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1 Introduction

The concept of odd harmonious labeling of a graph was defined in 2009 by Liang and Bai [18] as follows: A graph G
is said to be odd harmonious if there exists an injection f : V(G) — {0,1,2,---,2g — 1} such that the induced function
[ E(G) — {1,3,--+,2q — 1} defined by f*(uv) = f(u)+ f(v) is a bijection. If f(V(G)) = {0,1,2,....q} then f is
called as strongly odd harmonious labeling and G is called as strongly odd harmonious graph. Motivated by this concept,
several researchers have studied this topic and relevant results have been published in many journals and proceedings,
among others. Our published results on odd harmonious labeling of graphs [5]-[17], [19] might definitely be useful to the
interested researchers.

In this paper, we add further results on this labeling. Throughout the paper, we refer to the vertices and edges of the
graph G by points and links respectively. We also introduce a new graph namely D, &Spl(G). To construct the graph, first
find shadow graph D, (G) and then for the original graph G, find splitting graph Spl(G). The combination of D,(G) and
Spl(G) gives a new graph D,&Spl(G). An example for the graph D,&Spl(Ps) is shown in Figure 1.

[ it M T 127
G=Ps
|:: = Spl (Ps)

Fig. 1: Dz&Spl (P5)
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For the terminology, we refer the reader to [4]. A shell graph is a cycle C, with (n — 3) chords sharing a common end
point called the apex. Shell graphs are denoted as C(n,n — 3). A subdivided shell graph is a shell graph in which the edges
in the path of the shell are subdivided. A subdivided shell flower graph is one vertex union of three subdivided shells and
each subdivided shell in this graph called as a petal

Let the points of j** copy of cycle C, be vl 7v27 . vn, 1 < j <t. The graph C!, is obtained by identifying the points vn,
1 < j <t of each copy and denote it as the apex pomt vo-

The shadow graph D,(G) of a connected graph G is constructed by taking two copies of G say G and G'. Join each vertex
i in G to the neighbours of the corresponding vertex VinG'.

For a graph G the split graph is obtained by adding to each vertex v a new vertex V' such that v is adjacent to every
vertex that is adjacent to v in G. The resultant graph is denoted by Sp/(G). The m-splitting graph Spl,,(G) of a graph G
is obtained by adding to each vertex v of G new m vertices, say vi,va,---, Vv, such that v;, 1 <i < m is adjacent to every
vertex that is adjacent to v in G.

2 Main Results

In the following theorem, we present a sufficient condition that significantly enhances the result previously established in
[1].
Theorem 1. If G is an Eulerian odd harmonious graph with q links, then ¢ = 0(mod 4).

Proof. Suppose that G is an Eulerian odd harmonious graph with an odd harmonious labeling f. Then G is a bipartite
graph as G is an odd harmonious graph. Since 2‘ Yoev(c)deg(v)f(v) and Yocp(g) f(€) = q* = = Yiev(c) des(v)f(v), q
is even. Moreover, since G is an Eulerian graph, G can be expressed as the union of edge-disjoint cycles, each is of
even order as G is a bipartite graph. Suppose that G is the edge-disjoint union of cycles C;,Cy, -+ ,Cx, Civ1,- -+ ,Crtss
where the order of the first k cycles is congruent to 0 modulo 4 and the order of the other ¢ cycles is congruent to 2
modulo 4. For 1 <i<kand k+1< j<k+t, leta;=Y,cc,f"(e) and b; = Yeec; [ (e) respectively. Now we have,

= Zf 1 Yeeq; /7 (e )+Zk+2+1zeec fle)= Z, la,—l—Zj k+1b' where a; = 0(mod 4) for 1 <i < kand b; = 2(mod 4)
for k+1<j<k+rt Iftis odd, then ZH,(H bj =2(mod 4) and in this case, ¢ = 2(mod 4) which is a contradiction,
hence ¢ is even and ¢ = 0(mod 4).

Theorem 2. The disjoint union of p copies of complete bipartite graphs, U Ko, n;» is an odd harmonious graph for every
=1

positive integer p, and where mj,n; > 2 and 1 <i < p.
Proof. Let G be a disjoint union of p number of graphs Kin, n,, Ky ny»- s Kiny -

G has my +nj +my+ny+---+mp+np points and myny +mony + - - - +mpny, links. Let vi,vj, - - ,v{,,j and uf,u, -, up,;
be the set of points of each K, »;, where 1 < j < p. Define f from V(G) to {O, 1,2, 2(mny +mong + -+ - +mpnp) — 1}
as follows: f(v}) = —1+2i, 1 <i<my; f(u})=2m(@i—-1), 1 §_i§ n; fV) =2m — 144G —1)+2[(m— 1)+
(m3fl)+~~~+(mj,|71)]+2(i71) l<i<mj 2<j<p; f( ) 2[m|(n|fl)+m2(n2—l)+ ctmj |(n] 1—
D] =2(j—1)+2m;(i—1),2 < j < p, 1 <i<n;. The induced link labels are as follows: Frubvi) =2m(i—1)+2k—1,
1<i<n, 1<k<my; f*(u Vk) =2[mi(m —1)+ma(ny—1)+---+mj_(nj_y — 1) =2(j — 1) +2m;(i — 1) +2m; —
1+4(—1)+2[(my—1)+(m3—1)4---4+(mj_1 —1)]+2k—=2,1 <k <mj, 1 <i<njand 2 < j < p. Hence, the graph
P

U K, n; 1s an odd harmonious graph.

i=1

Corollary 1. The graph pK,; , p,r > 2 and s > 2 is an odd harmonious graph.

Proof. Let G be a disjoint union of p number of graphs K. This G has p(r+s) points and prs l1nks Let vl 7\/2, . ,v{
and u,,ué, -+ ,uj be the set of points of each K, where 1 < j < p. Define f from V(G) to {0,1,2,--- ,2prs— 1} as
follows: f(v l') =2i—142(r+1)(j—1), 1 <i<r, 1 <j<p; flul )_Zr(l—l)—l—[2r(s—l)—2](j— 1),1<i<s,
1 < j < p. The induced link labels are as follows:
o uk) 2i—14+2(r+1)(j—1)+2rk—1)+2r(s—=1)=2](j—1),1<i<r,1<k<sand 1 < j < p.
Hence, the graph pK, is an odd harmonious graph.
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Example 1. An odd harmonious labeling of disjoint union of K> 3, K3 3, K3 4 and K3 4 is given in Figure 2.

= DaPs

G =Ps

C————  —— Spl{@

Fig. 2: An odd harmonious labeling of disjoint union of K3 3, K33, K3 4 and K5 4

Example 2. An odd harmonious labeling of 4K 3 is given in Figure 3.

1&\/
/K \\ /’W‘

6/ \‘( \ 12
10 l-ﬁ.

21

Fig. 3: An odd harmonious labeling of 4K 3

Theorem 3. The subdivided shell flower graph SF (n,k) is an odd harmonious labeling for alln > 2 and k > 1.

Proof. SF(n,k) has (2n — 1)k + 1 points and g = (3n — 2)k links. Let the apex is denoted by vy.
V (S(F(n,k)) = {ull,ulz, i, 1<t <k}and E (S(F(n,k))) = {vovh,_; : 1 <t <k,1 <r<2n—2}. Define f from

V(G) to {0,1,2,---,2(3n —2)k— 1} as follows: f(vo) =0and for I <t <k, f(v}, ) =2n(t—1)+2r—1;1<r<n
f04,) = 2(q—|— 1) (6(11 —1)+2)(t—1)—6r; 1 <r <n-—1. The induced link labels are as follows: For 1 <7 <k,
{f(v0v2r_1) 1 < r < np = {20 - 1) + 2r =1 : 1 < r < n} =

(13,20 — 1} U2n+ {1,320 — 1} U U2n(k — 1) + {1,3,-.2n — 1} = {1,3,---,2kn — 1} and
{f*( r+1) 1SrSzn_z}:{f*(VYZr—IVYZr):lSrSn_l}U{f*(VYZrVZZr-kl):lgrgn_l}
={2(g+1)—(4n-8)r—1)—4r—1:1<r<n—-1}U{2(q+1)—(4n—-8)r—1)—4r+1:1<r<n-1}
={2kn+1,2kn+3,---,2qg — 1}. Evidently, the subdivided shell flower graph SF (n,k) is an odd harmonious graph.

Example 3. An odd harmonious labeling of subdivided shell flower graph SF(3,8) is given in Figure 4.

Fig. 4: An odd harmonious labeling of subdivided shell flower graph SF (3, 8)

©2025 YU
Deanship of Research and Graduate Studies, Yarmouk University, Irbid, Jordan.



194 S. Philo : Odd Harmonious Labeling of Graphs

Theorem 4. The disjoint union of s copies of P, X Py, s > 2 and r > 3 is an odd harmonious graph.

Proof. Let G be a disjoint union of s copies of graph P, x P,. Let xl’I ,xl{z, - ,xl{r be the points of i/ row of the j** copy
of G, where 1 <i<rand 1 < j<s This G has 2sr(r — 1) links and sr? points. Define f from V(G) to
{0,1,2,--- 4sr(r—1) =1} as  follows:  f(xi;) = I + 2(j — h) — 1 + 2(* — r = ) — 1);
i,7) = (h1),(h — 1,2),---,(2,h — 1),(1,h), h is odd and 1 < t < s
f(xﬁj) =W +2(—h) —1+[@d+2(r* —r—D)(t—1); (i,j) = (h,1),(h—1,2),---,(2,h— 1),(1,h), h is even and
1<t<s.

We consider the following two cases:

Case I: If r is even

fO ) = =12+ Q@r—h+1)(h—=1)+2(j—h)+2(* —r—1)(t = 1); (i,j) = (h),(r=1,h+1),---, (h,r), his even
and 1 <t <sy.

fOd ) = (=12 +Q@r—h+1)(h=1)+2(j=h)+ [4+2(7 = r=1)](t = 1); (i,j) = (5h),(r=1,h+1),---, (h,r), his
oddand 1 <r <s.

Case II: If r is odd

fOd ) =(r =12+ Q@r—h+1)(h=1)+2(j—h)+ [4+2(7 = r=1)](t = 1); (i,j) = (5h), (r = 1,h+1),---, (h,r), his
evenand 1 <t <s;

fOd ) = =124+ @r—h+1)(h=1)+2(j—h)+2(r* —r=1)(t = 1); (i, j) = (rh),(r = Lh+ 1), (h,r), h is odd
and 1 <r <s.

The induced link labels are as follows:

f(xi',jx;'-,jJrl) = B+ K+ 4j — 2(h + k) + 4(t — 1)()‘2 =), (j) = (h1),(h — 1,2),---,(2,h — 1),(1,h),
(i, j+1)=(k,1),(k—1,2),---,(2,k—1),(L,k);

S ) =20r= 124 2r(ht k) —dr— R =K +4j+4(1 = 1) =7), (i, ) = (5h), (r=1,h+1),--+ , (h,r), ris odd
and h is even; (i,j + 1) = (nk),(r — 1,k + 1),---,(k,r), r is odd and k is odd; f(-le'7j-x€',j+|) =
R+2(—h)—1+2(F —r—=1)t -1+ F—12+Qr—k+1)(k—1)+2G+1—h) +[4+2(r2 —r—- 1]t —1),
i,j)=01),(h—1,2),---,(2,h—1),(1,h), his odd, (i,j+1) = (r,k),(r— 1,k+1),---,(k,r), r is odd and k is odd;
f(xﬁij’i’jﬂ):(r—1)2+(2r—h+1)(h—1)+2(j—h)+2(r2—r—1)(t—1)+(r—1) +Q2r—k+1)(k—1)+2(j+1-
k) +[4+20 —r =Dt -1, () = (nh),(r — L,h + 1),---,(h,r), r is even and h 1is even;
(i,j+1)=(rk),(r—1,k+1),---,(k,r), r is even and k is odd; f(xi»,jx’i’jﬂ) =(r—124+Qr—h+1)(h—1)+2(j—
By +@4+20—r—=D)t -1+ =124+ Qr—k+1)k—-1)+2G+1—k +202 —r—1)(t — 1)+,
(i,/) =(rnh),(r—1,h+1),--- ,(h,r), ris even and h is odd; (i,j+ 1) = (rk),(r— 1,k+1),--- ,(k,r), r is even and k is
even. Hence, the disjoint union of s copies of P. x P, is an odd harmonious graph.

Example 4. An odd harmonious Labeling of disjoint union of 3 copies of P; x Ps is given in Figure 5.

Fig. 5: An odd harmonious lableing of disjoint union of 3 copies of Pz x P3

In [15], the authors demonstrated that cl , Cg) fort > 1 and Cg) if ¢t is even, are odd harmonious graphs. Building on

these results, in the following theorem we show that C,Q is also an odd harmonious graph.
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Theorem 5. The graph CE’Z) is an odd harmonious graph, t > 1.

Proof. Let G be a one point union of ¢ copies of cycle Cys. Let the points of j”* copy of cycle Cj» be v{,vé, . ,v{z,
1 < j <t. Identify the points v{z, 1 < j <t and denote the apex point as vg. G has 117+ 1 points and 12¢ links.
Define f from V(G) to {0,1,2,---,24t — 1} as follows: f(v) = 0; f(v{) =2t(i—1)+4j-3,i=1,3,5and 1 < j <t;
SO =211 i)t +4j—1,i=7,9,11and 1 < j <1; f(v]) =4it —8j+6,i=2,4and 1 < j <1; f(v/) =4(10— i)t +
8(r—j)+2.i=8,10and 1 < j <1 f(v})=4+8(t—j), 1< j<t. The induced link labels are

f*(vov) 4j-3,1<j<t; f*(vov])) =4j—1,1<j<t; f*(vv z+l) 6(i—1)t+8r—4j+3,i=13and 1 < j<r;
S lviv iﬂr‘)_é( D+ 12t—4j+3,i=24and 1 < j<t; f*(vv z+l) 16t —4j+1,i=5and 1 < j<r;
Frml,)=16t—4j+3,i=6and 1< j<t; f(vvl ) =24t—6(i—T)t—4j+1,i=7,9and 1 < j<t;

Frvivl) =200 —6(i—8)r—4j+1,i=8,10and 1 < j <1.

Hence CY; is an odd harmonious graph.

3)

Example 5. An odd harmonious labeling of C§2 is given in Figure 6.

Fig. 6: An odd harmonious labeling of C g)

Theorem 6. The graph constructed by joining n copies of graph K, 4 by n — 1 copies of path B, p < q and m is odd, is
an odd harmonious graph.

Proof. Let u’i,ué,m U, vl,vz, . vq' be the points of i copy of K, 4 where 1 < i, j < n. Let the points of i"" copy of
path P, bew’,‘,w’é, . f§1,1<l<n71 1 <k < n— 1. Identify the points u; and wi, 1 <i<n—1 and also identify the
pointswfnandu"l*',l§l§n71.Then =n(p+q)+(n—1)(m—2)and |E| =npg+ (n—1)(m—1).
Define f from V(G) to {0,1,2,---,2(npg+ (n—1)(m — 1)) — 1} as follows: f(v}) = -2+2i,1<i<g;
SO =2(g— 1)+ (m—1)(j— 1)+2(j—2)g+2iand 1 i < g, 1 < j <n;

fad) = 1+ @2j=2qp = 1)+ m—1)G - 1) +2G -1 ad 1 <i<p 1<j<mn
F0) = 1 24(p =) (= Dln =)= 1= L3505 f0) = (24 =2+ (= Dlon = 1)+ 2] = Dg +
i=2,4,6,-

Themducedhnklabels are as follows: f*(ulvl) =1+2q(i—1)+2t—-2,1<i<p,1<j<g;

P = 1+ (2 = 2)g(p — 1) + (m— 1) — 1) + 2q( — 1) + (2 — 2) + (k — 1)(m — 1) + 2(k — 2)q + 21,
1<i<p, 1<t<q,2<i,j<m

Frwiwl ) =22q—2)+4m—1)(j— 1) +4jg(p—1)+2(2j —2)g+4i+2,1 < j<n—1,1<i<m—1.

Hence, the joining n copies of graph K, , by n — 1 copies of path P, p < ¢ and m is odd, is an odd harmonious graph.

Example 6. An odd harmonious labeling of a graph constructed by joining 3 copies of K4 ¢ by 2 copies of path Ps is given
in Figure 7.
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Fig. 7: An odd harmonious labeling of a graph joining 3 copies of Ky ¢ by 2 copies of path Ps

In [17], the authors proved that the graph Spl(C

Cb,),n > 2 is an odd harmonious graph and in continuation of this result,
in the next theorem we show that Spl,, (Cb,),m > 1

,n > 2 is an odd harmonious graph.

Theorem 7. The graph Spl,,(Cb,) for eachm > 1,n > 2 is an odd harmonious graph.

Proof. Let the points of comb be uj,us,...,u, and vy,vy,...,v, in which wuj,uy,...,u, are the pendant points. Let

v']‘,vé, ...,v’,‘l and u’l‘,ué, . ’,‘l 1 < k < m be the k" points corresponding to vi,vs,...,v, and uy,us, ..., u, respectively, to

obtain  Spl,(Cb,).The graph Spl,(Cb,) is shown in Figure 8, then |V(G)| = 2n(m + 1) and

Fig. 8: Spl,,(Chy,)

|E(G)| = (4m+2)n—2m — 1. Define f from V(G) to {0,1,2,---,4[(2n — 1)m+n] — 3} as follows:
) 2t—1 iftisodd ) 2(t—1) ifrisodd
fln) = {Z(tl) if 7 is even, flu) = {

2t—1  iftiseven,

£k = dn+t—k+6nk—1)—1 iftisodd, 1<k<m
Y Y4+t —k+6n(k—1)—2 iftiseven, 1<k<m.
Flub) = 2[(4m+2)n— (m+ 1)t — (m+k)] iffisodd, 1<k<m
k) =
2[

(dm+2)n—(m+1)t—(m+k)]+1 iftiseven, 1<k<m.

The induced link labels are as follows: f*(viv,1) = —144t,1 <t <n-—1;
Fv)==-3+4,1<t<n; f*(vfu,)=4(n+t—k)+6n(k—1)+2t—3,1Stgn,lSkgm;
v =4n+t—k)+onk—1)+2t—1,1<t<n—1,1<k<m;

ok ) =4n+t—k+1)+6nk—1)+2t-3,1<t<n—1,1<k<m

Frovaul) =2[Am+2n—m(t+1) =k —1,1<t<n, 1 <k <m.

Hence, Spl,,(Cb,) for each m > 1,n > 2 is an odd harmonious graph.
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Example 7. An odd harmonious labeling of Spl3(Cbg) is given in Figure 9.

- - - - - -
150 143 134 127 i1is 111

E 2 - - - - 120 -
152 145 136 129 113

Fig. 9: An odd harmonious labeling of Spl3(Chg)

In [3], the author proved that the graphs (P, ® K, Sply (P, ®K>),n,m > 2 are odd harmonious graphs and in continuation
of these results, in the next two theorems we show that the point union and path union of ¢ copies of (P, ® K,,) are odd
harmonious graphs. Here point union and path union of ¢ copies of (P, & K,,) are denoted by ¥ (P, ®K,,,) and &, (P, ®K,)
respectively.

Theorem 8. The graph V;(P, ® K,,) for each t,m,r > 2 is an odd harmonious graph.

Proof. Let G = ¥ (P, ®K,,) for each t,m,r > 2. Let xﬁl,xﬁz, ...,xf-‘,r be the points of k”* copy of the i’ row points in G ,
where 1 <i<m, 1 <k <t. We join these successive copies of the graph (P, & K,,) by a point. Identify the points x’,j”
with karl forall 1 <k <r—1 toform a point union of # coples of the graph (P,® K,,). Then |V (G)| =t(rm— 1)+ 1 and
|[E(G)| =t(3m —2)(r —1). Define f from V(G) to {0,1,2,---,2¢(3m—2)(r—1)—1} as follows: We consider the
following two cases:
Case L If r=1(mod 2),1 <i<m,1 <k<t:
Fld ) = (h=1)4+@m=3)(r—1)(k—1)+4(G—-1)(r—1) ifhisodd,
b (h—1)+C2m—1)(r—1)(k—1)+2(i—1)(r—1) if his even.
Case ILIf r=0(mod 2), 1<i<m
We consider the following two subcases:
Subcase I: kisevenand 1 <k <t
Py ){(h—1)+(2m—1)(r—1)+(3m—2)(r—1)(k—2
ish (h—=1)+@dm—=3)(r—1)+Bm—=2)(r—1)(k—2
Subcase II: kisoddand 1 <k <t
£k ) = (h—=1)4+@Bm—=2)(r—=1)(k—1)+4(G—1)(r—1), if hisodd,
bk (h—1)+0Bm—2)(r—1)(k—1)+2(i—1)(r—1), if his even.
The induced link labels are as follows:
Case I If r = 1(mod 2) and for all k, 1 <k <t

SN~—
+
N
—
=
|
—_
—
~
|
—_
=

if & is odd,
if h is even.

~—
+
[\
—~
~.
|
—
—~
~
|
—
~—

LA ) =2 =142(r=1)(k=1)Bm—=2)+6(r—1)(i—1),1 <i<m,1 <h<r—1;

£k - 2h—142(r—1)(k—1)(3m—2) +2(r—1)(3i —2), ifhisodd,1 <h<r—1,1<i<m—1,
a1 2h—1+42(r—1)(k—1)3m—2)+2(r—1)(3i—1), ifhiseven, 1 <h<r—1,1<i<m—1.

P . 2h—142(r—1)(k—1)(3m—2)+2(r—1)(3i—1), ifhisodd, 1 <h<r—1,1<i<m—1;
HLITA ) 2 — 14 2(r= 1) (k— 1)(3m—2) +2(r— 1)(3i —2), ifhiseven,1 <h<r—1,1<i<m—1

Case II: If r = 0(mod 2)

We consider the following subcases:

Subcase I: kisevenand 1 <k <t

Fr ) =2h—=142(r=1)Bm=2) +2(r = )(k=2)Bm —=2) +6(r = 1)(i—1), 1<i<m1<h<r—1;
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2h—142(r—1)(Bm—2)+2(r—1)(k—2)(3m —2)+2(r— 1)(3i — 2), if his odd,
f*(x’.‘x’.‘ )= 1<h<r—1, 1<i<m—1;
b1t 2h—142(r—1)(3m—=2)+2(r—1)(k—2)(3m —2) +2(r—1)(3i— 1), if his even,
1<h<r—1, 1<i<m—1;
2h—1+4+2(r—1D)Bm—2)+2(r—1)(k—2)(3m—2)+2(r—1)(3i— 1), if his odd,
f*(xk & )= 1<h<r—1, 1<i<m-1;
HLET A 2h—142(r—1)(3m—=2)+2(r—1)(k—2)(3m —2) +2(r—1)(3i —2), if his even,
1<h<r—1, 1<i<m—1;

Subcase II: kisoddand 1 <k <t¢
ok )y=2j-142(r—1D)(k—1)Bm—2)+6(r—1)(i—1),1<i<m1<h<r—1;

i,hi h+1 (
Pk ) 2h—142(r—1)(k—1)3m—2)+2(r—1)(3i—2), ifhisodd,1 <h<r—1,1<i<m—1;
: - J+2(r—=1)(3i—1), ifhiseven,1 <h<r—1,1<i<m—1.

)
.
B LR 2h—1+2(r—1)(k—1)(3m—2 r—
ek E ) = 2h—14+2(r—D(k—1)(Bm—2)+2(r—1)3i—1), ifhisodd, 1 <h<r—1,1<i<m-—1;
LR Y 2= 142(r— 1) (k—1)(3m —2) +2(r—1)(3i —2), ifhiseven, 1 <h<r—1,1<i<m—1.

Hence, the graph ¥; (P, & K,,) for each m,r > 2 is an odd harmonious graph.

Example 8. An odd harmonious labeling of #;(Ps ® K4) and #4(P; ® K3) are given in Figure 10 and Figure 11.

Fig. 11: An odd harmonious labeling of %4 (P; ® K3)
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Theorem 9. The graph Z,(P, ® K,,) for each t,m,r > 2 is an odd harmonious graph.

Proof. Let G = 2, (P, ®K,,) for each t,m,r > 2. Let the points of k' copy of i row points in G be x* x{‘z, ...,xi{r where

i1

1 <i<m, 1<k<t We join these consecutive copies of the graph (P, ®K,,) by a link. Join %, , with %' for all
1 <k <t—1by alink to form a path union of ¢ copies of the graph (P, & K,). This G has t[(3m —2)(r— 1) + 1] — 1 links

and trm points. Define f from V(G) to {0, 1,

2,---,2t[(3m—2)(r— 1)+ 1] — 1 — 1} as follows: We consider the following

two cases.

Case L If r=0(mod 2),1 <i<m,1 <k<t:

£k ) = { (h=1)+[dm=3)(r—=1)+1](k=1)+4(G—-1)(r—1),ifhisodd,1 <h <r,
ik (h=1D)+[Cm—-1)(r—=1)+1](k=1)+2(@—=1)(r—1),if hiseven,1 <h <r

Case ILIfr=1(mod 2), 1<i<m

We consider the following two subcases:

Subcase I: kisevenand 1 <k <t

k) = (h=1)+[2m—1)(r—1)+1]+[Bm—2)(r— 1)+ 1)(k—2) +4(i— 1)(r— 1), if hisodd, 1 <h<r,
W (h=1) + [(dm—=3)(r— 1)+ 1]+ [Bm—2)(r— 1)+ 1](k—2) +2(i— 1)(r— 1), ifhiseven,1 <h<r.

Subcase II: kisoddand 1 <k <t
Fld ) = (h=1)+[Bm=2)(r—=1)+1](k=1)+4(@—1)(r—1),ifhisodd,1 <h <r,
ik (h—=1)+[Bm=2)(r—=1)+1](k=1)+2(i—1)(r—1),if hiseven,1 <h <r.

The induced link labels are as follows:

Case I: If r=0(mod 2) and for all k, 1 <k <t

L) =6r=1)(i= 1) +2h = 14+2(k=1)[Bm=2)(r=1) +1],1 <i<m,1 <h <r—1;

2h—142(k—1)[Bm=2)(r—1)+1]4+2(r—1)(3i—2), if hisodd,
1<i<m-1,1<h<r—1;

2h—142(k—1)[3m=2)(r—1)+1]+2(r—1)(3i—1), if hiseven,
1<i<m-1,1<h<r-—1.

2h—142(k—1)[Bm=2)(r—1)+1]4+2(r—1)(3i— 1), if his odd,
1<i<m-1,1<h<r—1;

2h—142(k—1)[3m=2)(r—1)+1]+2(r—1)(3i—2), if hiseven,
1<i<m-1,1<h<r-—1.

I (xﬁhxﬁl,hﬂ) =

A (X§+1,hxﬁh+1) =

Case IL: If r = 1(mod 2)

We consider the following two subcases:

Subcase I: k is evenandlgkgt

F Ot ) =2h=146(r—=1)(i=1)+2(k=1)[Bm-2)(r=1)+1],1<h<r—1,1<i<m;

2h—1+42(k—1)[(3m—2)(r—1)+1]4+2(r—1)(3i —2), if his odd,
1<h<r—11<i<m—1;

2h—1+42(k—1)[(3m—2)(r—1)+1]4+2(r—1)(3i—1), if his even,
1<h<r—11<i<m—1;

2h—142(k—1)[Bm—2)(r—1)+1]++2(r—1)(3i—1), if his odd,

f*(x].‘ & ) = 1<h<r—1, 1<i<m-—1;

HLAHh 2h—142(k—1)[3m—2)(r—1)+1]4+2(r—1)(3i—2), ifhiseven,
1<h<r—1, 1<i<m—1;

I (xﬁhxﬁl,hﬂ) =

Subcase II: kisoddand 1 <k <t

f*(xﬁhxﬁhﬂ):2h71+2(k71)[(3m72)(r71)+1]+6(r Di—1),1<i<m,l<h<r—1;
2h—142(k—1)[Bm—2)(r— 1)+ 1]+2(r—1)(3i—2), if hisodd,
P - 1<h<r—1,1<i<m—1;
BT LA] 2h—1+42(k—1)[Bm—2)(r—1)+1]+2(r—1)(3i—1), if his even,
1<h<r—1,1<i<m-—1.
©2025 YU
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2h—142(k—1)[Bm=2)(r—1)+1]+2(r—1)(3i— 1),
ifhisodd, 1<h<r—1, 1<i<m-—1;
2h—142(k—1)[Bm—=2)(r—1)+1]+2(r—1)(3i —2),
ifhiseven, 1<h<r—1, 1<i<m-—1.

[ =2kBm=2)(r =)+ 1] -1,  1<k<i-1.
Hence the graph &, (P, ® K,,) for each m,r,t > 2 is an odd harmonious graph.

f*(x{'(+1,hxﬁh+l) =

Example 9. An odd harmonious labeling of 25(P; & K3), P4(Ps & K3) and P4(Ps & K4) are given in Figure 12, Figure
13 and Figure 14 respectively.

po 108 134 159 60 181 162 163

Fig. 14: An odd harmonious labeling of 224(Ps ® K4)

Theorem 10. The graph D,&Spl(P,), n > 2 is odd harmonious.

Proof. Let G = D,&Spl(P,). Let v, vy, - -+ , vy, be the vertices of P,. Let 1/l ,v/z, .. ,v;, and v/l/,vg, e ,vZ are the vertices of
D,(P,) and Spl(P,) respectively. This graph G has 3n vertices and 6(n — 1) edges. Define f from V(G) to
{0,1,2,---,12(n—1) — 1} as follows: f(v;)=6(—1),i=1,3,5,---.; f(vi)=6i—9,i=2,4,6,---.
fO)=6i,i=1,3,5"-.; f(v)=6i—7,i=2,4,6,--.

fO))=6i—2,i=1,3,5,---; f(v;)=6i—11,i=2,4,6,---.

The induced link labels are as follows:

frmin) =129, 1<i<n—1; ffvw ) =12i-1,1<i<n—1; fvv;,)=12i—-11,1<i<n—1andiis
odd; f*(vivi,,) =12i—51<i<n—1landiiseven; f*(v;vip1) =12i—5,if i is odd; f*(vivip1) = 12i—11,if i is
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even; f*(v;v,url) = 12i — 3, if i is odd; f*(v;v,url) = 12i—7, if i is even; f*(viv;+1) = 12i—7, if i is odd;
f*(v,-v;H) = 12i—3,if i is odd. Hence the graph D,&Spl(P,), n > 2 is odd harmonious.

Example 10. An odd harmonious labeling of D, &Spl(Ps) is shown in Figure 15.

Fig. 15: An odd harmonious labeling of D,&Spl(Ps)

Theorem 11. The graph D,&Spl(C,), n = 0(mod 4) is odd harmonious.

Proof. Let G = D,&Spl(C,). Let vy, vy, -+ , v, be the vertices of C,. Let v/] ,vlz, e ,v; and v/]/,vlzl7 .. ,v;; are the vertices of
D, (C,) and Spl(C,) respectively, to obtain D,&Spl(C,). This graph G has 3n vertices and 6n edges.
Define f from V(G) to {0,1,2,---,12n— 1} as follows: f(v;) =i—1,if 1 <i<n/2;

i+1 ifiisodd, 7+1<i<n / i—1+2n, ifiisodd )
) — ) ) =t =7 : N\ — 9 ) 1< <£'
fvi) i—1, if i is even, %—i—l <i<n. f(vl) {i— 1+4n, ifiiseven, =1=12
/ i+1+2n, ifiisodd " ) " i—1+8n, ifiisodd )
— b ) n 1< < ; . — b ) 1< <E
Fv) {i—1—|—4n, ifiiseven, 2T 1Sisms f0) {i—l—i—lOn, ifiiseven, — 2
" +1+38 if i is odd
f(V,-): i+1+4+on, 1fi1sodd, §+1§i§n.

i—1+410n, ifiiseven,
The induced link labels are as follows: f*(viviy) =2i—1, 1<i<5—1;
Frovi) =2i+1, 2<i<n—1 frlom) =n—1; o) =Tn—1; ffywy,)=2i—1+4n,1<i<i-1;
ffoip1) =2+ 1+4n, 5 <i<nand i is even; f*(vviy1) =2i+1+2n, 5 <i<n and i is odd;
e 2i—1+4n, ifiisodd, 1<i<75-—1
f (Vivi+1): . AP . n
2i—1+42n, ifiiseven, 1<i<7-1

s 2i+1+4n, ifiisodd, 5<i<n-—1
S (Vivi+l): . e n .
2i+1+2n, ifiiseven, 35 <i<n-—1
Frop) =5n—1; f* () =3n—1; f*(vpv1) = 1n—1; f*(vv)) =9n — 1;
o 2i—1+10n, ifiisodd, 1<i<5—1
f (Vivi+1): . e .
2i—1+8n, ifiiseven, 1<i<7-2
o 2i+1+10n, ifiisodd, 5<i<n-—1
f (Vivi+1): . p . n .
2i+1+8n, ifiiseven, 5<i<n-—1
" 2l7 1 —+ 8]1 lflls Odd
(v vip1) = ’ Too1<i<?t
Fvivier) {21’—1—i—10117 if i is even, -2
" 2i+1+8n, ifiisodd, : .
frvivin) = e len 1‘ ll.so 5 < i< n—1. Hence the graph D,&Spl(C,), n = 0(mod 4) is odd
2i+1410n, ifiiseven,

harmonious.
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Example 11. An odd harmonious labeling of D,&Spl(Cs) is shown in Figure 16.

H— c
B — DiCs)

B — spi(cy)

Fig. 16: An odd harmonious labeling of D,&Spl(Cg)

Theorem 12. The graph D,&Spl(K ), n > 2 is odd harmonious.

Proof. Let G = D2 &Spl(K) ). Let v,vy,vo,- -+, v, be the vertices of K ,. Let v’,v’l,v;, e ,v’n and v”,v’ll,vg, e ,v:: are the
vertices of D»(K ,,) and Spl(K ) respectively, to obtain D,&Spl(Kj ,). The graph D,&Spl(K; ,) is shown in Figure 17,
then this graph G has 3(n + 1) vertices and 6n edges. Define f from V(G) to {0,1,2,---,12n— 1} as follows:

Vie Ve Ve —-— — ®Va

DE{ ﬁi’;’ ,.l.‘,}

Fig. 17: D,&Spl(K; )
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Fv) = =2 f0")=8

fv)= 101 9,i=1,2,3,--,m f(v;)zloi—s,iz1,2,3,---,n;

FO) =10n42i—1,i=1,273n;

The induced link labels are as follows

1 (vv,) 10i—9,1<i<n; f*(Vv)=10i—=7,1<i<n; f*(w)=10i—5,1<i<n;f*0v)=10i—-3,1<i<n;
ffvv)=10i—1,1<i<n; f*(vv;»/) =10n+2i—1,1 < i< n. Hence the graph D,&Spl(K; »), n > 2 is odd harmonious.

Example 12. An odd harmonious labeling of D, &Spl(K] 4) is shown in Figure 18.

41 o 43 ¢ 45 - - 47
Sl Ky )
— >
N | ~
1 ¥ 31
f_-;=.|'f|_l
DK 4
5 15 z5 35

Fig. 18: An odd harmonious labeling of D> &Spl(K; 4)
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