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MODERN FUNCTIONAL ANALYSIS IN THE THEORY OF
SEQUENCE SPACES AND MATRIX TRANSFORMATIONS

EBERHARD MALKOWSKY

ABSTRACT. Many concepts and theories in functional analysis have turned out to be
powerful and widely used tools in operator theory, in particular in the theory of matrix
transformations between sequences spaces in summability. We give an introduction to
the basic theory of FK, BK, AK and AD spaces, the various types of dual spaces of
sequence spaces, and apply the general results to the characterisations of classes of ma-
trix operators between certain sequence spaces that arise in summability. We also study
the Hausdorff measure of noncompactness and its applications to the characterisations
of compact operators between sequence spaces.

This is a survey paper which also includes some results of the author’s joint research
with V. Rakocevi¢ and I. Djolevi¢ at the Department of Mathematics of the Faculty
of Science and Mathematics at the University of Nis, Serbia. Although many of the
results are probably known to specialists, the proofs are included for the convenience of
those readers who may not be too familiar with the subject, and an appendix is added
at the end containing the fundamental theorems in functional analysis in the versions
they are applied.

1. INTRODUCTION, STANDARD NOTATIONS AND WELL-KNOWN RESULTS

Let X be a normed space. Then we denote the open unit ball and the unit sphere in
XbyBx={reX:|z||<1l}and Sx ={z € X : |z|| = 1}.

Let X and Y be Banach spaces. Then B(X,Y’) denotes the set of all bounded linear
operators L : X — Y; B(X,Y) is a Banach space with the operator norm defined by
|L|| = sup,es, [|L(z)] for all L € B(X,Y).

Let X be a linear metric space. A Schauder basis of X is a sequence (b,)%, in
X such that, for every x € X, there exists a unique sequence (\,)22, of scalars such
that x = Z,Of:o Anb,. By X’ we denote the continuous dual of X, that is the set of all
continuous linear functionals on X. If X is a Banach space then we write X* for X’
with its norm defined by || f[| = sup,cg, [f(z)].

We write w, ¢y, ¢ and £, for the sets of all complex, null, convergent and bounded
sequences, £, = {x € w: > ;- |zkl? < oo} for 1 < p < oo, and c¢s and bs for the sets of
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2 EBERHARD MALKOWSKY

all convergent and bounded series. By e and ™ (n =0, 1,...), we denote the sequences
with e, = 1 for all k, and €™ =1 and eé") =0 for k # n.

It is well known that w is a complete locally convex linear metric space with its metric
given by

=1 x
(1.1) ; o T _||_ Txk gkj|yk| for all z = (21)320, ¥ = (Yr)heo € w;
o, ¢ loo, £, (1 < p < 00), cs and bs are Banach spaces with their natural norms
given by [2]ls = supe 2] on o, ¢ and Lo, (7], = (S olts )7 on by, and [lz]us =
sup, | Y r_o x| on cs and bs.

Furthermore, ¢ is norm isomorphic to ¢;; this means f € ¢ if and only if f(z) =
Y reotkty (x € X) for some a € (1, and || f|| = |la|| ([Will, Example 6.4.4, p. 91]).
Similarly ¢} is norm isomorphic to £, ([Will, Example 6.4.2, p. 91]), and £ for 1 < p <
oo is norm isomorphic to ¢, where ¢ = p/(p — 1) ([Will, Example 6.4.3, p. 91]); also
f € ¢ if and only if

(1.2) f(z)=x; Jim s + iakxk (z € ¢) with a = (f(e)2, € 41,
k=0
where
(1.3) X5 = i f(e™) ([Will, Example 6.4.5, p. 92]);
k=0
furthermore
(1.4) IFIF= Txsl =+ llally-

Finally, the continuous dual of ¢, is not given by a sequence space ([Will, Example
6.4.8, pp. 93, 94]).

We give a short survey of the most important concepts and methods of summability,
an introduction to the basic theories of F'K, BK, AK and AD spaces, consider multi-
plier and dual spaces of sequence spaces, characterise matrix transformations between
sequence spaces, and apply the Hausdorff measure of noncompactness to the character-
isations of compact operators between sequence spaces.

2. SUMMABILITY

This section is intended as a motivation of what follows; the results presented here are
not needed in the sequel.

Summability encompasses a variety of fields, originally mainly from analysis, and has
many applications, for instance in numerical analysis to speed up the rate of convergence,
and in approximation theory, operator theory and the theory of orthogonal series.
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2.1. Concepts and Methods of Summability. The classical summability theory deals
with a generalisation of the convergence of sequences or series of real or complex numbers.
The idea is to assign a limit to divergent sequences or series by considering a transform
rather than the original sequence or series. Most popular are matriz transformations
given by an infinite matrix A = ()} =0

There are three concepts of summability, ordinary, absolute and strong summability.

First we consider ordinary summability. A sequence x = ()72, of complex numbers
is said to be summable A to a complex number 7, if the series

(2.1) A,z = Z anipry converge for all n and lim A,z = n;
k=0

this is denoted by # — n(A). The matrix A defines a summability method A or a matriz
transformation by (2.1).

Let 0 < p < 0. Then a sequence z is said to be absolutely summable with index p to
a complex number n if the series A,z in (2.1) converge for all n, and >~ |A,z|? = n;
this is denoted by = — n|AJP. A sequence z is said to be strongly summable A with
index p to a complex number & if the series Y -  anx|xr — &P converge for all n and
My, oo Y peolnk| T — P = 0; this is denoted by = — £[A]P.

Example 2.1. Let the matriz A = (an 1)y be given by an, = 1/(n+1) for 0 <k <n
and apr, =0 (n=0,1,...). Then A transforms every sequence x into the sequence of its
arithmetic means. It is well known by Cauchy’s theorem that every convergent sequence
is summable A to the same limit. Furthermore, the divergent sequence ((—1)%)%, is
summable A to 0.

The most important summability methods are given by Hausdorff matrices and their
special cases, the Cesaro, Hélder and Fuler matrices, and by Norlund matrices. All
these matrices are triangles, that is a,, = 0 for k£ > n and a,, #0 (n =0,1,...).

Let p = (u)52, be a given complex sequence, M = (mp1)5%—o be the diagonal matrix
with mp, = p, (n =0,1,...), and D = (dny);%—o be the matrix with d,), = (—1)’“(2)
Then the matrix H = H(p) = DMD is called the Hausdorff matriz associated with
the sequence y; its entries are given by hy, = Z?:k(—l)j““ (’]‘) (i)ﬂj 0<k<n;n=
0,1,...). The Cesdro matriz C, of order « > —1 is the Hausdorff matrix associated
with the sequence p where p, = A% = (""*) (n = 0,1,...); its entries are given by
(Co)np = A°7LJA2 (0 < k < n; n=0,1,...); the numbers A are called the Cesaro
coefficients of order . The Hélder matriz H® of order o« > —1 is the Hausdorff matrix
associated with the sequence p where p, = (n+1)"* (n =0, 1,...); no explicit formula
is known for the entries of the matrices H¢, in general. The Fuler matriz E, of order
q > 0 is the Hausdorff matrix associated with the sequence p where p, = (¢+1)™" (n =
0,1,...); its entries are given by (Ey)nr = (1)¢" *(¢+1)™ (0<k<n; n=0,1,...).

Finally, let ¢ = (gx)72, be a sequence of complex numbers such that Q, = >~} _,qx # 0
for all n. Then the Nérlund matriz (N, q) is given by (N, q))nk = ¢n-r/@n (0 < k <
n; n=0,1,...).
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Example 2.2. (a) Let jn = e. Then we obtain for the Hausdorff matric H = H(u)

=) o () 2

j=k j=k

(S e

=
where 0,y = 1 and dp, = 0 for k # 0. Thus we have H = I, the identity matriz.

(b) Let p, =1/(n+1) = AL (n=0,1,...).Then we obtain H(u) = H' = Cy; thus the
matriz A of Example 2.1 is a Holder and Cesaro matriz of order 1.

(c) Let ¢ = e. Then we obtain Q, =n+1 (n=20,1,...). Thus the matrizr A of Example
2.1 is also the Nérlund matriz (N, e).

We refer the interested reader to [Boo, Coo, Har, Mad, Pey, Z-B] for the classical
summability theory.

2.2. Matrix Transformations. The theory of matrix transformations deals with es-
tablishing necessary and sufficient conditions on the entries of a matrix to map a sequence
space X into a sequence space Y. This is a natural generalisation of the problem to char-
acterise all summability methods given by infinite matrices that preserve convergence.

Given XY C w, we write (X,Y") for the class of all infinite matrices that map X into
Y. So A € (X,Y) if and only if the series A,z in (2.1) converge for all n and all z € X,
and

(2.2) Ar = (Apx); €Y forall x € X.

The first results were the Toeplitz theorem for the classes (¢, ¢) of conservative or (con-
vergence preserving) matrices, (¢, c; P) of regular matrices, that is conservative matrices
that preserve limits, and the Schur theorem for the classes (¢, ¢), the so—called coercive
matrices, and ({, o).

Theorem 2.3 (O. Toeplitz, 1911). ([Toe]) (a) We have A € (¢, ¢) if and only if

oo o
(i) |Al| = supz lank| < oo, (ii) nh_)rgo an = i, exists for every k and (iii) 7}1_}1202(1”;@ = (v exists.
" k=0 k=0

If A€ (c,c)and z € ¢ then

lim A,(z) = <a — Z ak> klim T + Z ORT)
k=0 * k=0

(b) We have A € (c¢,¢; P) if and only if (i), (ii) and (iii) in (a) hold with ap = 0
(k=0,1,...) and a = 1.
Theorem 2.4 (O. Schur, 1920). ([Wil2, Theorem 1.7.18, p. 15]) (a) We have A € ({w, ¢)
if and only if (ii) in Theorem 2.3 holds and
(i) sup Z |ank| is uniformly convergent in n.

" k=0
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(b) ([S-T, 21, (21.1)]) We have A € (b, co) if and only if

(i’ lim >~ |an| = 0.
n—oo o
We close this section with some applications of Theorems 2.3 and 2.4.

Example 2.5. (a) The matriz A of Example 2.1 is regular.
(b) The Euler matrices E, are regular for all ¢ > 0.

Proof. (a) This is obvious from Theorem 2.3 (b).
(b) We write A = E,. Since a,; >0 (n,k=0,1,...) for ¢ > 0, it follows that

ank| = Qpp = ———— q " = =1 for all n,
2 lanel = an <q+1>n,§(k> g+ 1)

and (i) and (iii) of Theorem 2.3 (b) are satisfied. We fix k. Since 0 < ¢/(¢+1) < 1, we
have, for p=1/¢ >0, ¢/(¢+1) =1/(1+ p), and so

0 < 1 <n) o 1 (n) 1 < 1 (n) 1
a,n = = — Y S~ — _—
=0T gy k) " \k) (L+p)m = q"\k/) (,},) !

R BRI
= —_— — .
plap)*n —k
Thus (ii) of Theorem 2.3 (b) is also satisfed. O

Example 2.6. The famous Steinhaus theorem states that, for every reqular matriz A,
there is a bounded sequence which is not summable A.

Proof. We assume there is a matrix A € (¢, ¢; P)N (¢, ¢). Then it follows from Theorem
2.3 (iii), (ii), and Theorem 2.4 (") that 1 = lim, oo Y peo@nk = P ool im an,) =0, a

contradiction. U
Example 2.7. Weak and strong convergence coincide in (.

Proof. We assume that the sequence (x(”))ffzo is weakly convergent to x in ¢;, that is
f(z™) — f(x) — 0 (n — o0) for every f € ¢i. Since ¢; and /., are norm isomorphic,
to every f € (; there corresponds a sequence a € (o such that f(y) = D> ;- axyy for
all y € £;. We define the matrix B = (bur)p—o bY bur = x,(cn) —zr (n,k=0,1,...).
Then we have f(z(™) — f(z) = Zzozoak(x,(j) —xk) = > e obukar, — 0 (n — o0) for all
a € Uy, that is B € (o, o), and it follows from Theorem 2.4 (b) that ||z — z||; =
Siola” = il = X olbusl — 0 (n — o0). O

Further results on matrix transformations and references can be found in [Boo, Coo,
K-G, S-T, Z-B, Wil2, Mad, M-R, Mal, J-M], and in [Madl] for infinite matrices of
operators.
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3. FK, BK, AK AND AD SPACES

The theory of F'K spaces is the most powerful tool in the theory of matrix transforma-
tions ([Will, Wil2, K-G, Zel, M-R]). The fundamental result of this section is Theorem
3.8 which states that matrix maps between F'K spaces are continuous.

We start with a more general definition.

Definition 3.1. Let H be a linear space and a Hausdorff space. An FH space is a
Fréchet space, that is a locally convex linear metric space X, such that X is a subspace
of H and the topology of X is stronger than the restriction of the topology of H on X.
If H = w with its topology given by the metric d of (1.1), then an FH space is called an
FK space.

A BH space or a BK space is an FFH or FK space which is a Banach space.

Remark 3.2. (a) If X is an FH space, then the inclusion map ¢ : X — H with (z) =«
for all x € X is continuous. Therefore X is continuously embedded in H.

(b) Since convergence in (w,d) and coordinatewise convergence are equivalent ([Will,
Theorem 4.1.1, p. 54]), convergence in an FK space implies coordinatewise convergence.
(c) The letters F, H, K and B stand for Fréchet, Hausdorff, Koordintate, the German
word for coordinate, and Banach.

Example 3.3. Let H = F = {f : [0,1] — IR}, and, for every t € [0,1], lett : F — IR
be the function with t(f) = t(f). We assume that F has the weak topology by ® =
{t .t €[0,1]}. Then C[0,1] = {f € F : f is continuous} is a BH space with || f| =
SUP¢e0,1] | £(2)]-

Proof. Let (f1,)22, be a sequence in C[0, 1] with fy — 0 (k — 00), then #(fy) = fu(t) — 0
(k — oo) for all £ € @, that is fr — 0 (k — o0) in F. O

Example 3.4. Trivially w is an FK space with the metric of (1.1). The spaces lo, ¢
and ¢y and ¢, (1 < p < 00) are BK spaces with their natural norms, since x| < ||z|| in
each case.

The following results are fundamental.

Theorem 3.5. ([Wil2, Theorem 4.2.2, p. 56]) Let X be a Fréchet space, Y be an FH
space and f : X — Y be linear. Then f : X — H is continuous, if and only if f : X — Y
18 Ccontinuous.

Proof. Let Tx, Ty and Ty be the topologies on X, Y and of H on Y, respectively.
First, we assume that f : (X,Y’) is continuous. Since Y is an F'H space, we have
Ty C Ty, and so f: X — H is continuous.

Conversely, we assume that f: X — (Y, 7y) is continuous, then it has closed graph by
the closed graph lemma (Theorem A.1). Since Y is an F'H space, we again have Ty C 7y,
and so f: X — (Y, 7y) has closed graph. Hence f : X — (Y, 7y) is continuous by the
closed graph theorem (Theorem A.2). O

We obtain as an immediate consequence of Theorem 3.5.
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Corollary 3.6. ([Wil2, Corollary 4.2.3, p. 56]) Let X be a Fréchet space, Y be an FK
space, f: X —Y be linear, and P, : X —C (n=0,1,...) be defined by P,(x) = x, for
allz € X. If P,yo f: X —C s continuous for every n, then f: X — Y s continuous.

Proof. Since convergence and coordinatewise convergence are equivalent in w by Remark
3.2 (b), the continuity of P, : X — C for all n implies the continuity of f : X — w,
hence of f: X — Y by Theorem 3.5. U

By ¢ we denote the set of all finite sequences. Thus z = (x3)32, € ¢ if and only if
there is an integer k such that z; = 0 for all j > k.

Theorem 3.7. ([M-R, Remark 1.16, p. 152]) Let X D ¢ be an FK space. If the
series Y pooarty converge for all x € X, then the linear functional f, defined by f,(x) =
Zzozoakxk for all x € X is continuous.

Proof. We define the functionals f, (n € INy) by f(gn](x) = > oz for all z € X.
Since X is an F'K space and fi”] is a finite linear combination of coordinates, we have
fin] € X' for all n. By hypothesis, the limits f,(z) = lim,, . fé”} (x) exist for all z € X,
hence f, € X’ by the Banach—Steinhaus theorem (Theorem A.3). O

Theorem 3.8. ([Wil2, Theorem 4.2.8, p. 57]) Any matriz map between FK spaces is
continuous.

Proof. Let X and Y be FK spaces, A € (X,Y) and f4 : X — Y be defined by fa(z) =
Ax for all z € X. Since the maps P, o f4 : X — C are continuous for all n by Theorem
3.7, fa: X — Y is continous by Corollary 3.6. O

It turns out that the F'H topology of an F'H space is unique.

Theorem 3.9. ([Wil2, Corollary 4.2.4, p. 56]) Let X and Y be FH spaces with X C Y.
Then the topology Tx is larger than the topology Ty |y of Y on X.

They are equal if and only if X is a closed subspace of Y.

In particular, the topology of an FH space is unique.

Proof. Since X is an F'H space, the inclusion map ¢ : X — H is continuous by Remark
3.2 (a), hence ¢ : X — Y is continuous by Theorem 3.5. This implies Tx D Ty |y

Now let 7 and 7’ be F'H topologies for an F'K space. Then it follows by what we have
just shown that 7 C 7' C 7.

If X is closed in Y, then X becomes an F'H space with 7y|,. It follows from the
uniqueness that 7x = Ty| .

If Tx = Ty |y, then X is a complete, hence closed, subspace of Y. O

The class of F'K spaces is fairly large.
Example 3.10. A Banach sequence space which is not a BK space

We consider the spaces (co, || - ||[oo) and (la, ] - ||2). Since they have the same algebraic
dimension, there is an isomorphism f : co — l5. We define a second norm || - || on co
by ||z]| = || f(x)|l2 for all x € ¢y. Then (co, || - ||) becomes a Banach space. But ¢y and

Uy are not linearly homeomorphic, since Uy is reflexive, and cq is not. Therefore the two
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norms on co are incomparable. By Ezample 3.4 and Theorem 3.9, (co, || - ||) is a Banach
sequence space which is not a BK space.

Theorem 3.11. ([Wil2, Theorem 4.2.5, p. 57]) Let X, Y and Z be FH spaces with
XcYcZ. If X is closed in Z, then X s closed in'Y .

Proof. Since X is closed in (Y, 74|y ), it is closed in (Y, 7y) by Theorem 3.9. O

Let Y be a topological space, and £ C Y. Then we write cly(E) for the closure of F
inY.

Theorem 3.12. ([Wil2, Theorem 4.2.7, p. 57]) Let X andY be FH spaces with X CY,
and E be a subset of X. Then we have

cly (E) = cly(clx(E)), in particular clx(E) C cly (F).
Proof. Since Ty |y C Tx by Theorem 3.9, it follows that clx(E) C cly(£). This implies
cly (clx(E)) C cly(cly (E)) = cly (E).
Conversely, E C cly(E) implies cly (E) C cly (clx(£)). O

Example 3.13. (a) Since ¢y and ¢ are closed in L, their BK topologies are the same;
since {1 is not closed in L, its BK topology is strictly stronger than that of s on {4
(Theorem 3.9).

(b) If ¢ is not closed in an FK space X, then X must contain unbounded sequences
(Theorem 3.11).

Definition 3.14. Let X D ¢ be an FK space. Then X 1is said to have
(a) AD if clx(¢) = X;
(b) AK if every sequence x = (z3)52, € X has a unique representation © =y o Tie

Remark 3.15. The letters A, D and K stand for abschnittsdicht, the German word for
sectionally dense, and Abschnittskonvergenz, the German word for sectional convergence.

Example 3.16. (a) Fvery FK space with AK obviously has AD.

(b) An Ezample of an FK space with AD which does not have AK can be found in
[Wil2, Example 5.2.14, p. 80].

(¢) The spaces w, ¢y and £, (1 < p < 00) have AK.

(d) The space ¢ does not have AK; every sequence x = (x)7>, € ¢ has a unique repre-
sentation v = & e + zzozo(xk — £)e(k) where & = limy_. o .

(e) The space lo, has no Schauder basis, since it is not separable.

Theorem 3.17. ([Wil2, 8.3.6, p. 123]) Let X be an FK space with AD, and Y and Y;
be FK spaces withY; a closed subspace of Y. Then A € (X, Y1) if and only if A € (X,Y)
and Ae®) €Yy for all k.

Proof. First, we assume A € (X,Y;). Then Y; C Y implies A € (X,Y), and e € X for
all k implies Ae® €Y, for all k.

Conversely, we assume A € (X,Y) and Ae® € Y] for all k. We define the map f4 : X —
Y by fa(z) = Az for all z € X. Then Ae®) € Y] implies f4(¢) C Yi. By Theorem 3.8,

(k)
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fa is continuous, hence fa(clx(¢)) = cly(fa(¢)). Since Y; is closed in Y, and ¢ is dense
in the AD space X, we have f4(X) = fa(clx(¢)) = cly(fa(9)) C cly (Y1) =cly, (Y1) =Y,
by Theorem 3.9. U

Theorem 3.18. ([Wil2, 8.3.7, p. 123]) Let X be an FK space, X1 = X ® e = {x; =
x4+ Xe:x e X, NeC}, and Y be a linear subspace of w. Then A € (X1,Y) if and only
if A€ (X,Y) and Ae €Y.

Proof. First, we assume A € (X;1,Y). Then X C X; implies A € (X,Y), and e € X;
implies Ae € Y.

Conversely, we assume A € (X,Y) and Ae € Y. Let ;7 € X; be given. Then there
are + € X and A € C such that x; = = + e, and it follows that Az, = A(x + Xe) =
Ax + M e €Y. O

We close this section with two applications of our results.

Let (X, d) be a metric space, 6 > 0 and zo € X. Then we write Bs[zg] = {x € X :
d(x,x0) < 0} for the closed ball of radius § with its centre in zy. If X C w is a linear
metric space and a € w, then we write

o0
E ATy

k=0

lall5 = llalxs = sup
x€B;[0]

Y

provided the expression on the right hand exists and is finite which is the case whenever
the series Y - jaxxy converge for all x € X (Theorem 3.7); if X is a normed space then

we write
o
E ATy

k=0

lal]* = [lal|x* = sup
TESX

The first result is the characterisation of the class (X, ¢,) for arbitrary F K spaces X.

Theorem 3.19. ([M-R, Theorem 1.23 (b)]) Let X be an FK space. Then we have
A€ (X, ) if and only if

(3.1) |Al|5 = sup || A,||5 < oo for some § > 0,

where A, = (ank)7, denotes the sequence in the n—th row of the matriz A.

Proof. First, we assume that (3.1) is satisfied. Then the series A,z converge for all
x € B;s[0] and for all n, and Ax € £, for all x € Bs[0]. Since the set Bs[0] is absorbing
by [Will, Fact (ix), p. 53], we conclude that the series A,z converge for all n and all
x € X, and Az € {, for all z.

Conversely, we assume A € (X, /). Then the map L, : X — {, defined by

(3.2) La(z) =Az forall z € X

is continuous by Theorem 3.8. Hence there exist a neighbourhood N of 0 in X and a
real 6 > 0 such that Bs[0] C N and ||La(2)]|e < 1 for all x € X. This implies (3.1). O
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Theorem 3.20. ([M-R, Theorem 1.23. p. 155]) Let X and Y be BK spaces.

(a) Then (X,Y) C B(X,Y), that is every A € (X,Y) defines an operator Ly € B(X,Y)
by (3.2).

(b) If X has AK then B(X,Y) C (X,Y).

(c) We have A € (X, ls) if and only if

(3.3) 1Al (x.00) = sup [[ Anly < 00;

if A€ (X, ly) then
(3.4) [ Lall = [JAll (X t00)-

Proof. (a) This is Theorem 3.8.

(b) Let L € B(X,Y) be given. We write L, = P, o L for all n, and put a,, =
L,(e®™) for all n and k. Let x = (24)3%, € X be given. Since X has AK, we have
T = Zzozoxke(k), and since Y is a BK space, it follows that L,, € X* for all n. Hence we
obtain L, () = Y r sziLn(e®) = 30 janrar, = (Ax), for all n, and so L(z) = Ax.

(c) This follows immediately from Theorem 3.19 and the definition of ||Al|(x ). O

4. MULTIPLIER AND DUAL SPACES

The so—called f-duals are of greater interest than the continuous duals in the the-
ory of matrix transformations. They naturally arise in the characterisations of matrix
transformations in connection with the convergence of the series A, x.

The f—duals of sequence spaces are special cases of multiplier spaces.

Definition 4.1. Let X and Y be subsets of w. The set M(X,Y) = {a € w : ar =
(apzr)2o €Y for all x € X} is called the multiplier space of X in Y. Special cases are
X = M(X,0,), XP =M(X,cs) and X7 = M(X,bs), the a—, 3 and v— duals of X.

Proposition 4.2. ([M-R, Lemma 1.25, p. 156]) Let X, X3, Y, Y; C w and {Xs} be a
collection of subsets of w. Then we have
(i) Y CYy implies M(X,Y) C M(X,Y;)
(il) X C Xy implies M(X;,Y) C M(X,Y)
(i) X c M(M(X,Y),Y)
(iv) M(X,Y)=M(MM(X,Y),Y),Y)
)

(v M(UX(;, )zQM(X(;,Y).

Proof. (i), (ii) Parts (i) and (ii) are trivial.

(iii) If € X, then ax € Y foralla € M(X,Y), and consequently z € M(M(X,Y),Y).
(iv) We replace X by M(X,Y) in (iii) to obtain M(X,Y) C M(M(M(X,Y),Y),Y).
Conversely we have X C M(M(X,Y)) by (iii), so M(M(M(X,Y),Y),Y) C M(X,Y)

by (ii).

(v) First X5 C |Js X5 for all ¢ implies M ({Js X5, Y) C N; M(Xs,Y) by (ii).
Conversely, if a € (; M(X5,Y), then a € M(X,,Y) for all 6, and so we have ax € Y for
all z € X and all 6. This implies ax € Y for all z € [ J; X5, hence ae M(U; Xs,Y). O
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Example 4.3. We have (i) M(co,c) = loo; (i1) M(c,c) = ¢; (i1i) M ({n, ) = co.

Proof. (i) If a € lw, then az € C for all z € ¢y, and so ly, C M (cy, c).
Conversely, we assume a ¢ . Then there is a subsequence ay;) of the sequence a such
that |agjy| > 7+ 1 for all j =0,1,.... We define the sequence z by

)

(41) Ty = Qg (4) (]ZO,L)

0 (k # k(5))
Then we have x € ¢y and ay)Tr;) = (—1) for all j = 0,1, ..., hence ax & c. This shows
M(co,¢) C Ll

(i) If a € ¢, then ax € ¢ for all z € ¢, and so ¢ C M(c,c).
Conversely, we assume a ¢ c. Since e € ¢ and ae = a ¢ ¢, we have a € M(c,c). This
shows M (c,c) C c.

(iii) If @ € ¢g then ax € ¢ for all x € £, and so0 c¢g C M (oo, Co)-
Conversely, we assume a ¢ co. Then there are a real b > 0 and a subsequence (ay(;))52

of the sequence a such that |ag;)| > b for all j = 0,1,.... We define the sequence
n (4.1). Then we have x € l( and ay; )T = (— ) for all 7 = 0,1,..., hence
a € M(éoo,c). This shows M ({, ¢) = co. O

Example 4.4. Let T denote any of the symbols a., 3 or . Then we have w' = ¢, ¢! = w,
d=c=d =0, 0=t and 0§ =0, (1 <p <o0;q=p/(p—1)).

Another dual space frequently arises in the theory of sequence spaces.

Definition 4.5. Let X D ¢ be an FK space. Then X' = {(f(e™))2, : f € X'} is
called the functional dual of X.

Theorem 4.6. (a) We have X® C XP C X7 and X C X' where { is any of the symbols
a, B and 7.

(b) Let X D ¢ be an FK space. Then we have X/ = (clx(¢))? ([Wil2, Theorem 7.2.4,
p. 106]).

(c) Let X, Y D ¢ be FK spaces. If X C Y then X/ DY/, If X is closed in Y then
X/ =Y/ ([Wil2, Theorem 7.2.4, p. 106]).

Proof. (a) Since £, C ¢s C bs, it follows from Proposition 4.2 (i) that X* C X# C X7,
and Proposition 4.2 (iii) yields X c X'

(b) We write Z = clx (o).
First, we assume that a € X/, that is a,, = f(e®™) (n =0,1,...) for some f € X'. We
write g = f| for the restriction of f to Z. Then a, = g(e™) for alln =0,1,..., g € Z’
and so a € Z7.
Conversely, let a € Z, then a,, = g(e™) (n = 0,1,...) for some g € Z'. By the Hahn-
Banach-Theorem (Theorem A.4), g can be extended to f € X', and we have a,, = f(e™)
for n =0,1,..., hence a € X7.

(c) We assume that a € Y/. Then a, = f(e®™) (n = 0,1,...) for some f € Y'.
Since X C Y, we have g = f|x € X’ by Theorem 3.9. If X is closed in Y, then the FFK
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topologies are the same by Theorem 3.9, and we obtain X/ = (clx(¢))’ = (cly(¢))! =Y/
from Part (b). O

It might be expected from X C X'f that X is contained in X//; but this is not the
case in general (Example 4.7). We will, however, see below that X C X// for BK spaces
with AD (Theorem 4.16).

Example 4.7. Let X = ¢y ® z with z unbounded. Then X is a BK space, X! = {, and
X =y, s0o X ¢ X7,

Theorem 4.8. ([Wil2, Theorem 7.2.7, p. 106]) Let X D ¢ be an FK space.
(a) We have X7 C X/.

(b) If X has AK, then XP = X/,

(c) If X has AD then X® = X7.

Proof. Let a € X?. We define the linear functional f by f(z) = > r jaxzy for all z € X.
Then f € X’ by Theorem 3.7, and we have f(e™) = a,, for all n, hence a € Xf. Thus
we have shown

(4.2) X cx/.

(b) Now we assume that X has AK, and a € X/. Let # € X be given. Then
=Y jwxe®, since X has AK, and since f € X', we have f(z) = f(O i zxe®) =
St ot f(e®) = 3" wpay, hence a € XP. Thus we have shown X/ C X¥. Together
with X? c X/, this yields X? = X/.

(c) Now we assume that X has AD and a € X?. We define the linear functionals
foforn=0,1,... by folz) = > 7 _jarzr (z € X). Since X is an FK space, we have
fn € X' for all n. Furthermore, a € X7 implies that the sequence (f,,)°, is pointwise
bounded, hence equicontinuous by the uniform boundedness principle (Theorem A.5).
Since lim,, ., fn(x) exists for all x € X and X has AD, it must exists for all z € X by
the convergence lemma (Theorem A.6), hence a € X?. Thus we have shown X C X”.
We also have X? C X7 by Theorem 4.6 (a), hence X* = X7,

(a) First we observe that cly(¢) C X implies X7 C (clx(¢))” by Proposition 4.2 (ii).
Furthermore, we have (clx(¢))? = (clx(¢))? C (clx(¢))’ = X7/ by Part (c), (4.2) and
Theorem 4.6 (b). Thus we have shown X7 C X/, O

Now we establish a relationship between the G- and continuous duals of an F'K space.

Theorem 4.9. ([Wil2, Theorem 7.2.9, p. 107]) Let X D ¢ be an FK space. Then
X8 C X'; this means, that there is a linear one—to—one map T : XP — X'. If X has
AK then T is onto.

Proof. We define the map T by Ta = f, (a € X”) where f, is the functional with
fo= Zzozoaksck for all z € X, and observe that Ta = f, € X' for all a € X? by Theorem
3.7. Obviously T is linear. Furthermore, if Ta = 0 then f,(z) = Y p-jarzy = 0 for all
r € X, in particular f,(e®) = a; = 0 for all k, that is @ = 0. Thus T'a = 0 implies
a = 0, and consequently 7' is one-to—one.

Now we assume that X has AK. Let f € X’ be given. We define the sequence a by
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ar = f(e®) for k =0,1,.... Let € X be given. Then z = Y o vxe™, since X has
AK, and f € X' implies f(z) = f(Crooree™) = Yo orif(e®) = 372 wpax, hence
a € XP and Ta = f. This shows that the map T is onto. O

A relation between the functional and continuous duals of an F'K space is given by

Theorem 4.10. Let X D ¢ be an FK space.

(a) Then the map q : X' — X' given by q(f) = (f(e®)2, is onto. Moreover, if
T : XP — X' denotes the map of Theorem 4.9, then ¢(Ta) = a for all a € X” ([Wil2,
Theorem 7.2.10, p. 107]).

(b) Then X/ = X', that is the map q of Part (a) is one-to—one, if and only if X has
AD ([Wil2, Theorem 1.11.12, p. 108]).

Proof. (a) Let a € X7 be given. Then there is f € X’ such that a; = f(e®) for all &,
and so q(f) = (f(e®)2, = a. This shows that ¢ is onto.
Now let a € X? be given. We put f = T'a € X’ and obtain ¢(Ta) = q(f) = (f(e™))2, =
(Ta)(e @)y = (a)FEg = a.

(b) First we assume that X has AD. Then ¢(f) = 0 implies f = 0 on ¢, hence f =0,
since X has AD. This shows that ¢ is one-to—one.
Conversely we assume that X does not have AD. By the Hahn—Banach theorem, (The-
orem A.4) there exists an f € X’ with f # 0 and f = 0 on ¢. Then we have ¢(f) = 0,
and ¢ is not one—to—one. O

Example 4.11. We have ¢® = ¢/ = ¢,. The map T of Theorem 4.9 is not onto. We
consider lim € X'. If there were a € X/ with lima = Y reoky then it would follow
that aj, = lime® = 0, hence limx = 0 for all x € ¢, contradicting lime = 1. Also then
map q of Theorem 4.10 is not onto, since q(lim) = 0.

It turns out that the multiplier spaces and the functional duals of BK spaces are again
BK spaces. These results do not extend to F'K spaces, in general.

Theorem 4.12. ([M-R, Theorem 1.30, p. 158]) Let X D ¢ and Y be BK spaces. Then
Z =M(X,Y) is a BK space with ||z|| = sup,cg, ||2z|| for z € Z.

Proof. Let || - ||x and || - ||y denote the BK norms of X and Y.

Every z € Z defines a diagonal matrix map 2 : X — Y where 2(z) = 22 = (2521)72,
for all z € X, and 2 € B(X,Y) by Theorem 3.20 (a). This embeds Z in B(X,Y), for if
Z =0 then (2(e")),, = 2z, = 0 for all n, hence z = 0.

To see that the coordinates are continuous, we fix n and put v = 1/|[e™|x and
v = |le™||y. Then we have |[ue™||x = 1 and wv|z,| = ullz,e™|y = ulle™z|y =
I (uet™)z[ly < |lz]l-

It remains to show that Z is a closed subspace of the Banach space B(X,Y). Let
(2tm)ee_ be a sequence in B(X,Y) with 2™ — T € B(X,Y) (m — oc). For every
fixed z € X, we obtain 20" (z) — T(z) € Y (m — o0), and since Y is a BK space,

this implies xkz,im) = (2" (), — (T(2))r (m — oo) for every fixed k. If we choose

(m)

x = e® then we obtain z,(gm) — tp = (T(e®)). Thus we have xy2,"” — zxty and
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xkz,(cm) — (T(z))x (m — o0), hence T(x) = wt, and so T = {. This shows that Z is
closed. O

We obtain as an immediate consequence of Theorem 4.12.

Corollary 4.13. ([M-R, Corollary 1.31, p. 158|) The a-, - and y—duals of a BK
space X are BK spaces with ||alla = sup,es, llaz|i = sup,cs, (O ieolarzs|) for all
a € X% and |lals = sup,eg, llalles = sup,eg, (Sup, | > or_o akzi|) for all a € X7, X7.
Furthermore, X? is a closed subspace of X7.

Proof. The first part is an immediate consequence of Theorem 4.12.
Since the BK norms on X” and X7 are the same and X” C X” by Theorem 4.6, the
second part follows from Theorem 3.9. O

Theorem 4.12 fails to hold for F'K spaces, in general.

Example 4.14. The space w is an FK space, and w® = w® = w7 = ¢, but ¢ has no
Fréchet metric.

We give the following result without proof.

Theorem 4.15. ([Wil2, Theorem 7.2.14, p. 108]) Let X D ¢ be a BK space. Then X/
15 a BK space.

Theorem 4.16. ([Wil2, Theorem 7.2.15, p. 108]) Let X D ¢ be a BK space. Then
X115 clx(¢). Hence, if X has AD, then X C X//.

Proof. First we have to show ¢ C X/ in order for X// to be meaningful.

This is true because Py € X' for all k where Py(z) = z; (z € X) since X is a BK space,
and ¢(P,) = e® (Theorem 4.10 (a)).

Since the second part is equivalent to the first part by Theorem 4.6 (b), we assume that
X has AD, and have to show X C X77.

Let z € X be given. We define the functional f : X’ —C by f(¢) = ¢(z) for all ¢ € X".
Then we have |f(v)| = |¢(z)| < []10]|||z]|, and consequently f € X”. Let ¢ : X’ — X/
be the map of Theorem 4.10 (a) which is an isomorphism by Theorem 4.10 (b), since X
has AK. Thus the inverse map ¢~ ' : X/ — X’ exists. We define the map ¢ : X/ — C
by g(b) = (x) (b € X7) where z = ¢~ (b). It follows that

l9(®) = [@)] = [FO] < A= g O < 11 g o],

and the open mapping theorem (Theorem A.7) yields ||¢!|| < oo. Thus we have g €
(Xf). Finally it follows that z = Py(z) = g(q(Py)) = g(e®) for all k, hence z € X/,
Thus we have shown X C X//. O

The condition that X has AD is not necessary for X C X//, in general.

Example 4.17. Let X = ¢y ® 2z with z € {s. Then we have X/ = 6{ =l DX, but X
does not have AD.
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5. MATRIX TRANSFORMATIONS

We apply the results of the previous sections to give necessary and sufficient conditions
on the entries of a matrix A to be in a class (X,Y).
The first two results concern the transpose AT of a matrix A.

Theorem 5.1. ([Wil2, Theorem 8.3.8, p. 124]) Let X be an FK space and Y be any
set of sequences. If A € (X,Y) then AT € (YP, X7). If X and Y are BK spaces and
Y? has AD then we have AT € (Y7, clxs(XP)).

Proof. Let A € (X,Y) and z € Y” be given. We define the functional f : X — C
by f(zx) = > 00z Anr (x € X). Since X is an FK space, Ar € Y by assumption
and z € Y? we have f € X’ by Theorem 3.7. Furthermore it follows that f(e*)) =
S o Znank, = ALz for all k, hence ATz € X7. This shows that AT € (Y7, X7).

Now we assume that X and Y are BK spaces and Y has AD. Then X? C X/ by
Theorems 4.6 (a) and 4.8 (a), and X/ is a BK space by Theorem 4.15. Also clys(X?)
is a closed subspace of X7/. Since A € (X,Y), we have A, = (a,);2, € X? for all n,

but ATel = (372 ajkegn))?’:o = (ank)y = A, for all n. So we have ATe™ € X7 for
all n, and this and A € (Y?, X7) imply AT € (Y?, clxs(X?)) by Theorem 3.17. O

Theorem 5.2. ([Wil2, Theoren 8.3.9, p. 124]) Let X and Z be BK spaces with AK
and Y = ZP. Then we have (X,Y) = (XPP)Y); furthermore A € (X,Y) if and only if
AT € (Z,XP).

Proof. Since X is a BK space with AK, X? is a BK space by Corollary 4.13, and
XP = X7 by Theorem 4.8 (b).

First we assume A € (X,Y). Then it follows by Theorem 5.1 and since Z°° > Z by
Theorem 4.6 (a) that AT € (Y?, XP) = (Z°%, XP) C (Z, XP).

Conversely, if AT € (Z,X”) then it follows by Theorem 5.1 and since X%* > X by
Theorem 4.6 (a) that A € (X589 ZP) C (X,ZP) = (X,Y). This proves the second part.
To prove the first part, we first observe that X € X?% implies (X%°Y) C (X,Y).
Conversely we assume A € (X,Y). Then we have AT € (Z, X?) as proved above, and
Theorem 5.1 implies A = AT € (XPP, ZP) = (XPP)Y). O

Remark 5.3. The results of the previous sections yield the characterisations of the classes
(X,Y) where X and Y are any of the spaces £, (1 < p < 00), ¢, ¢ with the exceptions
of (¢p,¢,) where both p,r # 1,00 (the characterisations are unknown), and of ({s,c)
(Schur’s theorem 2.4) and ({s,co) ([S-T, 21 (21.1)]) for which no functional analytic
proofs seem to be known.

The class (£a,€2) was characterised by Crone (|Cro| or [Ruc, pp. 111-115]).

Example 5.4. (a) We have (cp,lo) = (¢,lo) = (loo, loo); furthermore A € (loo, lso) if
and only if

(5.1) 1Al s0.00) = SUP Y _ k| < oo.
" k=0
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If A is in any of the classes above then || Lall = || A||(c0,00)-
(b) We have A € (cy,c) if and only if (5.1) holds and

(5.2) lim a,, = a4 exists for every k.

n—oo

If A € (co,c) then

(5.3) lim A,(z) = Z LT}
k=0
(c¢) (Toeplitz’s theorem 2.3) We have A € (¢, c) if and only if (5.1) and (5.2) hold, and
(5.4) lim Z app = Qv exists.
k=0

If A€ (c,c) and x € ¢ then

(5.5) nhi& An(z) = (a - kz_% ozk) kh_)rgo T + kz_% QT

Furthermore have A € (c,c; P) if and only if (5.1), (5.2) and (5.4) hold with oy = 0
(k=0,1,...) and a = 1.

Proof. (a) We have A € (cy, ) if and only if (5.1) by (3.3) in Theorem 3.20, and since
¢f = ¢, and ¢ and (1 are norm isomorphic.
Furthermore ¢y C ¢ C lo implies (oo, loo) C (¢, loo) C (Coyloo)-
Also (o, loo) = (3 0se) = (€us, o) by the first part of Theorem 5.2.
The last part is obvious from Theorem 3.20.

(b) Since ¢ is a closed subspace of /.., the characterisation of the class (co,c) is an
immediate consequence of Theorem 3.17 and Part (a).
Now we assume A € (co, ¢), and write ||A|| = || A||(¢ o), for short. Let m be a given non—
negative integer Then it follows from (5.2) and (5.1) that > )" Jag| = lim, o0 Y ey |ankl
< ||A]|. Since m was arbitrary, we have ()32, € 41,

(5.6) D x| < [|A] and ) || < |A] |zl for all z € c.

k=0 k=0
Now let © € ¢y and € > 0 be given. Then we can choose an integer k(e) such that
|z| < e/((4]]A|| + 1)) for all k > k(e), and by (5.2) we can choose and integer n(g) such
that S8 ., — agl|zk] < /2 for all n > n(e). Let n > n(e). Then (5.1) and (5.6)
imply

%) k(e) OO
A,z — Zakxk < Z |ank — a| + Z (Jank + ax])|zk]
k=0 k=0 k=k(e)

g g > > g g
<z 4 | + Y Jag| | <=4+ ===
2 ' A4[[A] 1 (;' | g' ’“') =92 "9
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Thus we have proved (5.3).

(c¢) The characterisation of the class (¢, c) is an immediate consequence of Part (a),
and Theorems 3.17 and 3.18.
Now we assume A € (¢, c¢). Let x € ¢ be given and & = limy_, o, 2. Then z — &e € ¢y and
it follows from (5.3) and (5.5) that

Apx = Ap(x — e) + A e — Z ap(zp — &) +Ea=&(a — Z ag) + Zakxk,
k=0 k=0 k=0

which is (5.5).

Finally, the characterisation of the class (c,¢; P) is an immediate consequence of the
characterisation of (¢, c) and (5.5). O

Example 5.5. We have (€1,01) = B(l1,¢1) and A € (¢1,¢1) if and only if

(5.7) 1Al 11y = s%pz | g < 0.

n=0

[fA € (61,€1> then
(5.8) IZall = [[Aller.e0)-

Proof. Since ¢; has AK, Theorem 3.20 (b) yields the first part.

We apply the second part of Theorem 5.2 with X = {1, Z = ¢y, BK spaces with AK,
and Y = ZP = (; to obtain A € ({1, () if and only if AT € ({s,ls); by Example 5.4
(a), this is the case if and only if (5.7) is satisfied.

Furthermore, if A € (¢1,¢;) then

oo oo o oo
IZa@)lh =D 1> amrn| <D0 lawzel < Al s
n=0 | k=0 k=0 n=0

implies || La|| < ||All1,1). Also La € B(¢1,4y) implies ||[La(x)[1 = [[Az|ly < [|Lall ||z,
and it follows from ||e® ||, = 1 for all k that || Al|(1,1) = supy Yoy lank| = supy, | La(e®)|y
[ Zall- 0

6. MEASURES OF NONCOMPACTNESS

Now we find necessary and sufficient conditions for a matrix A € (X,Y’) to define
a compact operator L4. This can be achieved by applying the Hausdorff measure of
noncompactness.

The first measure of noncompactness was defined and studied by Kuratowski ([Kur]),
and later used by Darbo ([Dar]). The Hausdorff measure of noncompactness was intro-
duced and studied by Goldenstein, Gohberg and Markus ([GGM]). Istratesku introduced
and studied the Istratesku measure of noncompactness ([Ist]). The interested reader is
referred for measures on noncompactness to [AKP, B-G, Istl, TBA, M-RJ.

We only consider the Hausdorff measure of noncompactness; it is the most suitable
one for our purposes.

We recall of few standard notations and definitions.
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The convex hull of a set S in a linear space X is the set

conv(S) = {x:Z)\kSk:)\k > 0,8, €85 (k=0,1,...,n) and Z)\kzl}
k=0

k=0

of (finite) convex linear combinations of S.

Let (X, d) be a metric space, g € X and r > 0. By B(zg,7) = {xr € X : d(z,x) <71}
we denote the open ball of radius r, centred at z,. If M is a subset of X, then M denotes
the closure of M. A set in a metric space is said to be totally bounded, if for every € > 0
it can be covered by a finite number of open balls of radius . It is well-known that a
subset M of a metric space is compact if and only if every sequence (z,) in M has a
convergent subsequence, and in this case the limit of the subsequence is in M. The set
M is said to be relatively compact if the closure M of M is a compact set. If the set M
is relatively compact, then M is totally bounded. If the metric space is complete, then
the set M is relatively compact if and only if it is totally bounded. It is easy to prove
that a subset M of a metric space X is relatively compact if and only if every sequence
() in M has a convergent subsequence; in this case, the limit of the subsequence need
not be in M.

Let X and Y be infinite-dimensional complex Banach spaces. A linear operator L
from X to Y is called compact if the domain of L is all of X, and, for every bounded
sequence (z,,) in X, the sequence (L(z,)) has a convergent subsequence in Y.

Now we give the definition of the Hausdorff measure of compactness of bounded sets
in a metric space.

Definition 6.1. Let (X,d) be a metric space and M denote the collection of bounded
subsets of X. The function x : M — [0, 00) with

X(Q):inf{5>O:QCUB(mk,rk); x € X, rk<6(n:0,1,2...)}

k=0

is called Hausdorff measure of noncompactness; x(Q) is called the Hausdorff measure of
noncompactness of Q).

The Hausdorff measure of noncompactness has the following basic properties.

Proposition 6.2. ([M-R, Lemma 2.11, p. 168]) Let X be a metric space and Q,Q1,Q
€ M. Then we have

(i) X(Q) = 0 if and only if Q is totally bounded,
ii) X(Q) = x(Q),

iii) Q1 C Qo implies x(Q1) < x(Q2),

iv) X(Q1U Q2) = max{x(Q1), x(Q2)},

v) X(Q1 N Q2) < min{x(Q1), x(Q2)}-

Proof. (i), (iii) The statements in (i) and (iii) follow directly from Definition 6.1.
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(i) We have x(Q) < x(Q) by (ii).
Let p = x(Q). Then, given € > 0, there are n = n(¢) € IN and 2, € X such that
Q C Ui_o B(zg, p+¢/2), and it follows that

n n n

Qc|JBarp+e/2) =] Bl p+2/2) € | Blzo.p+e).

Since € > 0 was arbitrary, this implies x(Q) < p.
(iv) It follows from (iii), that x(Q,;) < x(Q1 U Q2) for j = 1,2, hence

(6.1) max{x(Q1), x(Q2)} < x(Q1U Q).

Now let p = max{x(Q1), x(Q2)} and € > 0 be given. Then, by Definition 6.1, @); and
(> can be covered by finite unions of open balls of radius p + . Obviously the union of
these covers is a finite cover of ()1 UQs. This implies x(Q1UQ2) < p+e¢, and since € > 0
was arbitrary, it follows that x(Q1 U x(Q2) < p. Now this and (6.1) together imply the
equality in (iv).

(v) It follows from (iii) that x(Q1 N Q2) < x(Q;) for j = 1,2, hence x(Q1 N Q2) <
min{x(Q1), x(@2)}- O

Proposition 6.3. ([M-R, Theorem 2.12, p. 169]) Let X be a normed space and Q,Q1,Q
€ M. Then we have

(i) X(Q1 4+ @2) < x(@Q1) + x(Q2),
(i) X(Q +x) = x(Q) for all v € X,
(iii) XAQ) = [A\|x(Q) for all scalars,
(iv) X(Q) = x(conv(Q)).

Proof. We denote the norm of X by || - ||.
(i) Let p; = x(Q;) for j = 1,2, p = p1 + pa, and € > 0 be given. Then there are

n; =n,;(e) € INy and x,(j) € X (0 <k <n;) for j =1,2 such that

n;
(6.2) Qi c B pj+e/2) for j =12

k=0
Let © € Q1 + Q2. Then there are x; € Q; (j = 1,2) such that + = 21 + 25, and it
follows from (6.2) that there are k; € {0,1,...,n;} such that z; € B(x,(é),pj +¢/2) for

(1) (2)

J = 1,2. This implies ||z — (z; + 2.))|| < ||o1 — x,(;)H + ||z — :E,(i)H < p+ ¢, and

so Q1+ Q2 C UL U2, B(x,(:) +29 o+ g). Since € > 0 was arbitrary, we conclude

J
X(Q1+ Q2) < p.
(i) Let z € X. Since obviously x({z}) = x({—=z}) = 0, it follows from (i) that

X(Q)=x((Q+1x)—x) <x(@Q+x)+x({-2})
=x(Q + ) < x(Q) +x({z}) = x(Q).
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(iii) Since the equality in (iii) is trivial for A = 0, we assume A # 0. Let p = x(Q) and
€ > 0 be given. Then we have

(6.3) Qc |JBlawp+e)
k=0

Let y € AQ@ be given. Then there are x € @ such that y = Az, and ky € {0,1,...,n}
such that © € B(zy,p +¢). We put yp = Az for £ = 0,1,... and obtain ||y — yg,|| =
Al |z — xx]| < |A|(p +€). This implies AQ C Upey B(yk, |[A|(p + €)). Since € > 0 was
arbitrary, we conclude x(AQ) < |A|p = |A|x(Q). Furthermore, it follows by what we
have just shown that x(Q) = x(A™'(AQ)) < A x(AQ), hence [A[x(Q) < x(AQ).

(iv) Since obviously @ C conv(Q), we obtain x(Q) < x(conv(Q)).
We have to show

(6.4) x(conv(Q)) < x(@Q).

Let p = x(Q) and € > 0 be given. Then we have (6.3), and every ball By, = B(xz, p+¢)
is a convex set. To see this, let z,y € By and 0 < A < 1. Then we have

Az 4+ (1 =Ny — x|l < Az —2p) | + (T =Ny —zp)| <A+ A =N)(p+e) <p+te.

We define 0 = {A = (Ag,...,\,) € R": Y Ay =1land A\, > 0for k=0,...,n} and
AN) =30 \iBy for every A € 0.
It follows from (i) and (iii) that

(6.5) Z x(By) < p+e.
k=

Now we show that the set A = J,., A()) is convex.

Let z,y € A. Then there are A\, x € o such that z € A(\) and y € A(p), hence z =
Y heo Mk and y = >0 o ppyr with A = (Ao, ..., An), 10 = (po, - - -, pin) and g, Y € By
(k=0,1,...). Weput z =toz+ (1 —t)y where 0 <t <1 and n =tA+ (1 —t)u and have
to show z € A(n) for some n € 0. Putting np = tAp + (1 — ) g, & = tAx/m for ni > 0
and & =0 for n, = 0, and 2z, = &y + (1 — yr (K =0,1,...,n), we obtain

n

Zﬂkzk Z Epxy + (1= &yx) = Z (t ek + (1 — ) pryr) = 2.

k=0

Since each By is a convex set, we have z, € By for kK = 0,1,.... Furthermore, we
obviously have n, > 0 and > _ome =t > oo e+ (1 —1) D> ;o = 1, hence n € o and
so z € A(n). Thus we have shown that A is convex.

Now we can prove the result.

Since @@ C Jy_o Br C A and the set A is convex, it follows that conv(B) C A. Since
the set o is compact, given ¢ > 0, we can ﬁnd finitely many A, ... A" € o such
that for all A € o we have ming—,_ . {[|X = A® |} < &/M where M = sup;—y . {|lz| :
r € By} <oo. Soifwx e A, v =>_ OAkxk, Me >0, > °p_ oAk = 1, then there exists

7 €{0,1,...,m} such that S0 |\ = AY| < e/M. We put z = 37 APz, and obtain
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lz — 2] < S24_o Ak = M| |zkl| < e, and therefore conv(B) € U, AAD) +eB(0,1).
Thus we have by Proposition 6.2 (iv) and (6.5)

x(conv(B)) < max {X(AQAD) + x(e(B(0,1)} < p+ e+ 2¢.

0,...,m
Since € > 0 was arbitrary, it follows that (6.4) holds. g
Theorem 6.4. ([M-R, Theorem 2.13, p. 169]) Let X be an infinite—dimensional normed

space. Then x(B(0,1)) = 1.

Proof. We write B = B(0,1).

Obviously we have x(B) < 1. If x(B) = p < 1 then we choose ¢ > 0 such that
p+e < 1. Then we have B C |J,_, B(zx, p+¢€) C Ui_o(zx + (p +€)B), and it follows
from Proposition 6.2 (iv) and Proposition 6.3 (ii) and (iii) that

== < =
p=x(B) < max x (zx + (¢ +€)B) = (p +¢)q.

Since ¢ + ¢ < 1, this implies ¢ = 0, and so B is a totally bounded set by Proposition
6.2 (i). But this is impossible, since X is an infinite-dimensional space. Thus we have
X(B) =1. O

Theorem 6.5 (Goldenstein, Gohberg, Markus). ([GGM]; [M-R, Theorem 2.23, p. 173])
Let X be a Banach space with a Schauder basis (b)), @ € M and P, : X — X be the
projector onto the linear span of {bo,by,...,b,}. Then we have

n—oo x n—oo xT

©6)  glimswp (supl|(7 - P ) < Q) < lmsup (supl|(7 - Pu)(o)])

where a = limsup,,_, . || — P,

Proof. Obviously we have for every non—negative integer n

It follows from (6.7) and Propositions 6.2 and 6.3 that

(6.8)  x(Q) < x(Pnu(@Q)) + x((I = Pn)(Q)) = x((I = Pu)(Q)) < sup||(1 —Pn) ()],

zeQ
and we obtain
69  x(Q) <inf (sug (- m(x)r\) < limsup (sug 1 - m(x)r\) .
n TE n—oo TE

This proves the second inequality in (6.6).
Now we show the first inequality in (6.6).
Let p = x(Q) and € > 0 be given. Then we have

Q C U Bk<xk>p+€) C {x07x17' . 7xn} + (p+5)B<07 1)
k=0
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This implies that for every z € Q there exist y € {x1,72,...,2,} and z € B(0,1) such
that z =y + (p + €)z, and so

sup [|(I — Pn)(@)[| < sup [[(1 = Pp)(zi)ll + (p+ €)1 = Pul-
TEQ 0<k<n

This yields

imsup (sup (7 = P (o)1) < (o4 &) limsup |7~ P,
reQ

n—oo n—oo

Since € > 0 was arbitrary, the first inequality in (6.6) follows. O

So far we considered the measure of noncompactness of bounded subsets of a metric
space. Now we define the measure of noncompactness of an operator.

Definition 6.6. Let k1 and ko be measures of noncompactness on the Banach spaces
X and Y, and Mx and My denote the collections of bounded sets in X and Y. An
operator L : X — Y is said to be (K1, ko)-bounded if

L(Q) € My for all Q € Mx

and there exists a non—negative real ¢ such that

k2(L(Q)) < cki(Q) for all Q € Mx.

If an operator L is (K1, ke)—bounded, then the number

(6.10) | Ly o) = inf{c > 02 ko (L(Q)) < cr1(Q) for all Q € Mx}

is called the (K1, k2)—measure of noncompactness of L.
If k = K1 = kg, then we write || L, = || L|| ) -

The following result is useful to compute the Hausdorff measure of noncompactness
of a bounded linear operator between Banach spaces.

Theorem 6.7. ([M-R, Theorem 2.25, p. 175]) Let X and Y be Banach spaces, L €
B(X,Y), Sx and Bx be the unit sphere and the closed unit ball in X, and x be the
Hausdorff measure of noncompactness. Then we have

(6.11) IL] = X(L(Sx)) = x(L(Bx)).

Proof. Since conv(S) = Bx and L(conv(Sx)) = conv(L(Sx)), it follows from Proposition
6.3 (iv) that

(6.12) X(L(Bx)) = x(L(conv(Sx))) = x(conv(L(Sx))) = x(L(Sx)),

and we have x(L(Bx)) < ||L|ly x(B) = ||L||, by (6.10) and Theorem 6.4.
To prove the converse inequality, let Q) € Mx be given, p = x(Q) and € > 0 be given.
Then we have Q C |J;_, B(zx, p + €) and obviously L(Q) C Uj_o L(B(zk,p+€). It
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follows from this, Proposition 6.2 (ii), Proposition 6.2 (ii),and (iii) that

<X<UL iCk,PJFf)) X (L({zo, ..., zn} + B(0,p+¢))

= X(L(B(0,p +¢))) < x(L((p + ) B(0,1))) = x((p + £) L(B(0,1)))
< (p+e)X(L(B)).

Since € > 0 was arbitrary, we have x(L(Q)) < px(L(Bx)) = x(Q)x(L(Bx)) for all
Q) € Mx, hence ||L|, < x(L(Bx)). O

Theorem 6.8. ([M-R, Corollary 2.26, p. 175]) Let X, Y and Z be Banach spaces,
LeB(X,Y), LeB(Y,Z), and C(X,Y) denote the set of compact operators in B(X,Y).

Then || - ||y is a seminorm on B(X,Y') and

(6.13) |L|l, =0 if and only if L € C(X,Y),
L0 < (1L
1L o Lil < Ll [l

Proof. First we show that ||L||, is a seminorm.

Obviously we have ||L||, € [0,00) for all L € B(X,Y).

Now we show [|AL||, = |A|||L]|y for all scalars A and all L € B(X,Y). Since trivially
IALlly = Al | L]y for A = 0, we may assume that A # 0. Let p = ||L]|, and € > 0 be
given. Then we have x(L(Q)) < (p + £)x(Q) and s0 x(AL(Q)) = Al x(L(Q)) < [M(o +
e)x(Q) for all @ € Mx. Since € > 0 was arbitrary, it follows that x(AL(Q)) < |\ x(Q)
for all Q € Mx, hence ||)\LHX < |Alp = |Al|IL]]y- Also it follows by what we have just
shown that | L]y = A (D)l < A ALl and 50 [A] |l < AL

Now we prove the triangle inequality.

Let pr = ||Lk||y for £ = 1,2, and ¢ > 0 be given. Then we have x(Lx(Q)) < (pr +
£/2)x(Q) for all Q € Mx, and so by Proposition 6.3 (i)

X (L1 + L2)(Q)) = x (L1(Q) + L2(Q)) < x(L1(Q)) + x(L2(Q)) < (p1 + p2 +)x(Q)

for all Q € Mx. Since € > 0 was arbitrary, this implies x((L; + L2)(Q)) < (p1+p2)x(Q)
for all Q € Mx, hence ||L; + La||y, < p1 + p2 = ||L1||yx + || L2]|y which is the triangle
inequality.
Thus we have shown that || - ||, is a seminorm.

The statement in (6.13) is trivial in view of the remarks at the beginning of this
section.

(i) Let Bx and By denote the closed unit balls in X and Y. If y € L(Bx) then there
is z € By such that y = L(z) and ||y|| = ||L(z)|| < ||L||, hence L(Bx) C By(0,]||L|) C
|L|| By, and it follows from (6.11) in Theorem 6.7, Propositions 6.2 (iii) and 6.3 (iii),
and Theorem (6.4) that || L[|y = x(L(Bx)) < X(|[L[| By) = [[L]| x(By) = || L]|

(ii) Let @ € Mx be given. Then we have x((LoL)(Q)) = x(L(L(Q))) < [[L]lx x(L(Q))
< || LIy IIL]lx x(@), and (ii) follows from Definition 6.6. O
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Now we apply our results to characterise the classes C(¢1, ;) and C(c,c). First we
characterise the class C(¢y,¢1).

Theorem 6.9. ([M-R, Theorem 2.27, p. 175]|) Let L € B({1,¢1), and A denote the
infinite matriz such that L(x) = Ax for all x € ¢1. Then we have L € C({y,¢1) if and

only if

6.14 lim | su an =0.
(6.14) TW(;D u)

n=r

Proof. By Theorem 3.20 (b), every L € B(X,Y) can be represented by a matrix A €
(X,Y). Writing S = Sy, we have ||L|, = x(L(S)) by (6.11) in Theorem 6.7. For
r=0,1,..., let A" be the matrix with the first r rows replaced by 0. Then we obtain
(I = P,—1)(L(z))|ly = [|ADz]; hence, by (5.7) in Example 5.5,

sup (7 = Pra) (L@l = A7) = 500 S e

€S n—r

Since obviously [[I — P,_1]| = 1 for all r, and the limit in (6.14) exists, it follows from
(6.6) in Theorem 6.5 that x(L(S)) = lim, oo(supy, > oo |ank|). Finally it follows from
(6.13) in Theorem 6.8 that L € C(¢y,¢;) if and only if (6.14) is satisfied. O

Remark 6.10. It follows from Theorem 6.9 and Example 5.5 that every L € B({y,¢;) is
compact.

Now we characterise the class C(X,Y).
First we give a representation of continuous linear operators from ¢ to c.

Theorem 6.11. We have L € B(c,c) if and only if there exists a matriz A € (co,c) and
a sequence b € (o, with

(6.15) lim (bn + Z ank> = & ewists
k=0

such that

(6.16) L(z) = bklim xy, + Az for all z € ¢

furthermore, we have

(6.17) IL]] = sup (\bn\ > \%M) :

k=0

Proof. First we assume that L € B(c,c).
We write L, = P,o L (n=20,1,...) where P, is the n—the coordinate with P,(x) = =,
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(x € w). Since ¢ is a BK space, we have L,, € ¢* for all n, that is by (1.2)

(6.18)  Lu(x) = by lim @ + ; anpi (T € C)

with b, = L,(e) — 3. Ln(e®) and anp = L(e®) for k =0,1,. ..,
k=0

and by (1.3)
(6.19) L]l = [on] + > lanl.
k=0

Now (6.18) yields (6.16). Since L(xg) = Az for all xy, we have A € (cg,c), and so
| Al| = sup,, > pepl@nk] < 0o by (5.7) in Example 5.5. Also L(e) = b+ Ae implies (6.15),
and we obtain ||bllec < ||L(€)]le + [|A]] < o0, that is b € . Consequently we have
€ = sup, (1bal + 3 glan]) < 0. Now [IL(@)lloo = up, b 104 1 + 5 gnite] <
(5upy (b + 52 afani ) #]l0 mplies | L] < C. We also have |L,(2)] < [|L(2) = < ]
for all € B, and all n, and so sup,, ||L,|| = C < ||L||. Thus we have shown (6.17).

Conversely we assume that A € (g, c) and b € (o satisfy (6.15). Since A € (co, ¢) and
b € ly, we obtain C' < oo by (5.7) in Example 5.5, and so L € B(c, {y). Finally let x € ¢
be given and £ = limy_.. z. Then we have x — e € ¢g, L, (x) = b, + Y pe gkl =
(b + > e otnk )€ + An(x — Ee) for all n, and it follows from (6.15) and A € (co, ¢) that
lim,, o L, () exists. Since x € ¢ was arbitrary, we have L € B(c, ¢). O

Now we apply Theorems 6.11 and 6.5.
Theorem 6.12. Let L € B(c,c). Using the notations of Theorem 6.11 and writing

ap = lim,, . ani for all k =0,1,..., we have
1 . ~ (0.) oo
(6.20) §hmsup ( b, —a+ Zak + Z |k — ak|> < ||L|l
el k=0 k=0

bn—ONé—FiOék

k=0

< lim sup <

n—oo

+ Z |ank — Oéﬂ)

k=0

Proof. We assume that L € B(c, c).

Let z € ¢ be given, £ = limy_., x; and y = L(z). We have y = b§ + Ax where A € (¢, ¢)
and b € /, by Theorem 6.11, and also note that the limits o = lim,,_ o, a,; exist for all
k by Example 5.4 (b). We can write

(6.21) Yn = b€+ Apx =& <bn + Za”k> + A, (x — &e) for all .

k=0
Since A € (¢, ¢) it follows from (5.3) in Example 5.2 that

o

(6.22) lim A,(z —&e) = ag(zy — &) = Zakxk — 520%.
k=0 k=0

n—00
k=0
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Thus it follows from (6.21), (6.22) and (6.15) that

(6.23) n= li7rln Yy =& (d — Z ozk> + Zakxk.
k=0 k=0

We are going to apply the Goldenstein—-Gohberg—Markus theorem (Theorem 6.5) to
establish the estimate in (6.20).

First we note that ||L||, = x(L(B.)) by (6.11) in Theorem 6.7. Since every sequence
z = (21)7_, € c has a representation z = (e + Y oo (2x — ()e®) with ¢ = limg_o, we
define the projector P, : ¢ — ¢ by Pp(2) = (e + > i (21 — ()™, and it follows that the
sequence Z = (I —P)(z) is given by 2, =0 for 0 < k <rand Z, = 2z, — ( for k > r + 1.
Therefore we have |Z;| < |z + [(| < 2||z]|o for all &, hence ||I — P,|| < 2. Now let z be
the sequence with z,,7 = (—1) and 2z, = 1 for k #2r+ 1. Then ( = 1, |||l = 1 and
(I = P,)(2)]lc =2, hence || —P,|| = 2. Thus we it follows that

(6.24) lim ||[1 — P, = 2.

Writing f,(z) = (I — P,)(L(z)))n, we obtain for n > r + 1 by (6.21) and (6.23)

fn(x) =Yn — N = gbn + An(x) - (6 (d - Zak> + Z@kxkz>

and see that f, € ¢* by (12), and [[full = b, — 6+ S5 g0l + 35 gl — ol by (1.3).
Thus we have shown that

bn—ONC—FiOék

k=0

+ Z |ank - Oék‘) )

k=0

sup [|(I = P;)(L(2))]| = Suwp 1fall = sup <

IEBC
and (6.20) now follows from (6.24), (6.11) in Theorem 6.7 and (6.6) in Theorem 6.5. [
The characterisation of the class C(c, ¢) is an immediate consequence of Theorem 6.12.

Corollary 6.13. Let L € B(c,c). Then L is compact if and only if

bn—d+2ak —I—Z|ank—ak|> = 0.
k=0 k=0

In particular, if A € (c,c) then Ly is compact if and only if

Zak —a +Z|ank —ozk|> =0.
k=0 k=0

Remark 6.14. It is obvious from the second part of Corollary 6.13 that if A is a reqular
matrix then Ly cannot be compact. If A is a conservative matriz and L4 is compact then
A is conull, that is a — ;5 oy = 0.

n—oo

(6.25) lim (

n—oo

(6.26) lim (
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An operator L € B(c, c) is said to be regular if and only if lim,, o (L()),, = limg_ o0 T
for all z € c.

Corollary 6.15 (Cohen—Dunford). ([C-D, Corollary 3]) Let L € B(c,c) be regular.
Then L is compact if and only if

(6.27) lim <|bn —1+ Y |ank\> —0.
k=0

Proof. We show that L € B(c,c) is regular if and only if a, = 0 and & = 1. Then the
statement of the corollary is an immediate consequence of Corollary 6.13.

First we assume that L € B(c,c) is regular. By Theorem 6.11 there are a matrix A €
(o, ¢) such that (6.15) holds, and a sequence b € (., such that L(z) = blimy_,« zx+ A(2)
for all x € ¢. Thus we have

(6.28) lim (L(e™)), =0 = lim a,; =0

and

(6.29) lim (L(e)), =1 = lim (bn + Za”k> = Q.
k=0

Conversely if L(z) = blimy .o 21+ A(x) and (6.28) and (6.29) are satisfied then it follows
from (6.23) that lim, oo (L(2))n = Umg oo k(G — D peq@r) + 2 opeoCrZy = limy xy, for
all x € ¢, and L is regular. 0

APPENDIX A. KNOWN RESULTS FROM FUNCTIONAL ANALYSIS

The following results are well known in functional analysis.

Theorem A.1 (The closed graph lemma). ([Will, Theorem 11.1.1, p. 195]) Any con-
tinuous map into a Hausdorff space has closed graph.

Theorem A.2 (The closed graph theorem). ([Will, Theorem 11.2.2, p. 200]) If X and
Y are Fréchet spaces and f : X — Y is a closed linear map, then f is continuous.

Theorem A.3 (The Banach—Steinhaus theorem). ([Will, Corollary 11.2.4, p. 200]) Let
(fn) be a pointwise convergent sequence of linear functionals on a Fréchet space X. Then
f defined by f(x) =lim, o f(z) is continuous.

Theorem A.4 (The Hahn—Banach theorem). ([Wil2, 3.0.4, p. 39]) Let X be a subspace
of a linear topological space Y and f be a linear functional on X which is continuous in
the relative topology of Y. Then f can be extended to a continuous linear functional on

Y.

Theorem A.5 (The uniform boundedness principle). ([Will, Corollary 11.2.3, p. 200])
Let (f,) be a pointwise convergent sequence of continuous linear functionals on a Fréchet
space. Then (f,) is equicontinuous.
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Theorem A.6 (The convergence lemma). ([Wil2, 7.0.3, p.103]) Let (f,) be a sequence
of equicontinuous linear functionals on a linear topological space X . Then the set {x €
X :lim, .o fu(z) exists } is a closed linear subspace of X.

Theorem A.7 (The open mapping theorem). ([Will, Theorem 11.2.1, p. 199]) Let X
and Y be Fréchet spaces, and f: X — Y a closed linear map onto. Then f is open.
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