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The Set of Values of Functionalsin the Classes of Functions Having
Integral Representation
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ABSTRACT:

This paper presents a certain method to determine the set of values of the functional

36 =Y a(2) 1)

k=0
defined on the family of analytic functions in the unit disc possessing an integral
representation with kernel g(zt) intheinterval [a,].

It has been shown that the set of values of the linear functional J[f( z)]at the point z,is
the convex hull of the curveTI’, given by equation

r:w)=Ya(z)d (2 ) , a<t<p.
k=0

The Class of Functions with Limited Rotation was cosidered as a specia case and some
new results were obtained .

1. Introduction

One of the fundamental extremal problems considered in the domain of complex
functionsis concerned with determining the range of variability of the functional

I(1)= Ft @)t (2)t (20
defined on some family E of analytic functions where z, is afixed point of the domain

in which the functions f aredefined. A survey of methods and results can be found
among othersin [1] and [5].

In this paper we shall present a certain method to determine the range of variability (or
the set of values) of the linear functional

aty=F(f, 1, £0) =an: a(z,) 1%(z)
=0

defined in the family of functions possessing an integral representation in the unit disk
(the precise definition of will be given in the next paragraph).This method can be also
applied to solve the coefficients problem in classes considered | i.e. if the function is
given by Taylor Series then the coefficients can be strictly estimated in some special
Cases.
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2. The probleminthe Class E,

Let E, denote the class of functions f given by the formula

s
) t(2)=["d(z t)du(t)
where q(z,t) isan analytic function in the unit disc D (2 < 1) for every fixed t € [, 8]

and 4 (t) isanondecreasing function intheinterval [a, f]such that u(f)— u(a)=1.

This class is known as the family of functions possessing an integral representation .Itis
to be proved that [6]:
1- The classE, is compact and connected in the topology of almost uniform convergence.

2- Theset of valuesof functional F(f)= f(z,) where f € E, isclosed, convex and

connected and it is at the same time the convex hull of the curve W(t)=q(zt),a <t< g
(The convex hull of the set W is the smallest convex set containing the set W).

An essential example of this class is the Caratheodory Class ( denoted by C) i.e. the class
of analytic functions f intheunit disk D with apositivereal partand f(0)=1.Itis

well known ([2] and [4]) that for the functions of this class the following integral
representation holds:

+r

@ f@= [

el +z

du(t)

where u (t) in this case is the set of nondecreasing functions on the interval
[~ z,7]suchthat u(+ 7)— u(— 7)=1). We see that the class C coincides with the
family E, when we put

q(z,t):(e“+z)o/(e“—zo) ad a=-7, B=r.

et -z

We shall make use of the following lemma:

Lemmal. If W(t) isacomplex and continuous function with areal variable t on the
interval [a,b] and U[a,b] the set of nondecreasing functions x (t) on thisinterval such
that 1 (a) =0, u(b) =1, thenthe set of values of theintegra

I(u)=[W(t)dult) . peUfab]
isthe convex hull of the curve I given by equation
I "W=W(t), ast<b.
The proof of thislemma can befound in [4] .
Making use of thislemma we shall prove the following:

Theorem 1. If a,(z),k =0,1,...n are some continuous functions on the unit disc D and
z, issome fixed point in thisdisc, then the set of values of the linear functional

© A1)=Y ala) (¥e). 1<k,

92



isthe convex hull of the curveT’, given by equation
n
W(z5.t)= Y & (7)ol (7.t)
k=0

where ( z,,t) aregiven by (1) .

Proof. Differentation of both sidesin the formula (1) givestherelations:
4 t9(2)=[” ol (zt)dult) k=0123,...
provided that f©(z)= f(z) .Andso

3(1)= Y a @) aztdut) = [* Y a 2Pz )du(t).
reking k=0 k=0
® W(z.0)= Y8 (20)a"(2.0)
we obtain the functional (3) dep;Sis only on x(t) and sowe can write

A
3= ()= [W(z tult)
Substituting a=a,b= £ and W(t)=W(Z,,t) in Lenmal we get the thesis of
theorem.

3. The problem in the class of functions with limited rotation.

Let V denote the family of analytic functions f intheunitdisk D satisfying the
conditions:

f(0)=0, f'(0)=1, |argf'(z)< /2
Thisfamily is known as the class of functions with limited rotation.

Lemma2. If f eV then:
a f'eC.
b) f e E,
Proof.a) If f eV then ( by thedefinition) f'(0)= 1. On the other side the condition
~r/2<agf'(z)< /2 impliesthat
re f'(z)=rd e "@ | '|cosarg f' (z)> 0
and hence f'e C.
b) Fromthefact that f'e C and formula (2) we conclude that

zZ 471 it
f@=]tf o dult)] dz

And hence the functions of V has the following integral representation:
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+Z

+7 it
t

@)= f1] ¢

e -z

dz] duft)

Inthisway weseethat f € E, witha =-7z,f =7 , and

z it
q(zt)=] eit+zdz.
0 € -2
Theorem 2 . The set of values of the functional
n
(6) ()= alz) t¥(z), fev
k=0
isthe convex hull of the curve I given by the equation
2 etz etz 2(k-1)!e"
(1) W(zo t)=2()] 2w au(z) 2 Yo (z) A
0 e -z e —z k=2 (e't_z)

where -7 <t<r.

Proof. Notice that the equations (4) have, in this case, the form

+7 eit +7

t02)=1(2), F(2)=[ ———du(t)
el -z
f0)(2) = jz((ekt‘_lz)ft du(t), k=23,...

and thus putting
t etz
q(zo,t):f T Zdz,

0

, e'+z
Q(Zoi)=E7

_ 1\ it
q(k)(Zo,t)=—2(k Lre k=23..,n

(eit - z)k ’

and substituting in (5) we get the curve /™ in the form (7) .And so the convex hull of this
curveisthe set of values of the functional (6). This ends the proof.
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4. Applications.

In what follows we will give some propositions as an application of the above theorem .

Proposition 1. The sets of values of functional F( f )= f(z,) with f eV and
Z, € D istheclosed set G whichis connected , symmetric with respect to the real axis

and contained in the disc [w— Z,| < 2d where d = m%x|g| and ¢ = Log(l— e*itzo) .
ge

Proof. ThecurveT in this case hasthe form

7 it
I:W(zt)=| eit+zdz, -r<t<+n

5 _
Putting W(t) = W(z0 ,t) and integrating with respect to z we get

) W(t)=z, - 2€" Log(l— e zo).

Its known that [4] the principle branch of logarithm ¢ = Log(l— z) maps conformally
the closed disc | < T, r <1 into the connected domain G which is closed and

symmetric with respect to the real axis. If ¢ isthe maximum of the magnitude of ¢
when ¢ varieson G (ei. d = maxg]) then the set of valuesof ¢ = Log(1- z)existsin
ceG

the disc |g| < d . Thisimplies that the set of values of — 2€'*Log(L-e "7, Jexistsinthe
disc |g| < 2d and hence the convex hull of the curve (8) would be contained the closed

disc W — 75| < 2d where d = m%x|g| and ¢ = Log(l—e‘”zo) :
ge

Proposition 2 The sets of values of functional
I(H)=12)+ 2+ tV(2) fev

at the point z, =0 isthe closed disc with center at 1 and rarius 2(n—1) .
Proof. Since

a(2)=a,(z)=a,(2)=1, a/(z)=0,k=23,..,n-1,
And 7, =0 intheorem 2, then the equation of T in this case has the form

2(n-1)!e"

e
which impliesthat /" isthecircle
W(t)=1+2(n-1)1et™ _rct<z
And so the set of values of the given functional is the convex hull of T" which represents
in this case the closed disc W -1 < 2(n-1} .

W(t)= 0)+d04)+ q"(08) = | dz+1+

Now, let f eV andlet
©) f(z)=z+a,2° +..+8,2" +..., [4<1
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be expantion of f in Taylor Series. It iswell known [6] that the coefficients a,, in this
case satisfy the estimates |a,,| < 2/n for every n. Wewill show this fact using the above
theorems.

Proposition 3. If (9) isthe Taylor Expantion of f €V inthe neighborhood of 0 then
the following estimates hold:

la,[<2/n, n=1,23,...
Proof. Let usfirst find the set of values of the functional

F(f)=f"(z),feV
at thepoint z= 0 . Noticing that the curve I" in this case is given by the equation

W)= W(O,)=gM(0t)=2n-1)e ™ _r<t<in
(which represents acircle W| = 2(n— 1)} ) we can conclude that the closed disc
W|<2(n-1) istheconvex hull of T anditisat the same time the set of values of the
given functional . Now if (9) isthe expantion of the function f(z) in Taylor Series
then
fM0)=nla,.

On the other hand we have shown that the value f (n)(O) liesin the disc
W| < 2(n-1) forevery f eV . Thisimpliestherelation

[£(M(0) =[na,| <2(n-1)

—1)
which shows that the estimates |a,,| < 2n : _2 hold for every n.
n! n
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