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ON NIL —SEMI CLEAN RINGS+

MOHAMED KHEIR AHMAD OMAR AL-MALLAH

ABSTRACT: In this paper, the notions of semi-idempotent elements and nil-semiclean
elements are introduced. We show that, if aring R is a nil-semi clean ring, then the
Jacobson radical, J(R), of R is nil. We also characterize some properties related to
orthogonal idempotent elementseand f in aring R. We prove that if R isanil-semi clean
ring and the idempotent elements of R are Central, then the Jacobson radical JR) of R
equals the set of al nilpotent elements of R. Finally, we show that if R is a commutative
ring, then the polynomial ring R[X] is not nil-semi clean ring.

1. Introduction

A ring R is called nil-semi clean (nil-clean) if every element in R is nil-semi
clean (nil-clean). Any finite field is an example of nil-semi clean ring. For further
studies about clean and semi clean rings one may refer to the references[2], [3], [4], and [7].

Definition 1.1: An element ain aring R is called semi-idempotent if either a= 0 or
the set {a*; k e N} isfinite and does not contain the element O.

Example 1.2:
e |If Fisafinitefield, then al its elements are semi-idempotent.
e Inany ring R every non nilpotent periodic element is semi-idempotent.

e Every semi-idempotent element is periodic.

Definition 1.3: An element a in the ring R is called nil- semi clean (nil-clean) if
a=st+n where sis semi-idempotent (idempotent) and n is nilpotent.
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Definition 1.4: A ring R is caled nil-semiclean (nil-clean) if every element of R is
nil-semiclean (nil-clean). Throughout this paper the following notations will adopted

R: Associative ring with unity.

Ir: Set of all idempotents of R.

Ng: Set of all nilpotents of R.

Slg: Set of al semi-idempotents of R.
Pr: Set of all periodics of R.

JR): Jacobson radical of R.

Ur: Group of unitsin R.

2. Basic Properties

Definition 2.1: A ring R is called semi commutative if for all elementsaand bin A,
thereexist dementscand din A suchthat a .b=c.aand b.a=ad

Lemma 2.2 [1]: If Risasemi commutative ring, then:
1- Ngisanided of R.
2-  Theldempotentsin R are central.

Lemma 2.3: If R is a commutative (semi commutative) ring then, for aunit u and a
nilpotent n we have: u + nisaunit.

Proof: since R is acommutative (semi commutative) then Ngisan ideal of R.

Nowu+n=u*(1+u™n) andu™nisnilpotent whichimplies1 +u™nis
unit. Henceu + n isunit

Lemma 2.4 [8]: Every periodic element in R is clean.

Propositions 2.5:

1- The Homomorphic image of anil-clean ring is anil-clean.

2- If Risnil —clean, then R isclean.

3- If Risnil-semi clean then, R is semiclean.

4- 1If Rissemi commutative and nil-semi clean, then R is clean.
5- If Risnil—clean, then R is nil —semiclean.
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The proof for this part is direct using homorphism properties.

Let a be any nil-clean element in R, then (a— 1) isalsoin Rand it is, also, a
nil-clean element. So (a— 1) can be expressed as, a- 1 = e+ n where, eis
idempotent and n is nilpotent. Thus, a = e + n + 1 where n is nilpotent.
Therefore (n+ 1) isaunit and ais clean.

Let a belong to R, then (a— 1) belongs to R and it is, aso, a nil-semi clean
element. So, a- 1 = p + n such that p is semi-idempotent and n is nilpotent.
Then A = p + n+1. But nisnilpotent, then (n + 1) isaunit and since every
semi-idempotent is periodic, then ais semiclean.

If a belongs to the nil — semi clean ring R, then a=p + n where p is semi-
idempotent and n is nilpotent. By Lemma 2.3, every semi-idempotent is
periodic therefore p is periodic and p is clean. Therefore, p= e+ uwhereeis
idempotent and uisunit. i.e. a=e+u+n. By LemmaZ2.3, u+ nisunit. soa
is clean.

Thisfollows, aslgisasubset of Slg

Example 2.6:

1-

The field of real numbers IR is clean, but it is not nil-semi clean. Indeed,
SIg={0, 1} and if r isany real number, which is nil-semi clean. Then, either r
or r - Lisanilpotent. Thisisimpossible for the caser = 5 for example.

If R =23, then Risnil-semi clean But not nil-clean. Proof will be given at the
end of the paper.

Let R ={m/n such that m, n € Z and n not divisible by 7} and G ={g, ¢*, g*}
isacyclic group of order 3. It is shown in [7] that the group ring RG is not
clean but semiclean. So, RG is commutative and not clean so it is not nil-semi
clean. Thus, RG is an example of a semi clean ring which is not nil-
semiclean.

In any nil-clean ring R, the element 2 is nilpotent. Since R is a nil-clean ring,
then we can write: 2 = e+ nwhereeisin Irand nisin Ng. This means that:
2-1=e+n-1.Andso,1-e=n—-1withninNg. Thus, n-1isinUgr. So, 1 -
ebelongsto Urand 1 - eisin Ig. But thismeansthat 1- e=1and e= 0. But
2=e+n,s02=ninNg. Therefore, 2 is nilpotent.

Zsisnot nil-clean but it is nil-semi clean, since Zzis afinitefield .
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3. Main Resaults

Theorem 3.1: If Risanil-semi clean ring, then its Jacobson radical J(R) isanil deal.

Proof: Let r bein J(R). Since Risanil-semi cleanring, thenr =s+n, wheresisin
Slrand nin Ng. Let m be the least positive integer suchthatn™ =0, So, (r-s)"=0.
By the binomial expansion:

finite

(r=9m= >try+s",

t,yeR

wherey, t, arein R and we have:

finite

s™=—>try
t,yeR
Now y, tarein JR), Sincer in JR) and J(R) ideal. So s"isin J(R) and sisalso
in Slr, Since sisin Sl , then, s" is periodic (as we will show later) there exists a
positive integer k such that s ™ is idempotent. s™ in JR) meansthat s ™ isin JR)
sos™ belongsto JR) and to I . This means that s™ = 0. But sisin Slg, S0 s=0
andr =s+ n=n. Therefore, risin Ng.

Corollary 3.2: If R is semi commutative and nil-semi clean ring then J(R) =Ng .

Lemma 3.3 [5]: If Riscleanring and | isright ideal of R not contained in J(R), then
| contains non zero idempotent.

Theorem 3.4: If R is anil-clean ring and idempotent elements of R are central, then
J(R) = NR.

Proof: First we show that J(R) isin Ngr. Since R is nil-clean ring, then R is nil-semi
clean ring and the result follows.

To show that Nrisin JR), let abe a non-zero element of Nr and suppose that a
isnot an element of J(R) . Consider | = aR theright ideal of R. It isclear that | is not
in J(R) since (R is nil-clean ring, then R is clean ring). By Lemma3.3, there exists a
nonzero idempotent in | = aR, say e, e=ar, for somer in R. Now,

(eae)(ere)=eaere=eae=eee=e
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but e is a unit in eRe , So eae is one sided unit in eRe but idempotents of R are
central, that is R and eRe are Dedekind finite which means that eaeisin U e and a
isin Nr impliesthat eaeisin Nere, then eae belongs to the intersection of Uere and
Nere. Thisis a contradiction.

Theorem 3.5: If eand f are two orthogonal idempotentsin R, then:

1- Forxinlege and yinlge X tyisin Ig
2- For xinNere and y in Nigrs , X +y isin Ng
3- ForxinPee and yin PR, X+yisinPg

4- For X in Slere @nd y in Sltr , X +y isin Slg
Proof:
1- Let x be an element of lere andy an element of ligs, then x=ereand y=fsf for
somer,sinR.
(x +Y) 2 = (ere)” +(fsf)” + (ere)(fsf) +(fsf)(ere)
—ere+fsf +0 +0 (e f, orthogonal)
=x+y. Sox+y isinlg.
2- If xisin Nereand y isin N¢rs then x"= 0, y™ = 0 for some positive integers m, n.
Then: (x +y)™" =x™"+y™" =x" x"+y" y"=0, wherex .y =y . x=0. So,
X +YyisinNg.
3- LetxbeinPge and yin Pire. There exist integers m, n p and g with m>n and

p>q, such that X" = x", y? = y%. To show that x "™ and y “*9 are idempotents
in R, note that:

m-n-+n n n m-n m

=xM "x " =x™" x
c= x KO oAl k=123, . . .

Whenk =nweget x"=x which means that:
[ X n(m-n) ]2 =X n (m-n) X n (m-n)

x"=xM=x
— X2m—n — X2m—n+n-n = x 2(m-n)+n =

n(m-n)+n

=x n(m-n) + n(m-n) +n-n

n(m-n) + n n(m-n) - n

X

n X n(m-n) - n

=X
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That isx "™ and y %P9 are idempotentsin R. Consider the positive integer
t=2n(m-n)q(p-q), then: (x +y)*=x*+y?* forxy=yx=0
X2t=X4n(m-n)q(p-q)=[X 2n(m-n)]2q(p-q)

Z [x "M 12000 =yt
Similarly,y?=y'(x +y)*=x'+y'=(x +y)". Thatis, x + y isin Pr.

If X isinSlege @andy in Slirs then xisin Pere andy isin Pirs . By 3 above, x+y
isin Pg. It is sufficient for x+y not to be nilpotent, to show x + vy in Slg. For
that, suppose that (x+y)' = 0 for some positive integer t, then ( x+y)'= x' + y'=0.
So X' = - y* which means that X" = x (- y ¥ = - xy y "= 0. This contradicts the
fact that x isin Slegeand that x + y isnot nilpotent. And so x + y isin Slg,

Theorem 3.6: Let R be aring and e a central idempotent in R. Then the following
holds:

1- If eReand Ry are nil-clean rings, then R is nil-clean ring

2- If eRe and¢R; are nil-semiclean rings, then R is nil-semiclean ring, where f = 1—e.

Proof: e central idempotent, then R = eRe + fRf. If x iSin R, then x =a+ b where a
isineReand bisin fRf.

1-

If eRe and fRf are nil-clean rings, then

a=e; +n, b=e +n,wheree; belongsto lereand €;isin lirr and Ny iSiN Nere,
n, belongsto Nige. Now x =a+b=e+m+e+m=e +e& +n +n, . From
theorem 35 e + eisinlg and n; + n; isin Ng. Therefore, x is nil-clean
element, and R is nil-clean ring.

If eRe and fRf are nil-semiclean rings, then

a=e +m,b=e +n;suchthat e, belongsto Slere, € INSlire and  np in
Nere, M2 iN Nigs. NOw X =a+b=g +m+ e +np=e + & + ny +np. From
Theorem 3.5: e + & isin Slg and n; + n; belongs to Ng. So, X is nil-semiclean
element, and R is nil-semiclean ring.

Theorem 3.7: If x isnil-clean element in aring R such that x = e + n, en = ne, where
e € Irand n € N, then x is a clean element.

Proof: If x=e+nanden=ne, wheree € Irand n € Ng, then x can be written as;

X =

l-e+2e—-1+n.ltisclearthat1-e € Ig.
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To show that 2e-1 + nisunit, we proceed as follow:
(2e-1) (e2-1)=4e+ 1- 2e- 2e=1.
So 2e-1isunit and (2e-1), n commute and 2e-1 + nisunit. Thus, x isclean.

Theorem 3.8: If R isacommutative ring , then the polynomial ring R[x] isnot nil-
semi clean.

Proof: Since x is anil-semiclean element, then it can be expressed asx = p + n,
where p e Slgp and nis nilpotent. But Slgy = Slr , thisimpliesthat p € R which
means that ( X - p) is nilpotent in R[x]. Hence the contradiction.

Theorem 3.9: Let R bearing such that IR={0,1}. If Risnil- semi clean ring, then
each element of R is unit or sum of two units.

Proof: let R be anil- semi clean ring, and a eR . So &1 R and nil- semi clean, i.e.
a-1=s+n;seSlg, neNr since seSIlr < Pr , thereexist keN such that $is
idempotent belong to Ir= {0,1}, i.e, s* =0 or =1, But s semi-idempotent ,Thus
s=0or s=1. Now if s= 0, then a1=n, a=n+1. Since n is nilpotent then a=n+1 is
unit . If =1, then sunit and a=s + n+1, so ais the sum of two units.

Theorem 3.10: Let R be aring and e is an idempotent of R such that
e R(1-e) +(1-e)Re c J(R).
if eReand (1-e) R (1-e) are semi clean rings, then R is semi clean ring.

Proof: Let xeR. x can be written as. x = at+ct+d+b; a= ehe, b = f kf where h, keR,
ce eR(1-e) and de (1-e)Re.Since eRe and fRf are semi clean rings, then

a=e+u,b=e+uUy; e € Pepe, & € Piri, U1 €Uere, U2 € Uspr .

it isknown e;+te; € Pr and u;tu,eUg and by our assomption we get c+d € JR).
Therefore:

(c+d)+ (up+up)eUr .
Now x=p+u; p=et+teePr , u= (ctd)+ (up +tup)eUgr
i.ex issemiclean element and since x is arbitrary we find R issemicleanring .
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Theorem 3.11: Let abe an element of unitary ring R such that:
a= s+uU; us=su, se SIlg ,U e Ur then:
a-Ann; (@) < Rs
b-Ann (a) < SR
Proof : Given x € Ann.(a),Nowxa=0 and So, xa =0, x(s+u)=0,
and thisimpliesthat xs+xu =0and -xs = xu = -xsu'= x .
Sinceus=su,u's =su? ,then x= -xsu? =-xu's e Rs. Other part similarly.

Theorem 3.12: Let abe an element of unitary ring R such that:
a=s+n; ns=sn, se Slg ,N eNg, then
Ann; (@ < R(1-s)
Annl (@ < (1-9R
Proof : Giventhat x € Ann,(a) . Now:
xa=0= x(s+n)=0
Xxs+xn =0
-Xxs= xn add x for 2sides
-X S+ X= Xn+X
X (-s+1)=x(n+ 1)
we have n s=snwhichimplies:
(ntl) (-s+1)=n(-s+ 1) + (-s+1)
=-ns+n + (-s+1)
= (-s+ 1n+ (-s+1)
=(-s+1)(n+1)
Therefore:
(n+l) (-s+1) = (-s+ 1) (n +1)whichimpliesthat
(ntl)-1 (-s+1) =(-s+1) (n+1)-1 (neNr = ntleUgR)
thus
Xx=x(n+1)-1(-s+1) € R(1-9).
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