Jordan Journal of Mathematics and Statistics (JJMS) 2008, 1(1), pp.69-80
BEST SIMULTANEOUS APPROXIMATION IN METRIC SPACES

SH. AL-SHARIF

ABSTRACT. For a Banach space X and an increasing subadditive continuous function
@ on [0,00) with ¢(0) = 0, let us denote by L (I, X), the space of all X-valued -
integrable functions f : I — X on a certain positive complete o-finite measure space

(2,2, m,) with [@||f(t)||du(t) < oo and I"(X) = {(wk) : ki::lw\\xk\\ <00, T € X}-

The aim of this paper is to prove that for a closed separable subspace G of X, L” (I, G)
is simultaneously proximinal in L* (I, X) if and only if G is simultaneously proximinal
in X. Other result on simultaneous approximation of I”(G) in I”(X) is presented.

1. INTRODUCTION

A function ¢ : [0, 00) — [0, 00) is called a modulus function if it satisfies the following
conditions:

(1) ¢ is continuous and increasing function.

(2) p(z) =0 if and only if z = 0.

(3) ez +y) < p(z) + ¢(y).

The functions p(z) = 2P, 0 < p < 1, and ¢(x) = In(1 + x) are modulus functions.
In fact if ¢ is a modulus function, then ¥ (z) = ¢(x)/ (1 + ¢(x)) is a modulus function.
Further the composition of two modulus function is a modulus function.

For a modulus function ¢ and a Banach space X, let us denote by L* (I, X), the space
of all X-valued ¢-integrable functions f : I — X on a certain positive complete o-finite
measure space (I,>, u,) with [ ¢ [|f(t)| du(t) < co and

T

k=1

(X)) = {(a:k) > gl < oo, zy € X} .

For a = (a;) € I"(X) and f € L"(I, X) set

lall, = > @l and 171l = /w!lf(t)Hdu(t)-
k=1 7

If X = C, the set of complex numbers, the spaces ["(X) and L” ([, X) is simply
denoted by [ and L”(I) respectively. It is known, [4], that [ C I, L"(I) D L'(I)
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and ( X, |1l ) and (Lw(I,X), H.Hw)are complete metric linear spaces. For more on

[ and L”(I) we refer to the reader to [3] and [5].
Note that the Banach space X is a metric space with the metric d(z,y) = ¢ ||z — y|| .

Definition 1.1. Let ¢ be a modulus function and G be a closed subspace of a Banach
space X. We say that

(a) G is simultaneously proximinal in X if for each m-tuple of elements

(1, T2,y ooy ) € X™ there exists g € G such that:

ng |zi — gl = dist (21,22, ..., 20, G) = ;lllel(f}zlso |z — hl|.

=1

In other words for every h € G

H($175U27 "'7wm70> ) - (gaga "'79707 )H S

H (.1'1,.’,[;2’ "')xm, 0, )
7]

—(hyh, ..., h,0,...)

@

(b) L7(I,G) is simultaneously proziminal in L” (I, X) if for each m-tuple of elements
fis fos ooy fn € (L7(1,X))™ there exists g € L”(I, G) such that

SoNfi—gll, = dist, (fr, foroos fon, L°(1,G)) = inf anz—hn
=1

heL?(1,G)

The problem of best simultaneous approximation has been studied by many authors
e.g., [2],[9],[15] and [16]. Most of these works have dealt with the characterization
of best simultaneous approximation in spaces of continuous functions with values in a
Banach space X. Some existence and uniqueness results were obtained. Results on best
simultaneous approximation in general Banach spaces may be found in [11] and [13].
Related results on LP(1, X),1 < p < oo, are given in [14] . In [14], it is shown that if G is
a reflexive subspace of a Banach space X, then LP(I, ) is simultaneously proximinal in
LP(I,X). If p =1, Abu Sarhan and Khalil [1], proved that if G is a reflexive subspace of
the Banach space X or G is a 1-summand subspace of X, then L' (I, G) is simultaneously
proximinal in L'(I, X).

The aim of this paper is to prove that for a closed separable subspace G of X, L” (I, Q)
is simultaneously proximinal in L* (I, X) if and only if G is simultaneously proximinal
in X. Some results are inspired by the results in [14]. Other result on simultaneous
approximation of [”(G) in [”(X) is presented.

Throughout this paper, (I, , i, ) is a o-finite measure space, X is a Banach space,
G is a closed subspace of X and the norm of v € X is denoted by ||v]|.

2. Distance Formulae

Progress in the discussion of simultaneous proximinality when X does not possess
pleasant properties is greatly facilitated by the fact that the distance from an m-tuple
of elements fi, fo, ..., fm € L* (I, X) to a subspace L”(I,G) is computed by the following
theorem:
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Theorem 2.1. Let ¢ be a modulus function and fi, fa, ..., fn € L (I, X). Then

dist_ (f1, fos oo s L (1, G)) = / dist, (Fu(5), fo(8), oo fon(s), G) dpa(s).

1

Proof. Let fi, fo, ..., fm € L°(I,X). Then for each i = 1,2,....m, f; is the limit al-
most everywhere of a sequence of simple functions {f;,} in L (I, X).Since the distance
function dist, (z,G) is continuous in # € X, lim ¢ (|| fin(s) — fi(s)||) = 0,4 = 1,2,...,m,

implies that

lim |dist¢ (f1n(8)s s frnn(5), G)) — dist,, (f1(s), -~-7fm<5)7G))| = 0.

n—oo

Furthermore for each n, the function: s —dist_ (fi,n(5), fon(5), ..., fmn(s), G) is a simple
function and so we may assume that dist_ (fi(s), f2(s), ..., fm(s), G)) is measurable. Now
for any g € L” (11, G)

m

/ S e (1i(s) — gl dials)

IN

i=1

[ st (9. £(6). o (51,6 )

B Z/w(Hfi(s) — g(s)|) du(s).

Therefore

(1) /distw (f1(8), [2(8), ey fin(8), G) du(s) < dist, (f1, fas oo frs L7 (1, G)) -

I

For the reverse inequality fix € > 0. Since simple functions are dense in L* (I, X), there
exist simple functions, fj/ in L”(I,X) such that HfJ — f]'H <5, j=1,2,...,m. Assume
%]

that f;(t) = > %, (t)y! , j =1,2,...,m, where », are the characteristic functions of
i=1

the measurable sets A; in I and y/ € X. We can assume that 3 s¢, =1 and pu(A;) > 0.
1 7

Given € > 0 for each ¢ = 1,2, ..., n, select g; € G such that: -

> ol —gil| < dist,(y y2, 0 G) +
j=1

np(A;)
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Let g(t) = 3" », (t)g;. Clearly g € L™(I,G) and
i=1

dZ'StLp (fl, ceey fma L@(Iv G))

Since

Z fi— £
j=1 ’
+ dist, (f{,f;, o o L0, G)>

e—l-z
j=1

fi —gH
©

c+ 3 [ o]l = o) ants)
23 [ofie) - ats)] dnts

€+ zm:zn: (90 HyZ - ng> M(Az‘)

7=1 =

€+ Zn:Zm: (so Hyf - giH) p(A;)

e+ p(Andist, (), vl y", G) + —

26—}-/(118'% (f{(s),fé(s),...,f,,n(s),G) du(s).

1

dist, (f{(s),f;(s),...,f;l(s),G) < dist, (f1(5), fo(5), s fin(5), G)

+Zcp
j=1

fi(s) = 1(5)|
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then,

fi(s) = fi(s)|| du(s)

dist, (fiforos s (1.6 < 2643 [ ]
=17

T / dist, (Fi(s), fa(s), s fin(s), G) dpu(s)

I
= 2e+ i
j=1

[ i (), o) o fn), G

1

fi— f;

©

< 3e+/distw (f1(s), f2(8), ..., fm(s), G) du(s),

I

which (since € is arbitrary) implies that
(2) diStga (fla f27 ] fm7 Lw([7 G)) < /diSt<p (f1(5>7 f2<8)7 ) fm(5)7 G) dﬂ(s)
1

Hence by 1 and 2 the proof is complete. O
An application of Theorem 2.1 is

Corollary 2.2. An element g € L°(I,G) is a best simultaneous approzimation of
fi, foy s fmn € L°(I,X) if and only if g(t) is a best simultaneous approzimation of
f1(t), fa(t), .oy fi(t) € X for almost all t € I.

3. Best Simultaneous Approximation in L (7, X)

The main result in this section is, for a modulus function ¢ and a closed separable
subspace G of a Banach space X, L”(I,G) is simultaneously proximinal in L”(I, X) if
and only if GG is simultaneously proximinal in X. We begin with the following:

Theorem 3.1. If G is simultaneously proximinal in X, then for every m-tuple of
simple function fi, fo, ..., fm € L (I, X), P(f1, fo, -, fms L (I, X)) is not empty, where
P(f1, fas ooy frn, L (I, X)) is the set of all elements g € L7 (I,G) such that g is a best

simultaneous approximation of m-tuple of the elements fi, fa, ..., fmn.

Proof. Let fi, fa, ..., fn be an m-tuple of simple functions in L”(I, X). With no loss of

n .
generality we can assume that f;(¢) = > », (t)y], where A; are disjoint measurable sets
=1

such that |J A; = I. Pick ¢g; € G such that g; is a best simultaneous approximation of
i=1
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the m-tuple of elements y},y?, ...,y € X,i =1,2,....,n. Set g(t) = > 5, (t)g;. Then for
i=1
any h € L”(I, X) we have:

Sois=nl, = Y [elnis) - nts)duts)

Jj=1 I

= [ 3wl — ) dus)

= > [ Yl - b dus)

=13 j=1

> 3 [ 2ol - aldnte
=13 =1
= [ ela) - ol duts)
7 =t
Hence 3™ |fi —gll = inf SC|If—h O
ence 32y —ol, = _inf 3% gy =,

Theorem 3.2. If ¢ is a modulus function, then G is simultaneously proximinal in X
if L°(I,G) is simultaneously proziminal in L (I, X).

Proof. Let x1,29,...,20,, € X. Set f; = 1®x;, j = 1,2,...,m, where 1 is the constant
function 1. Clearly for each j = 1,2,....,m, f; € L”(I,X). By assumption there exists
g € L°(I,G) such that for any h € L”(I,G)

St - all, <301 Al
By Theorem 2.1 "~ "
S el — st < 3 e )~ hio)]
ace. in I. Or "~ Fl
iso oy — 9(0)] < ij" e, — ).

Let h run over all functions 1 ® z, for z € G, we get

> ellz =gl <D el -2l
j=1 j=1
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Now we pose the following problem: If G is separable is it true that
L7 (I,G) is simultaneously proximinal in L”(I,X)? to solve this problem we
begin by the following:

Lemma 3.3. [Lemma 2.9 of [9]] Assume pu(I) < +o0. Suppose (M, d) is a metric space
and A is a subset of I such that u*(A) = u(l), where p* denotes the outer measure
associated to u. If g is a mapping from I to M with separable range, then for any e > 0
there ezists a countable partition {E,} of I in measurable sets and A, C AN E, such

that p*(Ay) = p(E,) and diam(g(Ay)) < € for all n.

Theorem 3.4. Let G be a closed separable subspace of X. Let us suppose that G 1is
simultaneously proziminal in X and f1, fo, ..., fmn : I — X be measurable functions.
Then there is a measurable function g : I — X such that g(t) is a best simultaneous
approzimation of (f1(t), fa(t), ..., fm(t)) in G for almost all t.

Proof. Let f1, fo, ..., fm : I — X be measurable functions. So we may assume that
fil), fa(I), ..., fm(I) are separable sets in X. Using the fact that p is o-finite we can
find countable partitions {I1,} -, {Ion}roy s {Lmn}ooqof I in measurable sets such

that diam,, (f;(/in) < % and pu(l;,) < oo,i=1,2,...,m, for all n, where

diam A = sup{p |z —y| : 2,y € A}.
m
Consider the partition {7, n,.. . }zj’:"fi:l, where I, ny. np = () Lin, for 1 < n; < oc.
’ i=1

Then diam,, (f;(Zn, n9,...cnm)) < % .4 =1,2,...,m. For simplicity we write {I,,, n, .. nm}fizl
as {I,}~ . For each t € I, let go(t) be a best simultaneous approximation of
(f1(t), fa(t), ..., fm(t)) in G. Define g from I into G such that go(t) is a best simul-
taneous approximation of (fi(t), fa(t), ..., fin(t)) . Applying Lemma 3.3 to the mapping
go in each [, taking ¢ = % and I = A = I,,. We get a countable partition in each I,
and therefore a countable partition in the whole of I. Thus we get a countable partition
{E,},~, of I in measurable sets and a sequence of subsets {A, }  of I such that

A, C E,, ,U/* (An) = (En) < 400,

. . 1 .
diam_(go(A4n)) < 3 diam_(fi(E,)) < 5 1= 1,2,...,m.
Let us apply again the same argument in each F, with € = 2%, I =F,and A=A, .
For each n we get a countable partition {E,, : 1 < k < oco}of E,, in measurable sets and
a sequence {A,, : 1 <k < oo} of subsets of I such that

A”k g Enk N A”? ,u* (A”k> = :u (Enk) ’
: 1 , 1.
diam_ (go(An,)) < 2 and diam_ (f;(Ey,)) < 5201 = 1,2,...,m,

for all n and k. Let us proceed by induction. Now for each natural number £, let A\

be the set of k-tuples of natural numbers and let A = [J A. On this A consider the
k=1
partial order defined by (mq, ma, ...,m;) < (n1,ng,...,n;) if and only if ¢ < j and my, = ny,
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for k =1,2,...,i. Then by induction for each natural number k, we can take a partition
{E, 1 a € A} of subsets of I and a collection {A,} c such that:

(1) A, CE, and p*(A,) = u(FE,) for each a.

(20 A, CA,and E, CE, if 3 <a.

(3) diam (fz( ) < o fori=1,2,...,m and diam_(go(4,)) < 5 if @ € A

We may assume that A, # () for all o ( forget the a's for which A, = (}). For each
a € A take t, € A, and define g;, from I into G by gx(.) = >_ 3¢, ()go(t.). Then for

aENg
each t € I and n < k we have:

> e, Mgolt,) = Y 7 (Dgolt,)

acly, Bel

@ llgn(t) — gu(t)ll = ¢

But since n < k by 1 and 2 we have:

@ llgn(t) — gl <

[gneesa

Bel

< > o|(9(t.) = golt,) || w(E

Bel
1

< —.
S o
Therefore (gi(t)) is a Cauchy sequence in X for every t € I. Consequently (gx(t)) is a
convergent sequence for every ¢t € I. Let g : I — G be the point wise limit of (gx). Since
gr is measurable for each k, g is measurable. Let ¢ € I and let n be a natural number.

Suppose t € E_. We have:

Z@Hfz gl = Zwai(t)—go(ta)H

< Zsonz (t )N+ @llfift) = ool
< z;}nwnfz( )=t

< g Hdist (At folt), o Fn()), G)
< gt el = At

+diSt¢((f1<t)7 f2(t>? ) fm(t))vG)
cp((fl(t)7f2(t)7 ) fm(t))7G)

IN

2n71
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Letting n — oo we get:

D_elfit) =gl = lim > @ fit) = ga(t)]
= dist, ((f1(2), fa(1), ., (1)), G).

and so g(t) is a best simultaneous approximation of fi(t), fa(t), ..., fm(t) in G. O

Theorem 3.5. Let ¢ be a modulus function and G be a closed separable subspace of X.
Then L°(I,QG) is simultaneously proziminal in L™ (I, X) if and only if G is simultane-
ously proximinal in X.

Proof. Necessity is in Theorem 3.2 Let us show sufficiency. Suppose that G is simul-
taneously proximinal in X, and let fi, fo, ..., f be functions in L”(I, X). Theorem 3.4
guarantees that there exists a measurable function g defined on I with values in X such
that g(t) is a best simultaneous approximation of fi(t), f2(t), ... f(f) in G for almost all ¢.
It follows from Corollary 2.2 that g is a best simultaneous approximation of fi, fo, ..., fin
in L*(I,Q) O

Theorem 3.6. Let ¢ be a modulus function. Then if g € L (I, G) is a best simultaneous
approximation from L™ (I, G) of an m-tuple of elements fi, fa, ..., fn € L” (I, X) then for
every measurable subset A of I and every h € L™ (I,G),

/90(||fjo(8) —9(s)l)) dp(s) < /sO(Hfjo(S) = h(s)|l) du(s),

A A

for some jo € {1,2,...,m}.

Proof. 1If u(A) = 0 then there is nothing to prove. Suppose that for some A satisfying
p(A) > 0 and for some hy € L”(I,G), the inequality does not hold for J = 1, 2,...,m.
Now, define gy € L (I,G) by
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Then we have for j =1,2,...,m

[ o056 - sl =

I

““~3

v ([1£5(s) = ho(s)]]) du(s)

w (I1£5(s) = g(s)Il) dpals)

L

2 (I1£5(s) = g(s)I) duls)

AN
B— _ +

w (I1£5(s) = g(s)II) dpls)

L

2 (I1£5(s) = g(s)ID) duls).

Il
N\N _|_

This implies that
STIs - aoll < 08— gl
j=1 j=1

which contradict the fact that g is a best simultaneous approximation from L (I, G) of
the m-tuple of elements f1, fo, ..., fm. O

As a corollary we get:

Corollary 3.7. If g is a best simultaneous approzimation from L™ (I,G) of an m-tuple
of elements f1, fa, ..., fm € L (I, X) then, for every measurable subset A if I,

[ o)) duts) < 2 maxe ( / sO(fj(S))du(S)) .

A A
Proof. Since, for j =1,2,....m

/w(Hg(S)H)du(S) < /30(||fj(8) —g(S)H)du(S)+/90(||fj(8)||)du(8),

A A A
we obtain, by using Theorem 3.6 with h =: 0, that for j, € {1,2,...,m}

/90(||g(8)||)du(8) < 2/90(||fjo(8)||)dﬂ(5)

A A

IA

2 max / o (15 duats) |

1<j<m
A

which completes the proof. U
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We end this paper with the following result on best simultaneous approximation of
I7(X) in I7(G).

Theorem 3.8. Let ¢ be a modulus function. Then I”(Q) is simultaneously proxviminal
in 17 (X) if G is simultaneously proziminal in X.

Proof. Let fi, fa, ..., fm € I7(X). Since G is simultaneously proximinal in X, for each
n, there exists g(n) € G such that for every y € G

Zw 175 (n) = g(n)|l < Zso 1F5 () = wll -

Since y = 0 € G, we get

Zso 1f5 () = g(n)|| < Zw 1£5 (n)

But ¢ is increasing and subadditive so

me lg(n)|| = Zng (n) + f; ()l
< ZSOHQ M+ ¢ 5 <2 ellf; (n)
j=1
Consequently g n)) € (G) We claim that ¢ is a best simultaneous approximation

(g(
v

(

for f1, fo,..., fm € in [”(G). To see that let h € [“(G). Then

I =nll, = > elfin) = hn)

1 j=1 n=1

= DD ellfi () = h(n)|

n=1 j=1

> D elfim) — g

n=1 j=1

= >3 elfi () - gt

j=1 n=1

= S lf -9l
j=1

M35

J

v
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