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Abstract: This paper addresses the problem of estimating the finite population mean of the study variable using information on
auxiliary variable in sample surveys. A class of ratio-type and ratio-type exponential formulae for estimating finite population mean
is defined. The bias and mean squared error of the proposed class of estimators are obtained up to terms of order n~! under simple
random sampling without replacement (SRSWOR) sampling scheme. The optimum conditions are obtained at which the mean squared
error is minimum. It has been shown theoretically that at the optimum conditions, the proposed class of estimators is more efficient than
the customary unbiased estimator, ratio and regression estimators. We have also obtained the condition in which the proposed class of
estimators is superior to Rao’s (1991) estimator. Two numerical exemplifications are given in support of the present study.
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1 Introduction

It is tradition to use auxiliary information at the estimation stage to obtain better estimators of the population mean,
catching the advantage of the correlation between the study and auxiliary variables. The ratio, product and regression
estimators and their modified versions have been proposed by several authors, including Srivastava (1967, 1971, 1980),
Reddy (1973, 1974), Walsh (1970), Sahai (1979), Adhvaryu and Gupta (1983), Upadhyaya et al. (1985), Singh (1986),
Kothawala and Gupta (1988), Upadhyaya and Singh (1999), Singh and Agnihotri (2008), Singh and Nigam (2020), Pal
and Singh (2022), among others, for estimating the population mean. These above authors have proposed modified classes
of ratio and product type estimators and studied their properties up to terms of order O (n"). The estimators developed

by these authors have common minimum mean squared error (MSE) (up to terms of order n~! ) (at optimum conditions)
equivalent to the approximate MSE/variance of the

ordinary linear regression estimator. Thus, a question arises that can we develop an estimator whose MSE is smaller than
the MSE of the conventional regression estimator? Answer of this quest is given in this paper.

This paper considers a class of estimators for population mean along with their properties up to the first order of
approximation (FOA). It has been demonstrated that the newly developed class of estimators has MSE smaller than that
of the regression (or difference) estimator. The theoretical outcomes have been supported through an empirical study.

Let Q = (£2,9,,...,Qy) be a finite population of N units. Let (y,x) be the (study, auxiliary) variables. Let (¥,X) be
the population means of the study and auxiliary variables respectively. It is presumed that the population mean X of x is
known in advance. In such a situation, the problem of the estimation of ¥ of y has been considered. For this, it is required
to draw a simple random sample (SRS) of size n without replacement (WOR) from the population Q.

An unbiased estimator for the population mean ¥ of the study variable y is accustomed by

h=y= Vi (1.1

-

S| =

i=1
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with MSE/Variance under SRSWOR sampling design:
MSE (o) = Var(y) = AYC},= AS;, (1.2)

_ _ Sy =2
whered = (n™! =N"1),G, = 3 and 8} = b XX, (=)
The ordinary ratio estimator for ¥ with known X of x is stated as

tRy-Gf). (1.3)

whose MSE of 7z up to FOA is given by

MSE (1z) = AY? [C; + C2 (1 —2k)] (1.4)
Cy Syx AV
wherek:pc—i,Cx:%,p:S};Sx,Siz—(Nll) N (i —X)%,
1 N

= Ty L 0 ) (%) and 5= %le

i=1

A class of ratio estimators, for ¥ due to Walsh (1970) and Reddy (1973), is delineated as

twr=31+nw—1)]"", (1.5)

with u = £ and ’ 11 * being a constant. Up to FOA, the MSE of #y is provided as

%
MSE (twg) = AY? [C} +1C2(n — 2k)] (1.6)

The ’best’ value of * 1) * that minimizes the MSE of fyg is:

n =k (1.7)
This yields the minimum MSE of #yy as
MSEmin (twg) = AS; [1—p?] . (1.8)
On the line of Bahl and Tuteja (1991), the exponential version of the ratio-type estimator #yg at (1.5) is defined by
] n(l—u)
I3 = —_— 1.9
WRe yexp{2+n(ul) ( )
The approximate MSE of #y re is obtained as:
_ 1
MSE (twge) = AY? {cyﬂ <Z> nci(n 4k)] (1.10)
which is minimized for
n =2k. (1.11D)
Insertion of (1.11) in (1.10) yields the least MSE of tyyg, as
MSEmin (twre) = AS, (1—p?). (1.12)
It is to be mentioned that for 1 = 1, the estimator t re boils down to the estimator of population mean Y as
_ 1—u
tRe:yexp(1+u). (1.13)
which is due to Bahl and Tuteja (1991).
The MSE of . up to FOA is presented as
_ 1
MSE (fge) = AY? [cy2+zc§(1 —4K)} (1.14)
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The ordinary regression estimator for ¥ is defined as

Jir=73+BX %), (1.15)

where 8 = %,syx = ﬁﬂ’:l (vi—7¥) (xi — %), and 52 = ﬁ):}’:l (x; — %)°.

The approximate MSE of ;, is stated as

MSE (5;,) = AS; (1-p?). (1.16)
Thus from (1.8), (1.12) and (1.14) we have

MSEmin (twg) = MSEmin (twre) = MSE (5;,) = AS; (1—p?). (1.17)

Rao (1991) envisaged a difference-type estimator for ¥ as

Rao :W|)7+W2(Xf)f), (1.18)
(w1, w,) being suitably constants.
The MSE of tg,, is obtained as
_ 2 2 2
MSEmin (fRao ) = Y7 [1 +wia) +wias + 2wiwaaz — 2wy | , (1.19)

where ay = (14AC3), ar= (%) Chas=~(%)pCC
The "best’ values of (wy,w,) that minimizes the MSE (ir,o ) are:

w=—2_=w
| _ (ae-ad) o) (1.20)
w2 = m = W2(opr)

Substituting (1.20) in (1.19) we get the least MSE of fryo :

MSEpin (frao ) = 72 [1 —%1 (1.21)
(a|a2 - (13)

In this paper, we have discussed the problem of estimating the population mean ¥ of the study variable y using
information on the known population mean X of the auxiliary variable x. The objective of this paper is to develop an
efficient class of estimators for the population mean ¥ of the study variable y with the help of known population mean X
of the auxiliary variable x. In the introduction section of the paper, some existing mean estimators are briefly reviewed. A
new class of estimators is suggested in Section 2, along with its bias and mean squared error FOA, optimum conditions
and minimum mean square error. In subsection 2.1, we have given a member of the suggested class of estimators along
with its properties. Theoretical comparisons of the proposed class of estimators with other existing estimators have been
dealt in Section 3. In Section 4, a computational study has been carried out over two natural population data sets. At the
end of the paper, Section 5 provides conclusion of this study.

2 Developed Class of Estimators

It is observed from (1.15), that the minimum MSEs of the estimators tyg and twg, are same and equal to the approximate
MSE of the ordinary regression estimator ¥;,. This led authors to search an estimator of population mean ¥ of the study
variable y using information on auxiliary variable x which is better than the ordinary regression estimator ¥;,. Rao (1991)
made an effort to develop such an estimator. Keeping the above discussions in view we have made an effort to develop an
estimator that is better than the regression estimator y;, and the Rao’s (1991) estimator fr,, under certain conditions.

Thus, taking clues from Upadhyaya et al. (1985) and Rao (1991), combining the two estimators f g and tyg. given at
(1.5) and (1.9) respectively of the population mean ¥ of the study variable y, we put forward a class of estimators for the
finite population mean ¥ of y as

T=5 [OCI m + aexp { 22511(;?1) H

where (i, ap) being suitable chosen scalars. The proposed class of estimators T reduces to the following set of known
estimators of population mean Y :
i) T —ty=yfor(a,xm,n)=(1,0,0),
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(i) T%ery(—) for (au,00,m) = (1,0,1),
(i) T —twr =J[1 —|—n(u—l)] L for (o, 0,m) = (1,0,7),

iv) T —=itRe= yexp{ } (Bahl and Tuteja (1991) ratio-type exponential estimator) for (¢, 0,,1) =

V) T —ire :yexp{zﬂfm_)l)} for (ou,0,m) = (0,1,7m).

(0,1,1),

Thus we see that the proposed class of estimators T is very wide and includes various estimators as its members. Also,
the study of the properties of the proposed class of estimators T unifies several results in one place which justifies the

proposal of the class of estimators T.
For deriving bias and MSE of T, we write

such that

and
E (€5) = AC},E (e7) = AC; and E (ege;) = ApCyCr.
Putting =¥ (1 +¢p) and =X (1 +¢1) in T at (2 1), we have
T:Y[a. (14e0) (1 +ner)” +O£2(1+eo)exp{ L1412y H

which is approximated as

— 2,2
727 o {140~ ner —never + e} +ap {1+e— I51 — 29 4 2L L]
or

- — 3 2.2
(T-Y)=Y {Oﬂ {14’@()*7]6‘] neoe|+nze%}+a2{1+eo% ne;el Jr%

=B(T)=E(T-Y)
= Y((X|A4+ A5 — 1)

which is bias of T up to FOA, where

= [1+AC(—K)], As [1+A”Cz( - k)}

Approximating the square of (T —Y) at (2.3), we have

1+ o (142e9—2ne; + €f — 4nege; +3n2e})
—|—0422 (1 +2e9—Ney —l—e(z) —2Nepe; + 17261)

(T — Y)2 ~7? | 2o (1 +2e9— %7761 —3nepe; —l—e(z) + 1851726%)
—2a (1+e9—1ne; — Neger +ne})
—20p (1+e‘07ﬂ— m+3n2€2)

= MSE(T) = E(T - ¥)* =7*[1 + afA; + 03A> + 201 00A3 — 200 As — 20045

which is MSE of T up to FOA, where
Ar=[14+4{C2+nC23n —4k)}] A = |1+ A {C2+nC2(n —2k)}].
Az = [1 +1 {CZ +3nC2 (%n — k)}] ,A4 and As are same as defined earlier.

aMSE( ) _
OC

Now, setting =0,i=1,2; we have

Al le] -4

Simplifying (2.7), the optimum values of (o, &) are:

(2.3)

2.4)

(2.5)

(2.6)

2.7
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_ (A2A4-AsA5)

%1(op) = “(a1A3-42)
_ (A1As—A34y)
D(op) = “Taiag-3

Insertion of (2.8) in (2.6) yields the least MSE of T as

- A
MSEmn (T) =17 (1 — F) (2.9)
which holds when
0<4 <1
and A* > 0} (2.10)
where
A = (A2A] —2A3A4As5 + A1A2), and A* = (A1A, — A3).
Thus we reached to the theorem stated below:
Theorem 2.1- The MSE(T') > MSEwin (T)
(-3
A*
with equality holding if
o1 = Ay (opr)>
0 = B opr)>
where ), 1=1,2is given by (2.8).
2.1 Particular Case
Ifwesetoy +op=1= = (1—aq;)in(2.1) then
_ 5 1 n(l-u)
T Ty =5 | Mgty + (L= ) exp { 742405 1
Inserting @ = (1 — ) in (2.4) and (2.6), the bias and MSE of Ty are:
B(Ty)) =Y [ (As — As) +As — 1] (2.12)
MSE (T(;)) = ¥? [1+ A2 — 2As + af (A; + Az — 243) — 201 (A2 — A3 + A4 — As)) (2.13)
2 22 2
_Ap? [Cf. + nTCx(n —4k) + o ("fx) oy (n?) (n 2k)] (2.14)
which is minimized for
o = (Ay — A3+ Ay —As)
1(opt) (A] +A; —243)
2k — 2
_ (@k—m) ’7):(_"_1) 2.15)
n n
Posing (2.15) in (2.13) (or (2.14)) we find the least MSE of 7, as
MSEuwin (T(1)) 277|144, — 245 — (4 —As + Ay —As)
min \£(1)) = 2 5 (A|+A272A3) )
_ nc? (2k—n)?
= A7? {C§+ Tx(n —4k) — fc)? :
=AS; (1—-p*) =MSE(3,). (2.16)
©2025 YU
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3 Theoretical Comparison

The theoretical comparison plays an important role in obtaining the conditions of preference under which the proposed
class of estimators T is more efficient than the estimators y,fg,fRe,fWR,WRe, Virs T(,) and the estimator fr,o, due to Rao
(1991). This fact has been dealt under this section.

From (1.2), (1.4), (1.14) and (2.16), we have

MSE(5) — MSEmin (T(1)) = AS;p* >0 3.1)

MSE (tg) — MSEmin (T(1)) = AYC3 (1 —k)* >0 (3.2)
2

MSE (fRe) — MSEin (T(1)) = AY*C2 (% — k) >0 (3.3)

Further from (1.8), (1.12), (1.16) and (2.16), we have

MSEmin (twg) = MSEmin (twre) = MSEmin (T(1)) =MSE (5;;) = AS; (1 - p?) (3.4)

Expressions (3.1), (3.2) and (3.3) exhibit that the envisaged formula 7{;) is superior to the formulae y and 7g. That
is, the proposed estimator 7(1) is more efficient than the conventional unbiased estimator y, ordinary ratio estimator 7g
and the ratio-type exponential estimator g due to Bahl and Tuteja (1991). Equation (3.4) demonstrates that the proposed
estimator T is at par with g, tw re (at optimum condition) and the regression estimator ;..

Subtracting (2.9) from (2.16), we get

[Ar (Ag — A1) + A3 (A3 — Ag) +As (A1 — A3)]°

MSEin (T 1)) — MSEin (T) = Y2
(Tn) ) (A1 +A2—243) (A1A; — A2)

>0
which yields the inequality

MSEmin(T) < MSEmin (T(l)) (35)
This leads to a conclusion from (3.5) that the developed class of estimators T is more accurate than the estimators

VIR, IRe;s IWR s TWRe, 1(1) and the regression estimator yy,..

We express MSEpin (T(l)) at (2.16) in terms of (aj,ap,as3) as
_ 2
MSE Enia (T)) =7 (a1 —1- 2)

So from (1.16) and (3.6), we note that

» (arar —d} — ‘12)2
MSEnin (T(1)) = MSEmin (fRao ) = Yzm

= MSEmin (tRao ) < MSEmin (T(I)) (38)

>0 (3.7)

which shows that Rao’s (1991) estimator #g,, is more precise than the estimators y, g, fre, fWR, Wre, V1r and Tiyy-
From (1.21) and (2.9) the superiority of T over g4, can be seen if the following inequality:

(A2A7 —2A3A4A5 + A 1A3) a
2 > 2
(A1A; — A3) (ar1ar — a3)

(3.9)

holds good.
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4 Empirical Study

To see the achievement of the developed formula T over other formulae y, 7z, twg, fw re and T(I) , we contemplate the two
population data sets given below.

Population I (Source: Cochran (1977, p.172)).

y (study variable): The estimated production in bushels of peach.

X (auxiliary variable): The number of peach trees in an orchard.

The values of required parameters are:

Y =56.47,X = 4445, S; =6409,5; =3898,S,, =4434,p = 0.887, N =257,n=25.

Population II (Source: MFA (2004)).

y: District wise tomato production in tonnes of Pakistan 2003.
x: District wise tomato production in tonnes of Pakistan 2002.

Y =3135.6186,X = 3050.2784, S}z. = 4785598, S2=150993978, Sxy =39875735.79,p = 0.8072, N=97,n=
30.

We have computed the percent relative efficiencies (PRE’s) of different estimators g, (tWR, twre ;s 1(1), )71,) JtRao and T
relative to y through the following formulae:

C?
PRE (tg,7) = ————————x 100 4.1
) = Gy —an] @D
PRE (fwg o fwge or Tyy) of i, %) = (1—p?) "' x 100 (4.2)
_ ACS
PRE (fgao ,7) = —— > x 100 4.3)
1——% __
(a102-a3)
PRE 7 G 100 4.4)
1 = .
(tReo ,3) - (A243-2A3A445+A1A2) x (
(A1A,-A3)

The PRE values of t, (tWR, twRe, T(1) ,)71,) and fr,, are depicted in
Table 4.1.

We have computed the PRE (7, ) for selected values of 1) and outcomes are depicted in Table 4.2.

Table 4.1 shows that fr,, is better than y, 7z and (tWR, twres (1), )71,) in both populations I and II. Results of Tables 4.1
and 4.2 demonstrate that the formulated estimator T is more precise than Rao’s (1991) formula tr,, with sizeable gain in
efficiency for a wide range of 7. Hence, the developed formula T is superior to ()7, IR, IWR tWRes 1(1), )71-,) with considerable
gain in efficiency. The largest PRE (7, 7) = 2997439.00% (in population I) and PRE (7', y) = 1565.13 % (in population II)
are recorded for n = —0.6034 which are very large as compared to the PRE (fr,o ,7) = 476.23% (in population I) and PRE
(fRao »,¥) = 298.21% (in population II) of Rao’s estimator fr,o . Thus there are several 1-values for which the developed
formula T is superior to the estimators ()7, IR,IWR, tWRe 1(1), Virs IRao ) We, therefore, conclude that the developed class of
estimators T is beneficial over the estimators (discussed here) in practice.

5 Conclusion

In this study an improved class of estimators of finite population mean has been suggested. Asymptotic expressions for bias
and MSE have been derived. The optimum conditions are obtained under which formulated class of estimators T has least
MSE. Theoretical comparisons of the developed formula T has been made with existing competitors. We have performed
an empirical study through two natural population data sets and entries are given in Tables 4.1 and 4.2. It is observed
from Tables 4.1 and 4.2 that the developed formula 7 has PRE larger than (y',tR,tWR,tWRe,T(I),)')ir) and Rao’s (1991)
estimator fr,, - Table 4.2 also exhibits that the PRE of the proposed class of estimators T over other existing estimators
are considerable for several other values of 1. Thereby meaning is that there is enough scope of selecting the values of 1
for obtaining estimators from the suggested class of estimators T better than the existing estimators. For obtaining larger
gain in efficiency one has to choose the value of 7 in the vicinity of n = —0.6034 for both the populations, see Table
4.2. Such an estimation procedure can be used in future where the study variable is sensitive and auxiliary variable is
sensitive/nonsensitive. Thus, it is worth advisable to recommend the use of the present study in practice.
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Table 4.1- PRE’s of #g, (IWR, twRe, 1(1) ,)71,) and fg,, With respect to y

Estimator PRE (.,y)
Population I | Population II
y 100.00 100.00
IR 446.43 242.18
(twr ,tw re , T1),31r) 468.97 287.00
IRao 476.23 298.21

Table 4.2- PRE (7,¥) for different values of 7 for population I and IL

Scalar

e PRE (T,5)
PopulationI | Population II

-0.10 584.35 309.04
-0.20 654.43 328.35
-0.30 776.70 362.39
-0.40 1027.65 428.81
-0.50 1779.53 592.90
-0.60 46522.68 1465.97
-0.6025 167926.90 1537.44
-0.6030 352887.20 1552.69
-0.6034 2997439.00 1565.13
1.790531=2 K (Population I) 540.70 355.49
1.521374=2 K (Population II) 519.08 339.35
1.70 533.53 350.05
1.60 525.46 344.05
1.50 517.36 338.08
1.40 509.38 332.14
1.30 501.66 326.28
1.20 494 .35 320.54
1.10 487.60 314.97
1.00 481.58 309.63
0.90 476.47 304.60
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