p—2pn—2v-1

21202 ) o p—v—1
+ (2u + 2v + 2) x7 PV (1) 2R
Simple calculations yields
(51D 4+ (S) (x) = (D) (471 D) 6 )
+ (2 +2v + 2) (x_lD)j oY )
That is,
(a:’lD)j g Hrl (Suvo) () = (x’lD)j_1 ( ’1D) (:c2 (:1: );1: pov= lqb(a:))
+(2u+2v +2) (2~ 1D)Ja:_“ )
_ 2( 1D)J “n=r=lg (g
(1D) ? (z7'D) 27" g (2)
+(2u+ 20 +2) (27 D) a7 (x)
and hence the equation simplified to the form
(x’lD)j g (S,,0) () = (24 2u+2v +2) (x’lD)j r P (1)
+ (J:_ID)JA_1 z? (x_lD)2 e (2)
Proceeding , j-times , as above, implies
(:C’lD)j T N(S,,0) () = 25 (2p+2v+2) (x’lD)j x g (1)
+a? (azr_lD)jJrl Y )

)
)2

Employing (2.3) yields

2 (o7 D) e (S00) (@)] < 2 Gut2v+2)

! (a:_lD)j L) (x)‘

+ |22 (2 D) g (x)‘ (3.4)

Thus, we write
2 (271 DY 21 (S,,0) (x)‘ < 22+ 2w +2)CH (A+a) g
+ C(;I,,l/ (A + a)i-‘y—Z Qi
< 2j(2u+20+2)CM (A+a)a
+ O (A + @)’ (A4 a) a;ST'T?ay
The inequality is, in short, put into the form

7' (x_lD)j T (S,,0) (m)‘ < C;f"” (TA + a/>i a;,
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where ¢ = aT and CJI»“ " is certain constant.
Part (i) of the theorem is, therefore, proved.
Proof of part (ii). Let ¢ (z) € H,™" . Employing (3.4) implies
2 (D) 27 (S,,0) ()| < (24) 2u + 20 +2) CHY (B + B)'b;
+ C (B + B)Y by
< (2) (2u+2v+2)C1 (B+B)' b
+ C* (B + B)Y (B + 3) SiT! ™ byb;.

That is,
2 (57 e (S00) ()| < G (BT +8) by,

where 3' = BTy and C*" = C™"" (B + () S1T1by + (27) (2 + 2v + 2) i
This proves Part(ii).
Proof of part (iii). Once again, using (3.4) and (2.9) and the fact that

2] < C, (L+7) ,r>0,

implies

o (27 D) e (8,00) ()] € G (LY (2 20+ 2) 0P (At a) (B + ) ai
+C“’V (A + Oé)i+2 (B + 6)j+2 ai+2bj+1
Invoked with (2.3) and (2.4) the above equation is reduced to the form

xt (x_lD)j L (Suvd) (:v)‘ < C.(1+ r)j (2u+2v+2)CHY (A + Oé)i (B + ﬁ)j a;b;
+C" (A+a)* (B + B) (A+ ) (B + B) ST ?ay0,;8,Ti+'byb;
That is,

o (7 DY e (8,0) ()] < O (AT +0) (BT 4 8) i,

where o/ = T, = BTy and
ChY = Cp (L+7) (2u+ 20 +2) C + CH (A + @) (B + B) ST?as S1Thby.
This completes the proof of the theorem .

Theorem 3.3. Let the sequence (a;) satisfy (2.3) and (b;) satisfy (2.6), n € 2N. Then
v+2,b;,B v,b;,B
Hu,ai,A C Hu,al-,AT”

,B

B implies convergence in H”Y
p g /'Lyai7ATn :

. v+2,b.
Further, convergence in H, ™y

Proof. We prove the theorem for n = 2 . Through simple calculations we obtain
(z'D) a7+l (x) = 2 (27 DY T a3 (2)+(a D) P a? (a7 D) a g ()
But,
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(71D 4 (271 D) w3 (2) =
(z-' D) [ﬁ (e D)+ 3¢ (x) + 2 (z~ D) 23 (m)] .

Thus,

(DY e () = L
2@ Dy et ) o0y | ) T

Simplifying the equation yields

(D) et () = - 2
22(x DY a3 (x) + (27D)Y T 2 (a7 D) w3 (1)

Proceeding , j—times, leads to the equation

(7 DY 16 () =

(3.5) 2j (z DY 3¢ (2) + 22 (27 DY 3¢ (x)

Using (3.5) and the fact that 2j < C, (1+7)’ ,r > 0,, implies

o) I L L e 1 C0)
(A+a) B+ ab; —  (A+a) (B+8) Taby  b(B+5)

a2 (z71D) x v 1g (93)‘ iso (A + )
(A+ )™ (B + BY aigab; i ‘

Employing (2.6) implies

2 (z7 DY 21 (a:)‘
(A+a) (B + B) ab;

N U 100
< C(1+r) =

bl (B + ﬁ) (A + Oé)i (B —+ ﬂ)j_l aibj,1
#12 (71 DY -3¢ (:c)‘

(A+0a)™ (B +BY aisab;

+((A+a) ST20,)

But since

2 (a:_lD)j x—u—u—1¢ <x>‘ 3 2 (x_lD)j x—u—u—1¢ (x)
(T2 (A+a)) (B+8) aib; — (T (A+a)) (B+ B) ab;
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we have
2 (z7 DY 21 (x)‘

b, | @Dy e (o)
12 (A + Oé)i (B + B)] aibj =

bl (B + ﬁ) . (A + Oé)i (B + 6)j_1 CLibj_l
7it2 (x_lD)j =3¢ (2)
(A + O./)iJrZ (B + 5)3 CLH_zbj

Upon considering supremum over all z € (0,00)4,j € N, , we have

C.(147r)

+((A+a)? ST%;)

2t (z7 DY zrrlg (x))
sup

- _ < Hﬁiu,v+2 + A +a 2 STzai /l.u7y+2 7
M At a) (Ba gy ey s (@) (A a) 25" ()

for some constant H? .This establishes the theorem for n =2 .
Induction on n completes the proof of the theorem. O

4. Hankel-Type Transformation of Tempered Ultradistributions.

This section is devoted for the investigation of the transformation (1.1) on the ob-
tained spaces. The generalized Hankel-type transformation on the duals of Roumieu-
type tempered ultradistributions is defined as the adjoint oparator. For this end recall
the equations [8, p.16]

(4.1) Dy ("EMJFVﬁM,v (xy)) = xu+y_119u—1,v—1 (zy),
and
(4.2) (a:_le) "0, (2y) = —y%“‘”ﬂwl,vﬂ (zy) .

From those equations we derive equations which we use in the sequel

(4.3) (a:’le)i (x’””ﬁum (xy)) =",
and
(4.4) (27'D,)" (2,0 (2y)) = (=1 422" V,i1 0 ()

Theorem 4.1. Let v and v be real numbers, v > —% and p arbitrary. Let the sequence
(a;) satisfy (2.3) and a; < a;11¥i > 0. The transform (1.1) is an automorphism from
H/f,(li,A - H:,(li,AT °

Proof. Using (4.4) leads to

[e.9]

yi (yilDy)j yiﬂiuil (hu,v¢) (x) = (_1)j yuiwri / ijﬁu+j,v+j (l’y) ¢ (:L‘) dx
0




GENERALIZED HANKLE...... 91

Right hand side part of the equation

\(—w g a2y () 6 (o) do
0

(=1 yr [ (P29, o (2y)) 201 (2) da
0

Hence,
yi (yilDyy yﬂkyil (hu7v¢) (95)‘ =

(—1)j yrvr f x (MY o (2y)) 2R G (@) da
0

Equation (4.3), integrating by parts,i-times, and employing the fact

) ™ Dy i (2)] < Crun

where C; ; ,,, is certain constant, lead to

Y Dy 5 () ()| <

(05) (@ Dusnins () 2252551 (@ DY a0 () e
0
< Cyjp [ |a2orir2H (x_lD)ix—“_”_lqﬁ (x)) de

0
For real numbers p > 2v +1i+2j + 1, (4.5) can be expressed as

VD) P () ()] £ Cagp [ o7 (D) e 0 w)| o
0
pt2 )
< Ci,j,p,,l/ Z ‘xk (I_ID)Z x—,u—z/—1¢ (.Z‘)’
k=0
pt2
< Oi,j,,u,z/ Z Cf’y (A + Oé)k ag
k=0
p+2
< Gy (A+ Y ay
k=0
< Cijpw (0 +3) (A+ )" ST?az (A+ ) T) a,
for some constant C, Therefore,

Z’jilj’ilj‘

V(D) T () (2] <

(4.6) |
Ci (p+3)(A+ O‘)z ST?ay (A4 a)T)" a,
Assuming Ci,j“u,,y = C’;j’u"/ (p + 3) (A + Oé)2 ST2G/2 and a// _ OéT lmphes

v
hM,V € Hu,ai VAT
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This completes the proof of the theorem. O
Theorem 4.2. (i) If ¢ € H.\'Y . a; < ai1,i > 0 and (2.3) holds. Then
@ € HV:; fT
(i) If ¢ € HY"P | then hy,¢ € H”" B

Proof. Let ¢ € H:f f Then, (4.6) ,(2.3) and, the assumption a; < a;;1,7 > 0, yields

p+2 '
Y (D) Y (hwd) @) £ Cigw Y. O (A+ ) (B+ ) arby

k=0

< (p+3)CijuwC" (A+a)? ST?ay (A4 a)T) a, (B + B)' b;
which can be put into the form
YD) T () ()] < i (AT ) (B B) by

where 1; ;. = (p+3) Ciju, C*" (A + a)® ST2%ay and o = oT This proves Part (i) of
the theorem.Employing(4.6), Proof of Part (ii) follows similarly. Thus, the theorem is,
therefore, completely proved. U

Theorem 4.1 and 4.2 suggest the following theorem to be stated from which we define
the generalized Hankel- type intregral transformation of tempered ultradistributions of

Roumieu-type f € Hu”a A,Zjb P or Huyab AB as the adjoint mapping.

Theorem 4.3. (i)Let f € | ana and ¢ € HY 1 . Then (s £ 0) = (s Iy )
(ii)Let f € H”’b B <Hl;’yaf7AB) .Then <hw,f, ¢> = (f, hupo)
for all ¢ € HYYP (Hy’b7’B>

wyai,A

Proof. The proof is a straightforward consequence of Theorem 4.1 and 4.2 O
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